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MATRIX & DETERMINANTS

EXERCISE 1.1 
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝑨𝒅𝒋𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒙 𝑨 =

𝟖 −𝟔 𝟐
−𝟔 𝟕 −𝟒
𝟐 −𝟒 𝟑

and

verify that 𝑨 𝒂𝒅𝒋 𝑨 = 𝒂𝒅𝒋 𝑨 𝑨 = 𝑨 𝑰𝟑

−47 −6 7

3−4 2 −4

2−6 8 −6

−47 −6 7

𝐴 =
8 −6 2

−6 7 −4
2 −4 3

𝑎𝑑𝑗𝐴 = −8 −+ 18

24−14

21−16

⟹ 24 − 4

−12 −+ 32

−8−+18

−12−+32

56−36

24 −14
𝑇

𝑎𝑑𝑗𝐴 =

5 10 10

10 20 20

10 20 20

𝑇

⟹ 𝑎𝑑𝑗𝐴 =
5 10 10

10 20 20
10 20 20

A =
8 −6 2

−6 7 −4
2 −4 3

A

= 8 5 + 6 −10 + 2 10

+ − +

+ 6 −18 + 8= 8 21 − 16 + 2 24 − 14

= 40 − 60 + 20

= 60 − 60

𝐴 = 0

𝐴 𝑎𝑑𝑗 𝐴 =
8 −6 2

−6 7 −4
2 −4 3

5 10 10
10 20 20
10 20 20

=

40 − 60 + 20

−30 + 70 − 40

10 − 40 + 30

80 − 120 + 40

−60 + 140 − 80

20 − 80 + 60

80 − 120 + 40

−60 + 140 − 80

20 − 80 + 60

𝐴 𝑎𝑑𝑗 𝐴 =
0 0 0
0 0 0
0 0 0 … (1)
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𝑎𝑑𝑗 𝐴 𝐴 =
5 10 10

10 20 20
10 20 20

8 −6 2
−6 7 −4
2 −4 3

=

40 − 60 + 20

−30 + 70 − 40

10 − 40 + 30

80 − 120 + 40

−60 + 140 − 80

20 − 80 + 60

80 − 120 + 40

−60 + 140 − 80

20 − 80 + 60

𝑎𝑑𝑗 𝐴 𝐴 =
0 0 0
0 0 0
0 0 0 … (2)

𝐴 𝐼3 = 0
1 0 0
0 1 0
0 0 1

=
0 0 0
0 0 0
0 0 0 … (3)

A adj A = adj A A = A 𝐼𝐹𝑟𝑜𝑚 (1), (2) 𝑎𝑛𝑑 (3)

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐 𝑰𝒇 𝑨 =
𝒂 𝒃
𝒄 𝒅

𝒊𝒔 𝒏𝒐𝒏 − 𝒔𝒊𝒏𝒈𝒖𝒍𝒂𝒓, 𝒇𝒊𝒏𝒅 𝑨−𝟏

𝑎𝑑𝑗𝐴 =

𝑀11 𝑀12

𝑀21 𝑀22

+ −

− +
=

𝑑 −𝑐

−𝑏 𝑎

𝑇 𝑇

𝑎𝑑𝑗𝐴 =
𝑑 −𝑏

−𝑐 𝑎

𝐴 =
𝑎 𝑏
𝑐 𝑑 = 𝑎𝑑 − 𝑏𝑐

𝐴 = 𝑎𝑑 − 𝑏𝑐 ≠ 0

𝐴−1 =
1

|A|
adj 𝐴 ⟹ 𝐴−1 =

1

𝑎𝑑 − 𝑏𝑐

𝑑 −𝑏
−𝑐 𝑎

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟑 Find the inverse of the matrices
𝟐 −𝟏 𝟑

−𝟓 𝟑 𝟏
−𝟑 𝟐 𝟑

𝐿𝑒𝑡 𝐴 =
2 −1 3

−5 3 1
−3 2 3

𝐴−1 =
1

|𝐴|
adj 𝐴

A =
2 −1 3

−5 3 1
−3 2 3

A

+ − +

+ 1 −15 + 3= 2 9 − 2 + 3 −10 + 9⟹
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= 2 7 + 1 −12 + 3 −1 = 14 − 12 − 3

= 14 − 15

𝐴 = −1 ≠ 0 ∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡

𝑎𝑑𝑗𝐴 =

3 1
2 3

−5 1
−3 3

−5 3
−3 2

−1 3
2 3

2 3
−3 3

2 −1
−3 2

−1 3
3 1

2 3
−5 1

2 −1
−5 3

−

− −

−

=

9 −2 − (−15−+ 3) −10

− (−3− 6 ) 6 − (4− 3)

−1 − 9 − (2 ) 6 − 5

𝐴 =
2 −1 3

−5 3 1
−3 2 3

−+ 9

−+ 9

−+ 15

𝑇

𝑇

𝑎𝑑𝑗𝐴 =
7 12 −1
9 15 −1

−10 −17 1

𝑇

⟹ 𝑎𝑑𝑗𝐴 =
7 9 −10

12 15 −17
−1 −1 1

𝐴−1 =
1

−1

7 9 −10
12 15 −17
−1 −1 1

𝐴−1 = −1
7 9 −10

12 15 −17
−1 −1 1

𝐴−1 = −
−7 −9 10
12 −15 17
1 1 −1

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟒 𝑰𝒇 𝑨 𝒊𝒔 𝒂 𝒏𝒐𝒏 − 𝒔𝒊𝒏𝒈𝒖𝒍𝒂𝒓 𝒎𝒂𝒕𝒓𝒊𝒙 𝒐𝒇 𝒐𝒅𝒅 𝒐𝒓𝒅𝒆𝒓,
𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂𝒅𝒋 𝑨 𝒊𝒔 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆.

𝐿𝑒𝑡 𝐴 𝑏𝑒 𝑎 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 2𝑚 + 1, 𝑤ℎ𝑒𝑟𝑒 𝑚 = 0,1,2, …

𝐴 ≠ 0

𝑎𝑑𝑗𝐴 = 𝐴 𝑛−1

𝑎𝑑𝑗𝐴 = 𝐴 2𝑚+1−1 ⟹ 𝑎𝑑𝑗𝐴 = 𝐴 2𝑚

𝐴 2𝑚 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒, 𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑎𝑡 𝑎𝑑𝑗 𝐴 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟓 𝑭𝒊𝒏𝒅 𝒂 𝒎𝒂𝒕𝒓𝒊𝒙 𝑨 𝒊𝒇 𝒂𝒅𝒋 𝑨 =
𝟕 𝟕 −𝟕

−𝟏 𝟏𝟏 𝟕
𝟏𝟏 𝟓 𝟕
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4

𝑎𝑑𝑗𝐴

= 7 42 − 7 −84 − 7 −126

− 7 −7 − 77= 7 77 − 35 −7 −5 − 121

= 294 + 588 + 882

= 1764 > 0

𝑎𝑑𝑗𝐴 =
7 7 −7

−1 11 7
11 5 7

+ − +

711 −1 11

75 11 5

−77 7 7

711 −1 11

𝑎𝑑𝑗𝐴 =
7 7 −7

−1 11 7
11 5 7

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =

− 35 − 49 49 −+ 77

77 −+ 7 49 −+ 77 7 − 49

−5 −121 77− 35 77−+ 7

77−35

⟹

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =
42 −84 126
84 126 −42

−126 42 84

𝐴 = ±
1

𝑎𝑑𝑗𝐴
𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 ⟹ 𝐴 = ±

1

1764

42 −84 126
84 126 −42

−126 42 84

𝐴 = ±
1

42

42 −84 126
84 126 −42

−126 42 84

= ±

42

42
−

84

42

126

42
84

42

126

42
−

42

42

−
126

42

42

42

84

42

𝐴 = ±
1 −2 3
2 3 −1

−3 1 2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟔 𝑰𝒇 𝒂𝒅𝒋 𝑨 =
−𝟏 𝟐 𝟐
𝟏 𝟏 𝟐
𝟐 𝟐 𝟏

, 𝒇𝒊𝒏𝒅 𝑨−𝟏

𝑎𝑑𝑗𝐴 =
−1 2 2
1 1 2
2 2 1

+ − +
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𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑎𝑑𝑗𝐴

= −1 −3 − 2 −3 + 2 0

− 2 1 − 4= −1 1 − 4 + 2 2 − 2

= 3 + 6 + 0 = 9> 0

𝑎𝑑𝑗𝐴 = 9

𝐴−1 = ±
1

𝑎𝑑𝑗𝐴
𝑎𝑑𝑗𝐴 ⟹ 𝐴−1 = ±

1

9

−1 2 2
1 1 2
2 2 1

𝐴−1 = ±
1

3

−1 2 2
1 1 2
2 2 1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟕 𝑰𝒇 𝑨 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆𝒏 𝒂𝒅𝒋 𝑨 𝒊𝒔 𝒂𝒍𝒔𝒐
𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄.

𝑠𝑖𝑛𝑐𝑒 𝐴 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 . 𝐴𝑇 = 𝐴

𝑎𝑑𝑗𝐴 𝑇 = 𝑎𝑑𝑗 𝐴𝑇 ⟹ 𝑎𝑑𝑗𝐴 𝑇 = 𝑎𝑑𝑗𝐴

∴ 𝑎𝑑𝑗𝐴 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 .

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟖 𝒗𝒆𝒓𝒊𝒇𝒚 𝒕𝒉𝒆 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒚 𝑨𝑻 −𝟏
= 𝑨−𝟏 𝑻

𝒘𝒊𝒕𝒉 𝑨 =
𝟐 𝟗
𝟏 𝟕

.

𝐴 =
2 9
1 7

⟹ 𝐴𝑇 =
2 1
9 7

𝐴𝑇 −1 =
1

|𝐴𝑇|
adj 𝐴𝑇

= 14

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝐴 = 5 ≠ 0

𝐴𝑇 =
2 1
9 7

− 9

𝑎𝑑𝑗 𝐴𝑇 =
7

2−9

−1

𝐴𝑇 −1 =
1

5
7 −1

−9 2 … 1

𝐴 =
2 9
1 7

𝐴−1 =
1

|𝐴|
adj 𝐴

= 14

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡𝐴 = 5 ≠ 0

𝐴 =
2 9
1 7

− 9
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𝐴−1 =
1

5
7 −9

−1 2
⟹ 𝐴−1 𝑇 =

1

5
7 −1

−9 2 … 2

𝐹𝑟𝑜𝑚 (1) 𝑎𝑛𝑑 (2) AT −1
= A−1 T

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟗 𝑰𝒇 𝑨 =
𝟎 −𝟑
𝟏 𝟒

𝒂𝒏𝒅 𝑩 =
−𝟐 −𝟑
𝟎 −𝟏

𝒂𝒏𝒅 𝒗𝒆𝒓𝒊𝒇𝒚 𝒕𝒉𝒂𝒕

𝑨𝑩 −𝟏 = 𝑩−𝟏𝑨−𝟏

𝐴 =
0 −3
1 4

𝑎𝑑𝑗 𝐴𝑇 =
7

2−1

−9

𝐵 =
−2 −3
0 −1

Adj A =
4 3

−1 0

𝐴−1 =
1

|𝐴|
adj A 𝐴−1 =

1

3
4 3

−1 0

= 2

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡B = 2 ≠ 0

B =
−2 −3
0 −1

−0

Adj B =
−1 3
0 −2

⟹

𝐵−1 =
1

|𝐵|
adj B 𝐵−1 =

1

2
−1 3
0 −2

𝐵−1𝐴−1 =
1

2
−1 3
0 −2

×
1

3
4 3

−1 0

⟹

=
1

6
3 − 7 −2 + 5

3 − 14 −2 + 10

𝐵−1𝐴−1 =
−7 −3
2 0 ……(1)

= 0 + 6

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡

= 6

AB =
0 −3
1 4

−2 −3
0 −1

𝐴𝐵 =
0 + 0 0 + 3

−2 + 0 −3 − 4
AB =

0 3
−2 −7

AB =
0 3

−2 −7

⟹ ⟹

AB = 6 ≠ 0

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡A = 3 ≠ 0

A =
0 −3
1 4

= 0 + 3
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Adj (AB) =
−7 −3
2 0

(𝐴𝐵)−1 =
1

|AB|
adj (AB) (𝐴𝐵)−1=

1

6
−7 −3
2 0

⟹

(𝐴𝐵)−1 =
1

6
−7 −3
2 0

…… (2) From (1) and (2) (𝐴𝐵)−1 = 𝐵−1𝐴−1

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟏𝟎: 𝐈𝐟 𝑨 =
𝟒 𝟑
𝟐 𝟓

, 𝐟𝐢𝐧𝐝 𝒙 𝐚𝐧𝐝 𝒚 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝒕 𝑨𝟐 + 𝒙𝑨 + 𝒚𝑰𝟐 = 𝑶𝟐.

𝐇𝐞𝐧𝐜𝐞, 𝐟𝐢𝐧𝐝 𝑨−𝟏.

𝐴2 =
4 3
2 5

4 3
2 5

=
16 + 6

8 + 10

12 + 15

6 + 25
=

22 27
18 31

𝐴2 + 𝑥𝐴 + 𝑦𝐼2 = 𝑂2

22 27
18 31

+ 𝑥
4 3
2 5

+ 𝑦
1 0
0 1

=
0 0
0 0

22 27
18 31

+
4𝑥 3𝑥
2𝑥 5𝑥

+
𝑦 0
0 𝑦

=
0 0
0 0

22 + 4𝑥 + 𝑦 27 + 3𝑥
18 + 2𝑥 31 + 5𝑥 + 𝑦

=
0 0
0 0

18 + 2𝑥 = 0 𝑥 = −92𝑥 = −18 𝑥 =
−18

2

22 + 4 −9 + 𝑦 = 0 22 − 36 + 𝑦 = 0 −14 + 𝑦 = 0

⟹

⟹

𝑦 = 14

⟹

Subs 𝑥 = −9 in 22 + 4𝑥 + 𝑦 = 0

𝐴2 + 𝑥𝐴 + 𝑦𝐼2 = 𝑂2

𝑤ℎ𝑒𝑟𝑒 𝑥 = −9 𝑎𝑛𝑑 𝑦 = 14

𝐴2 − 9𝐴 + 14𝐼2 = 𝑂2

⟹

⟹

To find 𝐴−1

𝐴2 − 9𝐴 + 14𝐼2 = 𝑂2

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 𝐴−1

𝐴2 × 𝐴−1 − 9𝐴 × 𝐴−1 + 14𝐼2 × 𝐴−1 = 0

𝐴 − 9𝐼 + 14𝐴−1 = 0

14𝐴−1 = 9𝐼 − 𝐴 ⟹ 𝐴−1 =
1

14
9𝐼 − 𝐴

𝐴−1 =
1

14
9

1 0
0 1

−
4 3
2 5

7



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

=
1

14
9 0
0 9

−
4 3
2 5

=
1

14
9 − 4 0 − 3
0 − 2 9 − 5

𝐴−1 =
1

14
5 −3

−2 4

Let 𝐴 =
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

AT =
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

𝐴AT =
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

=
1 0
0 1

= 𝐼2

AT𝐴 =
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

=
cos2 𝜃 + sin2 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 + 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

sin2 𝜃 + cos2 𝜃

=
1 0
0 1

= 𝐼2

𝐴AT = AT𝐴 = 𝐼2

A is orthogonal.

=
cos2 𝜃 + sin2 𝜃

𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 − 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃 − 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

sin2 𝜃 + cos2 𝜃

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟏𝟏: 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭
𝐜𝐨𝐬 𝜽 − 𝐬𝐢𝐧 𝜽
𝐬𝐢𝐧 𝜽 𝐜𝒐𝒔 𝜽

𝐢𝐬 𝐨𝐫𝐭𝐡𝐨𝐠𝐨𝐧𝐚𝐥.

Let 𝐴 =
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

AT =
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

𝐴AT =
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃
− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

=
cos2 𝜃 + sin2 𝜃

𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 − 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃 − 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

sin2 𝜃 + cos2 𝜃

=
1 0
0 1

= 𝐼2

AT𝐴 =
𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
𝑐𝑜𝑠 𝜃 − 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

=
cos2 𝜃 + sin2 𝜃

− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 + 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃

− 𝑐𝑜𝑠 𝜃 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃

sin2 𝜃 + cos2 𝜃

=
1 0
0 1

= 𝐼2

𝐴AT = AT𝐴 = 𝐼2 ∴ A is orthogonal.

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟏𝟐: 𝐈𝐟 𝐀 =
𝟏

𝟕

𝟔 −𝟑 𝒂
𝒃 −𝟐 𝟔
𝟐 𝒄 𝟑

𝐢𝐬 𝐨𝐫𝐭𝐡𝐨𝐠𝐨𝐧𝐚𝐥, 𝐟𝐢𝐧𝐝 𝒂, 𝒃 𝐚𝐧𝐝 𝒄, 𝐚𝐧𝐝

𝐡𝐞𝐧𝐜𝐞 𝑨−𝟏.
If 𝐴 is orthogonal, then 𝐴AT = AT𝐴 = 𝐼3

𝐴𝑇 =
1

7

6 𝑏 2
−3 −2 𝑐
𝑎 6 3

𝐴AT = 𝐼3

1

7

6 −3 𝑎
𝑏 −2 6
2 𝑐 3

×
1

7

6 𝑏 2
−3 −2 𝑐
𝑎 6 3

=
1 0 0
0 1 0
0 0 1

1

49

6 −3 𝑎
𝑏 −2 6
2 𝑐 3

6 𝑏 2
−3 −2 𝑐
𝑎 6 3

=
1 0 0
0 1 0
0 0 1

6 −3 𝑎
𝑏 −2 6
2 𝑐 3

6 𝑏 2
−3 −2 𝑐
𝑎 6 3

= 49
1 0 0
0 1 0
0 0 1

36 + 9 + 𝑎2

6𝑏 + 6 + 6𝑎

12 − 3𝑐 + 3𝑎

6𝑏 + 6 + 6𝑎

𝑏2 + 4 + 36

2𝑏 − 2𝑐 + 18

12 − 3𝑐 + 3𝑎

2𝑏 − 2𝑐 + 18

4 + 𝑐2 + 9

=
49 0 0
0 49 0
0 0 49

45 + 𝑎2 6𝑏 + 6 + 6𝑎 12 − 3𝑐 + 3𝑎
6𝑏 + 6 + 6𝑎 𝑏2 + 40 2𝑏 − 2𝑐 + 18

12 − 3𝑐 + 3𝑎 2𝑏 − 2𝑐 + 18 𝑐2 + 13
=

49 0 0
0 49 0
0 0 49

45 + 𝑎2 = 49

𝑎2 = 49 − 45

𝑎2 = 4 = 4

𝑎 = 2

𝑏2 + 40 = 49

𝑏2 = 49 − 40

𝑏2 = 9 = 9

𝑏 = 3

𝑐2 + 13 = 49

𝑐2 = 49 − 13

𝑐2 = 36 = 36

𝑐 = 6

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒅𝒋𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊
−𝟑 𝟒
𝟔 𝟐
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑎𝑑𝑗𝐴 =

𝑀11 𝑀12

𝑀21 𝑀22

+ −

− + =

2 − 6

−4 −3

𝑇 𝑇

𝑎𝑑𝑗𝐴 =
2 −4

−6 −3

𝑖 𝐿𝑒𝑡 𝐴 =
−3 4
6 2

𝑂𝑅

𝐿𝑒𝑡 𝐴 =
−3 4
6 2

𝐴𝑑𝑗 𝐴 =
2

−3−6

−4
⟹

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒅𝒋𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈: 𝒊𝒊
2 3 1
3 4 1
3 7 2

𝐴 =
2 3 1
3 4 1
3 7 2

𝑎𝑑𝑗𝐴 =

4 1
7 2

3 1
3 2

3 4
3 7

3 1
7 2

2 1
3 2

2 3
3 7

3 1
4 1

2 1
3 1

2 3
3 4

−

− −

−

𝑇

𝑎𝑑𝑗𝐴 =

8 − 7 −(6 − 3) 21− 12

−(6 − 7) 4− 3 −(14 − 9)

3 − 4 −(2 − 3) 8− 9

𝑇

=
1 −3 9
1 1 −5

−1 1 −1

𝑇

𝑎𝑑𝑗𝐴 =
1 1 −1

−3 1 1
9 −5 −1

𝒊𝒊𝒊
𝟏

𝟑

𝟐 𝟐 𝟏
−𝟐 𝟏 𝟐

𝟏 −𝟐 𝟐

𝑎𝑑𝑗 𝑘𝐴 = 𝑘𝑛−1𝑎𝑑𝑗 𝐴

𝐴 =
1

3

2 2 1
−2 1 2
1 −2 2
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

21 −2 1

2−2 1 −2

12 2 2

21 −2 1

−2 − 4 4 − 1

2−+ 4 4 −1 −2−4

4 − 1 2−+ 4 2 −+ 4

2−+ 4
1

3

3−1
1

3

2

⟹

adj A =
1

9

6 −6 3
6 3 −6
3 6 6

⟹ adj A =
1

9
× 3

2 −2 1
2 1 −2
1 2 2

adj A =
1

3

2 −2 1
2 1 −2
1 2 2

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒊𝒇 𝒊𝒕 𝒆𝒙𝒊𝒔𝒕𝒔 𝒊
−𝟐 𝟒
𝟏 −𝟑

𝑖 𝐿𝑒𝑡 𝐴 =
−2 4
1 −3

= 6 − 4

adj A =
−3 −4
−1 −2

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡A = 2 ≠ 0

A =
−2 4
1 −3

𝐴−1 =
1

|A|
adj A ⟹ 𝐴−1 =

1

2
−3 −4
−1 −2

𝒊𝒊 𝑳𝒆𝒕 𝑨 =
𝟓 𝟏 𝟏
𝟏 𝟓 𝟏
𝟏 𝟏 𝟓

A =
5 1 1
1 5 1
1 1 5

= 5 25 − 1 − 1(5 − 1) + 1 1 − 5

= 5 24 − 1(4) + 1 −4 = 120 − 4 − 4

𝐴 = 112 ≠ 0∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡

15 1 5

51 1 1

11 5 1

15 1 5

𝐴 =
5 1 1
1 5 1
1 1 5

⟹
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

12

𝑎𝑑𝑗𝐴 =

1 − 5 1− 5

1− 5 25− 1 1 − 5

1− 5 1 − 5 25− 1

25− 1
𝑎𝑑𝑗𝐴 =

24 −4 −4
−4 24 −4
−4 −4 24

𝐴−1 =
1

|A|
adj 𝐴 𝐴−1 =

1

112

24 −4 −4
−4 24 −4
−4 −4 24

𝐴−1 =
1

28

6 −1 −1
−1 6 −1
−1 −1 6

⟹

⟹

𝒊𝒊𝒊 𝑳𝒆𝒕 𝑨 =
𝟐 𝟑 𝟏
𝟑 𝟒 𝟏
𝟑 𝟕 𝟐

A =
2 3 1
3 4 1
3 7 2

= 2 8 − 7 − 3(6 − 3) + 1 21 − 12

= 2 1 − 3(3) + 1 9 = 2 − 9 + 9

𝐴 = 2 ≠ 0 ∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡

14 3 4

27 3 7

13 2 3

14 3 4

𝐴 =
2 3 1
3 4 1
3 7 2

⟹

⟹𝑎𝑑𝑗𝐴 =

7 − 6 3− 4

3− 6 4 − 3 3 − 2

21−12 9 −14 8 − 9

8 − 7

𝑎𝑑𝑗𝐴 =
1 1 −1

−3 1 1
9 −5 −1

𝐴−1 =
1

|A|
adj 𝐴 𝐴−1 =

1

2

1 1 −1
−3 1 1
9 −5 −1

⟹

𝟑. 𝑰𝒇 𝑭 𝜶 =
𝐜𝐨𝐬 𝜶 𝟎 𝐬𝐢𝐧 𝜶

𝟎 𝟏 𝟎
− 𝒔𝒊𝒏 𝜶 𝟎 𝐜𝒐𝒔 𝜶

𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑭 𝜶 −𝟏 = 𝑭 −𝜶

𝑇𝑜 𝑓𝑖𝑛𝑑 𝐹 𝛼 −1

𝐹 𝛼 −1 =
1

|𝐹 𝛼 |
adj 𝐹 𝛼



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

|𝐹 𝛼 | =
cos 𝛼 0 sin 𝛼

0 1 0
− 𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼

− + −

𝐸𝑥𝑝𝑎𝑛𝑑 𝑎𝑙𝑜𝑛𝑔 𝑅2

|𝐹 𝛼 | = 1 cos2 𝛼 + sin2 𝛼

𝐹 𝛼 = 1 ≠ 0 ∴ Inverse exist

01 0 1

𝑐𝑜𝑠 𝛼0 − 𝑠𝑖𝑛 𝛼 0

𝑠𝑖𝑛 𝛼0 𝑐𝑜𝑠 𝛼 0

01 0 1

adj 𝐹 𝛼 =
cos 𝛼 0 sin 𝛼

0 1 0
− 𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼

adj 𝐹 𝛼 =

0 − 0 0 − 𝑠𝑖𝑛 𝛼

0 − 0 cos2 𝛼 −+ sin2 𝛼 0 − 0

0 −+ 𝑠𝑖𝑛 𝛼 0 − 0 𝑐𝑜𝑠 𝛼 − 0

𝑐𝑜𝑠 𝛼 −0

=
𝑐𝑜𝑠 𝛼 0 − 𝑠𝑖𝑛 𝛼

0 1 0
𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼

𝐹 𝛼 −1 =
1

1

𝑐𝑜𝑠 𝛼 0 − 𝑠𝑖𝑛 𝛼
0 1 0

𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼

𝐹 𝛼 −1 =
𝑐𝑜𝑠 𝛼 0 − 𝑠𝑖𝑛 𝛼

0 1 0
𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼 … (1)

𝑇𝑜 𝑓𝑖𝑛𝑑 𝐹 −𝛼

𝐹 −𝛼 =
cos −𝛼 0 sin −𝛼

0 1 0
− 𝑠𝑖𝑛 −𝛼 0 𝑐𝑜𝑠 −𝛼

𝐹 −𝛼 =
𝑐𝑜𝑠 𝛼 0 − 𝑠𝑖𝑛 𝛼

0 1 0
𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼 … (2)

From 1 and 2 𝐹 𝛼 −1 = 𝐹 −𝛼

adj 𝐹 𝛼 =
𝑐𝑜𝑠 𝛼 0 − 𝑠𝑖𝑛 𝛼

0 1 0
𝑠𝑖𝑛 𝛼 0 𝑐𝑜𝑠 𝛼

⟹

13



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟒. 𝐈𝐟 𝑨 =
𝟓 𝟑

−𝟏 −𝟐
𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 𝑨𝟐 − 𝟑𝑨 − 𝟕𝑰𝟐 = 𝑶𝟐. 𝐇𝐞𝐧𝐜𝐞 𝐟𝐢𝐧𝐝 𝑨−𝟏.

𝐴2 =
5 3

−1 −2
5 3

−1 −2

=
25 − 3

−5 + 2

15 − 6

−3 + 4
=

22 9
−3 1

3𝐴 = 3 ×
5 3

−1 −2
=

15 9
−3 −6

7𝐼2 = 7 ×
1 0
0 1

=
7 0
0 7

𝐴2 − 3𝐴 − 7𝐼2 =
22 9
−3 1

−
15 9
−3 −6

−
7 0
0 7

=
22 − 15 − 7 9 − 9 − 0
−3 + 3 − 0 1 + 6 − 7

=
0 0
0 0

𝐴2 − 3𝐴 − 7𝐼2 = 𝑂2

𝑻𝒐 𝒇𝒊𝒏𝒅 𝑨−𝟏

𝐴2 − 3𝐴 − 7𝐼2 = 0
𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 𝐴−1

𝐴2 × 𝐴−1 − 3𝐴 × 𝐴−1 − 7𝐼2 × 𝐴−1 = 0

𝐴 − 3𝐼 − 7𝐴−1 = 0 −7𝐴−1 = 3𝐼 − 𝐴

7𝐴−1 = −3𝐼 + 𝐴 𝐴−1 =
1

7
𝐴 − 3𝐼

𝐴−1 =
1

7
5 3

−1 −2
− 3 ×

1 0
0 1

=
1

7
5 3

−1 −2
−

3 0
0 3

=
1

7
5 − 3 3 − 0

−1 − 0 −2 − 3

𝐴−1 =
1

7
2 3

−1 −5

⟹

⟹

5. If A =
𝟏

𝟗

−𝟖 𝟏 𝟒
𝟒 𝟒 𝟕
𝟏 −𝟖 𝟒

, prove that 𝑨−𝟏 = 𝑨𝑻

A−1 =
1

|A|
adj. A

A =
1

9

−8 1 4
4 4 7
1 −8 4

14



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

15

A =
1

9

3 −8 1 4
4 4 7
1 −8 4

A =
1

729

−8 1 4
4 4 7
1 −8 4

𝑘𝐴 = 𝑘𝑛 𝐴 𝑤ℎ𝑒𝑟𝑒 𝑛 𝑖𝑠 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝐴

=
1

729
−8 (16 + 56) − 1 16 − 7 + 4 −32 − 4

=
1

729
−8 72 − 1 9 + 4 −36 =

1

729
−576 − 9 − 144

=
1

729
−729

A = −1 ≠ 0 ∴ Inverse exist

𝑎𝑑𝑗 𝑘𝐴 = 𝑘𝑛−1𝑎𝑑𝑗 𝐴

A =
1

9

−8 1 4
4 4 7
1 −8 4

𝐴 =
1

9

−8 1 4
4 4 7
1 −8 4

74 4 4

4−8 1 −8

41 −8 1

74 4 4

=
1

9

2

−32− 4 7 − 16

7 −16 −32 −4 16 −+ 56

−32 − 4 1− 64 −32 − 4

16−+ 56

=
1

9

3−1

adj A =
1

81

72 −36 −9
−9 −36 72

−36 −63 −36
adj A =

1

81
× 9

8 −4 −1
−1 −4 8
−4 −7 −49

adj A =
1

9

8 −4 −1
−1 −4 8
−4 −7 −4

⟹

A−1 =
1

−1
×

1

9

8 −4 −1
−1 −4 8
−4 −7 −4

A−1 =
1

|A|
adjA
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

16

AT =
1

9

−8 4 1
1 4 −8
4 7 4

A =
1

9

−8 1 4
4 4 7
1 −8 4 … 2

From (1) and (2) L.H.S = R.H.S

⟹

A−1 =
1

9

−8 4 1
1 4 −8
4 7 4

… 1

𝟔. 𝑰𝒇𝑨 =
𝟖 −𝟒

−𝟓 𝟑
𝒂𝒏𝒅 𝒗𝒆𝒓𝒊𝒇𝒚 𝒕𝒉𝒂𝒕 𝐀 𝐚𝐝𝐣 𝑨 = 𝐚𝐝𝐣 𝑨 𝐀 = 𝑨 𝑰

𝐿𝑒𝑡 𝐴 =
8 −4

−5 3

A = 
8 −4

−5 3
= 24 − 20 = 4

adj. A =
3 4
5 8

A adj A = 8 −4
−5 3

3 4
5 8

=
24 − 20

−15 + 15

32 − 32

−20 + 24

𝐴 = 4

= 4
1 0
0 1

A adj A
….(1)

adj A A =
8 −4

−5 3
3 4
5 8

= 24 − 20

40 − 40

−12 + 12

−20 + 24
=

4 0
0 4

adj A A = 4
1 0
0 1 ….(2)

A I = 4
1 0
0 1 ….(3)

From (1) , (2) and (3)

A adj A = adj A A = A . 𝐼

𝟕. 𝑰𝒇 𝑨 =
𝟑 𝟐
𝟕 𝟓

𝒂𝒏𝒅 𝑩 =
−𝟏 −𝟑
𝟓 𝟐

𝒂𝒏𝒅 𝒗𝒆𝒓𝒊𝒇𝒚 𝒕𝒉𝒂𝒕 𝑨𝑩 −𝟏 = 𝑩−𝟏𝑨−𝟏

𝐴 =
3 2
7 5

A =
3 2
7 5

= 15

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡A = 1 ≠ 0

−14

Adj A =
5 −2

−7 3
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝐴−1 =
1

|A|
adjA 𝐴−1 =

1

1
5 −2

−7 3
⟹ 𝐴−1 =

5 −2
−7 3

⟹

B = 
−1 −3
5 2

= −2B =
−1 −3
5 2

+ 15

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡B = 13 ≠ 0

Adj B =
2 3

−5 −1

𝐵−1 =
1

|B|
adjB 𝐵−1 =

1

13
2 3

−5 −1

𝐵−1 =
1

13
2 3

−5 −1

𝐵−1𝐴−1

=
1

13
10 − 21 −4 + 9
−25 + 7 10 − 3

𝐵−1𝐴−1 =
1

13
−11 5
−18 7 ……(1)

=
1

13
2 3

−5 −1
5 −2

−7 3

⟹

= −77 + 90

Adj (AB) =
−11 5
−18 7

∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡

(𝐴𝐵)−1 =
1

|AB|
adj (AB)

AB = 13 ≠ 0

AB =
3 2
7 5

−1 −3
5 2

𝐴𝐵 =
−3 + 10 −9 + 4
−7 + 25 −21 + 10

AB =
7 −5

18 −11
AB =

7 −5
18 −11

⟹

⟹

(𝐴𝐵)−1=
1

13
−11 5
−18 7

(𝐴𝐵)−1 =
1

13
−11 5
−18 7 …… (2)

From (1) and (2)(𝐴𝐵)−1= 𝐵−1𝐴−1

17



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙 ∶ 𝟖 𝑰𝒇 𝒂𝒅𝒋 𝑨 =
𝟐 −𝟒 𝟐

−𝟑 𝟏𝟐 −𝟕
−𝟐 𝟎 𝟐

. 𝒇𝒊𝒏𝒅 𝑨

𝑎𝑑𝑗𝐴 =
2 −4 2

−3 12 −7
−2 0 2

= 2 24 + 4 −20 + 2 24

+ − +

+ 4 −6 − 14= 2 24 − 0 + 2 0 + 24

= 48 − 80 + 48

𝑎𝑑𝑗𝐴 = 16 > 0

−712 −3 12

20 −2 0

2−4 2 −4

−712 −3 12

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =

0 −+ 8 28 − 24

14 −+ 6 4 −+ 4 −6 −+ 14

0 −+ 24 8 − 0 24− 12

24 − 0

⟹

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =
2 −4 2

−3 12 −7
−2 0 2

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =
24 8 4
20 8 8
24 8 12

𝐴 = ±
1

𝑎𝑑𝑗𝐴
𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 ⟹ 𝐴 = ±

1

16

24 8 4
20 8 8
24 8 12

𝐴 = ±
1

4

24 8 4
20 8 8
24 8 12

= ±

24

4

8

4

4

4
20

4

8

4

8

4
24

4

8

4

12

4

𝐴 = ±
6 2 1
5 2 2
6 2 3

𝑬𝒙 𝟗. 𝑰𝒇 𝒂𝒅𝒋 𝑨 =
𝟎 −𝟐 𝟎
𝟔 𝟐 −𝟔

−𝟑 𝟎 𝟔
, 𝒇𝒊𝒏𝒅 𝑨−𝟏

𝑎𝑑𝑗𝐴 =
0 −2 0
6 2 −6

−3 0 6

+ − +

18



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

19

𝑎𝑑𝑗𝐴

= 0 + 2 18 + 0

+ 2 36 − 18= 0 12 + 0 + 0 0 + 6

= 36 > 0

𝑎𝑑𝑗𝐴 = 36

𝐴−1 = ±
1

𝑎𝑑𝑗𝐴
𝑎𝑑𝑗𝐴 ⟹ 𝐴−1 = ±

1

36

0 −2 0
6 2 −6

−3 0 6

𝐴−1 = ±
1

6

0 −2 0
6 2 −6

−3 0 6

02 0 2

10 −1 0

10 1 0

02 0 2

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =
1 0 1
0 2 0

−1 0 1

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =

0 − 0 0 − 2

0 − 0 1 −+ 1 0 − 0

0 − 2 0 − 0 2 − 0

2 − 0

⟹

𝑎𝑑𝑗 𝑎𝑑𝑗𝐴 =
2 0 −2
0 2 0

−2 0 2

𝟏𝟎. 𝑭𝒊𝒏𝒅 𝒂𝒅𝒋 𝒂𝒅𝒋 𝑨 𝒊𝒇 𝒂𝒅𝒋 𝑨 =
𝟏 𝟎 𝟏
𝟎 𝟐 𝟎

−𝟏 𝟎 𝟏
.

𝟏𝟏. 𝑨 =
𝟏 𝐭𝐚𝐧 𝒙

− 𝐭𝐚𝐧 𝒙 𝟏
, 𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 𝑨𝑻𝑨−𝟏 =

𝐜𝐨𝐬 𝟐𝒙 − 𝐬𝐢𝐧 𝟐𝒙
𝐬𝐢𝐧 𝟐𝒙 𝐜𝐨𝐬 𝟐𝒙

.

𝐴 =
1 tan 𝑥

− tan 𝑥 1

A =
1 tan 𝑥

− tan 𝑥 1
= 1 − − tan2 𝑥

𝐴 = 1 + tan2 𝑥

adj 𝐴 =
1 − tan 𝑥

tan 𝑥 1

𝐴−1 =
1

|A|
adj 𝐴

𝐴−1 =
1

1 + tan2 𝑥
1 − tan 𝑥

tan 𝑥 1

𝐴𝑇 =
1 − tan 𝑥

tan 𝑥 1
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝐴𝑇𝐴−1 = 1 − tan 𝑥
tan 𝑥 1

×
1

1 + tan2 𝑥
1 − tan 𝑥

tan 𝑥 1

=
1

1 + tan2 𝑥
1 − tan 𝑥

tan 𝑥 1
1 − tan 𝑥

tan 𝑥 1

=
1

1 + tan2 𝑥

1 − tan2 𝑥

tan 𝑥 + tan 𝑥

− tan 𝑥 − tan 𝑥

− tan2 𝑥 + 1

=
1

1 + tan2 𝑥
1 − tan2 𝑥 −2 tan 𝑥

2 tan 𝑥 1 − tan2 𝑥

=

1 − tan2 𝑥

1 + tan2 𝑥

−2 tan 𝑥

1 + tan2 𝑥
2 tan 𝑥

1 + tan2 𝑥

1 − tan2 𝑥

1 + tan2 𝑥

cos 2𝐴 =
1 − tan2 𝐴

1 + tan2 𝐴

sin 2𝐴 =
2 tan 𝐴

1 + tan2 𝐴

=
cos 2𝑥 − sin 2𝑥
sin 2𝑥 cos 2𝑥

𝟏𝟐. 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐦𝐚𝐭𝐫𝐢𝐱 𝑨 𝐟𝐨𝐫 𝐰𝐡𝐢𝐜𝐡 𝑨
𝟓 𝟑

−𝟏 −𝟐
=

𝟏𝟒 𝟕
𝟕 𝟕

.

𝐴
5 3

−1 −2
=

14 7
7 7

𝐿𝑒𝑡 𝐵 =
5 3

−1 −2

𝐴𝐵 =
14 7
7 7

⟹ 𝐴 =
14 7
7 7

𝐵−1

𝐵−1 =
1

|B|
adj 𝐵

B = −7 ≠ 0 ∴ inverse exist

adj 𝐵 =
−2 −3
1 5

𝐵−1 =
1

−7
−2 −3
1 5

𝐴 =
14 7
7 7

×
1

−7
−2 −3
1 5

𝐴 = 7
2 1
1 1

×
1

−7
−2 −3
1 5 𝐴 =

2 1
1 1

2 3
−1 −5

=
4 − 1

2 − 1

6 − 5

3 − 5
=

3 1
1 −2

B =
5 3

−1 −2
= −10 + 3

⟹

20
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S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟏𝟑. 𝐆𝐢𝐯𝐞𝐧 𝑨 =
𝟏 −𝟏
𝟐 𝟎

, 𝑩 =
𝟑 −𝟐
𝟏 𝟏

𝐚𝐧𝐝 𝑪 =
𝟏 𝟏
𝟐 𝟐

, 𝐟𝐢𝐧𝐝 𝐚 𝐦𝐚𝐭𝐫𝐢𝐱 𝑿

𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝑨𝑿𝑩 = 𝑪.

𝐴 =
1 −1
2 0

, 𝐵 =
3 −2
1 1

, 𝐶 =
1 1
2 2

𝑋𝐵 = 𝐴−1𝐶 𝑋 = 𝐴−1𝐶 𝐵−1𝐴𝑋𝐵 = 𝐶 ⟹ ⟹

A =
1 −1
2 0

= 0 + 2 A = 2 ≠ 0 ∴ inverse exist

adj 𝐴 =
0 1

−2 1

𝐴−1 =
1

2
0 1

−2 1
𝐴−1 =

1

|A|
adjA

⟹

⟹

B =
3 −2
1 1

= 3 + 2

B = 5 ≠ 0 ∴ inverse exist

adj 𝐵 =
1 2

−1 3

𝐵−1 =
1

5
1 2

−1 3
𝐵−1 =

1

|B|
adjB ⟹

𝐴−1𝐶 =
1

2
0 1

−2 1

1 1
2 2 =

0 + 2

−2 + 2

0 + 2

−2 + 2

=
1

2
2 2
0 0

=
1

2
× 2

1 1
0 0

𝑋 = 𝐴−1𝐶 𝐵−1

=
1 1
0 0

×
1

5
1 2

−1 3

=
1

5
1 1
0 0

1 2
−1 3

=
1

5

1 − 1

0 + 0

2 + 3

0 + 0

𝑋 =
1

5
0 5
0 0

=
1

5
× 5

0 1
0 0

𝑋 =
0 1
0 0

𝐴−1𝐶 =
1 1
0 0

21



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟏𝟒. 𝐈𝐟 𝑨 =
𝟎 𝟏 𝟏
𝟏 𝟎 𝟏
𝟏 𝟏 𝟎

, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝑨−𝟏 =
𝟏

𝟐
𝑨𝟐 − 𝟑𝑰

𝐴−1 =
1

|A|
adj. A

|A| = 
0 1 1
1 0 1
1 1 0

= 0 (0 − 1) 

= 0 − 1 −1 + 1 1

+ − +

+ 1 (1 + 0)− 1 0 − 1

𝐴 =
0 1 1
1 0 1
1 1 0

𝐴 = 2 ≠ 0

∴ Inverse exist

= 1 + 1

10 1 0

01 1 1

11 0 1

10 1 0

𝑎𝑑𝑗𝐴 =

1 − 0 1 − 0

1 − 0 0 − 1 1 − 0

1 − 0 1 − 0 0 − 1

0 −1

𝑎𝑑𝑗𝐴 =
−1 1 1
1 −1 1
1 1 −1

𝐴−1 =
1

2

−1 1 1
1 −1 1
1 1 −1 ……(1)

⟹

⟹

𝐴2 =
0 1 1
1 0 1
1 1 0

0 1 1
1 0 1
1 1 0

A2 = A × A ⟹

A2 =

0 + 1 + 1

0 + 0 + 1

0 + 1 + 0

0 + 0 + 1

1 + 0 + 1

1 + 0 + 0

0 + 1 + 0

1 + 0 + 0

1 + 1 + 0

⇒ A2 =
2 1 1
1 2 1
1 1 2

3𝐼 = 3
1 0 0
0 1 0
0 0 1

=
3 0 0
0 3 0
0 0 3

A2 − 3𝐼 =
2 1 1
1 2 1
1 1 2

−
3 0 0
0 3 0
0 0 3

=
2 − 3 1 − 0 1 − 0
1 − 0 2 − 3 1 − 0
1 − 0 1 − 0 2 − 3

=
−1 1 1
1 −1 1
1 1 −1
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

23

1

2
A2 − 3𝐼 =

1

2

−1 1 1
1 −1 1
1 1 −1 ……(2)

From 1 and 2 𝐴−1 =
1

2
A2 − 3𝐼



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟑: 𝑹𝒆𝒅𝒖𝒄𝒆 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒙
𝟑 −𝟏 𝟐

−𝟔 𝟐 𝟒
−𝟑 𝟏 𝟐

𝒕𝒐 𝒂 𝒓𝒐𝒘

− 𝒆𝒄𝒉𝒆𝒍𝒐𝒏 𝒇𝒐𝒓𝒎.

3 −1 2
−6 2 4
−3 1 2

𝑅2 ⟶ 𝑅2 + 2𝑅1 −6 2 4

6 −2 4

0 0 8

𝑅2 + 2𝑅1
3 −1 2
0 0 8
0 0 4

𝑅3 ⟶ 𝑅3 + 𝑅1

𝑅3 + 𝑅1

−3 1 2

3 −1 2

0 0 4

3 −1 2
0 0 8

𝑅3 ⟶ 𝑅3 −
1

2
𝑅2

− − (−)

𝑅3 −
1

2
𝑅2

0 0 4

0 0 4

0 0 0

0 0 0

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟏. 𝟐

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟒: 𝑹𝒆𝒅𝒖𝒄𝒆 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒙
𝟎 𝟑 𝟏

−𝟏 𝟎 𝟐
𝟒 𝟐 𝟎

𝟔
𝟓
𝟎

𝒕𝒐 𝒂 𝒓𝒐𝒘

− 𝒆𝒄𝒉𝒆𝒍𝒐𝒏 𝒇𝒐𝒓𝒎.

0 3 1
−1 0 2
4 2 0

6
5
0

𝑅1 ⟷ 𝑅2

−1 0 2 5
0 3 1 6   
4 2 0 0

−1 0 2 5
0 3 1 6   

𝑅3 ⟶ 𝑅3 + 4𝑅1

0 2 8 20

−1 0 2 5

0 3 1 6   
𝑅3 ⟶ 𝑅3 −

2

3
𝑅2

0 0
22

3
16

−1 0 2 5
0 3 1 6   

𝑅3 ⟶ 3𝑅3

0 0 22 48
8 −

2

3
=

24 − 2

3
=

22

3

4 2 0 0

−4 0 8 20

𝑅3 + 4𝑅1

0 2 8 20

𝑅3 −
2

3
𝑅2

0 2 8 20

0 2
2

3
4

0 0
22

3
16

− − − (−)

24



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟓: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒌 𝒐𝒇 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 ∶ (𝒊)
𝟑 𝟐 𝟓
𝟏 𝟏 𝟐
𝟑 𝟑 𝟔

𝐿𝑒𝑡 𝐴 =
3 2 5
1 1 2
3 3 6

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 3 × 3.

∴ 𝜌 𝐴 ≤ 𝑚𝑖𝑛 3, 3 = 3

𝑇ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 𝑖𝑠 3.

It is

𝑆𝑜, 𝜌 𝐴 < 3.

𝑁𝑒𝑥𝑡 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 − 𝑜𝑟𝑑𝑒𝑟 𝑚𝑖𝑛𝑜𝑟𝑠 𝑜𝑓 𝐴.
3 2
1 1 = 3 − 2= 1 ≠ 0

𝑆𝑜, 𝜌 𝐴 = 2.

3 2 5
1 1 2
3 3 6

1 1
3 3

= 3 0 − 2 0 + 5 0

= 3
1 2
3 6

−2
1 2
3 6

+ 5

= 3(6 − 6)−2(6 − 6) + 5(3 − 3)

= 0 + 0 + 0 = 0

(𝒊𝒊)
𝟒 𝟑 𝟏

−𝟑 −𝟏 −𝟐
𝟔 𝟕 −𝟏

−𝟐
𝟒
𝟐

Let A =
4 3 1

−3 −1 −2
6 7 −1

−2
4
2

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 3 × 4.

∴ 𝜌 𝐴 ≤ 𝑚𝑖𝑛 3, 4 = 3

𝑇ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 𝑖𝑠 3.

4 3 1
−3 −1 −2
6 7 −1

−3 −1
6 7

+−+

= 4 −1 −2
7 −1

−3
−3 −2
6 −1

+ 1

= 4 (1−+ 14)−3(3 −+ 12) + 1(−21 −+ 6)

= 4 15 − 3 15 + 1 −15 = 60 − 45 − 15 = 0

4 3 −2
−3 −1 4
6 7 2

−3 −1
6 7

+−+

= 4
−1 4
7 2

−3
−3 4
6 2

− 2

= 4 (−2 − 28) −3(−6 − 24) − 2(−21 −+ 6)

= 4 −30 − 3 −30 − 2 −15

= −120 + 90 + 30 = 0
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

4 1 −2
−3 −2 4
6 −1 2

−3 −2
6 −1

+−+

= 4
−2 4
−1 2

−1
−3 4
6 2

− 2

= 4 (−4 −+ 4) −1(−6 − 24) − 2(3 −+ 12)

= 4 0 − 1 −30 − 2 15

= 0 + 30 − 30 = 0

3 1 −2
−1 −2 4
7 −1 2

−1 −2
7 −1

+−+

= 3
−2 4
−1 2

−1
−1 4
7 2

− 2

= 3 (−4 −+ 4) −1(−2 − 28) − 2(1 −+ 14)

= 3 0 − 1 −30 − 2 15

= 0 + 30 − 30 = 0

𝑆𝑜, 𝜌 𝐴 < 3.

𝑁𝑒𝑥𝑡 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 − 𝑜𝑟𝑑𝑒𝑟 𝑚𝑖𝑛𝑜𝑟𝑠 𝑜𝑓 𝐴.

4 3
−3 −1

= −4 + 9= 5 ≠ 0

𝑆𝑜, 𝜌 𝐴 = 2.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟔: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒌 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒘𝒉𝒊𝒄𝒉 𝒂𝒓𝒆 𝒊𝒏

𝒓𝒐𝒘 − 𝒆𝒄𝒉𝒆𝒍𝒐𝒏 𝒇𝒐𝒓𝒎: 𝒊
𝟐 𝟎 −𝟕
𝟎 𝟑 𝟏
𝟎 𝟎 𝟏

𝒊𝒊
−𝟐 𝟐 −𝟏
𝟎 𝟓 𝟏
𝟎 𝟎 𝟎

𝒊𝒊𝒊

𝟔 𝟎 −𝟗
𝟎 𝟐 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 𝟎

𝑖
2 0 −7
0 3 1
0 0 1

Let A =
2 0 −7
0 3 1
0 0 1

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 3 × 3. ∴ 𝜌 𝐴 ≤ 3

𝑇ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 =
2 0 −7
0 3 1
0 0 1

= 2 3 1 = 6 ≠ 0

So, ρ A = 3.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡ℎ𝑟𝑒𝑒 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤𝑠.

𝒊𝒊
−𝟐 𝟐 −𝟏
𝟎 𝟓 𝟏
𝟎 𝟎 𝟎

Let A =
−2 2 −1
0 5 1
0 0 0

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 3 × 3. ∴ ρ A ≤ 3

𝑇ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 =
−2 2 −1
0 5 1
0 0 0

= −2 5 0 = 0

So, ρ A ≤ 2.

⟹

⟹
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑁𝑒𝑥𝑡 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 − 𝑜𝑟𝑑𝑒𝑟 𝑚𝑖𝑛𝑜𝑟𝑠 𝑜𝑓 𝐴.
−2 2
0 5

= −2 5 = −10 ≠ 0 . So, ρ A = 2.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤𝑠. 𝑇ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑟𝑜𝑤 𝑖𝑠 𝑎 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤.

𝒊𝒊𝒊

𝟔 𝟎 −𝟗
𝟎 𝟐 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 𝟎

Let A =

6 0 −9
0 2 0
0 0 0
0 0 0

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 4 × 3. ∴ ρ A ≤ 3

𝑇ℎ𝑒 𝑙𝑎𝑠𝑡 𝑡𝑤𝑜 𝑟𝑜𝑤𝑠 𝑎𝑟𝑒 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤.
𝑁𝑒𝑥𝑡 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 − 𝑜𝑟𝑑𝑒𝑟 𝑚𝑖𝑛𝑜𝑟𝑠 𝑜𝑓 𝐴.

6 0
0 2

= 6 2 = 12 ≠ 0 . So, ρ A = 2.

𝑁𝑜𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤𝑠. 𝑇ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑎𝑛𝑑 𝑓𝑜𝑢𝑟𝑡ℎ 𝑟𝑜𝑤
𝑖𝑠 𝑎 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤.

⟹

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟏. 𝟏𝟕: 𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐫𝐚𝐧𝐤 𝐨𝐟 𝐭𝐡𝐞 𝐦𝐚𝐭𝐫𝐢𝐱
𝟏 𝟐 𝟑
𝟐 𝟏 𝟒
𝟑 𝟎 𝟓

𝐛𝐲 𝐫𝐞𝐝𝐮𝐜𝐢𝐧𝐠 𝐢𝐭

𝐭𝐨 𝐚 𝐫𝐨𝐰 − 𝐞𝐜𝐡𝐞𝐥𝐨𝐧 𝐟𝐨𝐫𝐦.

27

1 2 3
2 1 4
3 0 5

𝑅2 ⟶ 𝑅2 − 2𝑅1
2 1 4

2 4 6

0 −3 −2

𝑅2 − 2𝑅1
1 2 3
0 −3 −2
0 −6 −4

𝑅3 ⟶ 𝑅3 − 3𝑅1

𝑅3 − 3𝑅1

3 0 5

3 6 9

0 −6 −41 2 3
0 −3 −2

𝑅3 ⟶ 𝑅3 − 2𝑅2

𝑅3 − 2𝑅2
0 −6 −4

0 −6 −4

0 0 0

0 0 0

The last equivalent matrix is in row − echelon form.

It has two non − zero rows. So, ρ A = 2.

− − − − − −

− + +

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒌 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒙
𝟐 −𝟐 𝟒

−𝟑 𝟒 −𝟐
𝟔 𝟐 −𝟏

𝟑
−𝟏
𝟕

𝒃𝒚

𝒓𝒆𝒅𝒖𝒄𝒊𝒏𝒈 𝒊𝒕 𝒕𝒐 𝒂𝒏 𝒆𝒄𝒉𝒆𝒍𝒐𝒏 𝒇𝒐𝒓𝒎.

2 −2 4
−3 4 −2
6 2 −1

3
−1
7

𝑅2 ⟶ 2𝑅2
2 −2 4 3

−6 8 −4 −2
6 2 −1 7

2 −2 4 3
𝑅2 ⟶ 𝑅2 + 3𝑅1

0 2 8 7
𝑅3 ⟶ 𝑅3 − 3𝑅1

0 8 −13 − 2
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T
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𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

−6 8 −4 −2

6 −6 12 9

0 2 8 7

𝑅2 + 3𝑅1
6 2 −1 7

6 −6 12 9

0 8 −13 − 2

𝑅3 − 3𝑅1

2 −2 4 3

0 2 8 7
𝑅3 ⟶ 𝑅3 − 4𝑅2

0 8 −13 − 2

0 8 32 28

0 0 −45 − 30

𝑅3 − 4𝑅2

0 0 −45 − 30

𝑅3 ⟶ 𝑅3 ÷ −15 2 −2 4 3
0 2 8 7

0 0 3 2
𝑇ℎ𝑒 𝑙𝑎𝑠𝑡 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝑖𝑛 𝑟𝑜𝑤 − 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚.

𝐼𝑡 ℎ𝑎𝑠 𝑡𝑤𝑜 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑟𝑜𝑤𝑠. 𝑆𝑜, 𝜌 𝐴 = 3.

− + − (−) − − − (−)

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟏𝟗: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒙
𝟑 𝟏 𝟒
𝟐 𝟎 −𝟏
𝟓 𝟐 𝟏

𝒊𝒔 𝒏𝒐𝒏 − 𝒔𝒊𝒏𝒈𝒖𝒍𝒂𝒓

𝒂𝒏𝒅 𝒓𝒆𝒅𝒖𝒄𝒆 𝒊𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒎𝒂𝒕𝒓𝒊𝒙 𝒃𝒚 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒂𝒓𝒚 𝒓𝒐𝒘
𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏𝒔.

𝐿𝑒𝑡 𝐴 =
3 1 4
2 0 −1
5 2 1

𝐴 =

3 1 4
2 0 −1
5 2 1

2 0
5 2

= 3 2 − 1 7 + 4 4

+−+

= 3
0 −1
2 1

−1
2 −1
5 1

+ 4

= 3(0 −+ 2)−1(2 −+ 5)+ 4(4 − 0)

= 6 − 7 + 16

= 15 ≠ 0

𝑠𝑜, 𝐴 𝑖𝑠 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟.

3 1 4
2 0 −1
5 2 1

𝑅1 ⟶
1

3
𝑅1

1
1

3

4

3
2 0 −1

5 2 1

𝑅2 ⟶ 𝑅2 − 2𝑅1

1
1

3

4

3

0 −
2

3
−

11

3

0
1

3
−

17

3

𝑅3 ⟶ 𝑅3 − 5𝑅1

𝑅2 ⟶ −
3

2
𝑅2

1
1

3

4

3

0 1
11

2

0
1

3
−

17

3

28
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𝑬
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𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

2 0 −1

2
2

3

8

3

0 −
2

3
−

11

3

𝑅2 − 2𝑅1 𝑅3 − 5𝑅1

5 2 1

5
5

3

20

3

0
1

3
−

17

3

− − (−) − − (−)

−1 −
8

3
=

−3 − 8

3
= −

11

3

2 −
5

3
=

6 − 5

3
=

1

3

1 −
20

3
=

3 − 20

3
= −

17

3

𝑅1 ⟶ 𝑅1 −
1

3
𝑅2

𝑅1 −
1

3
𝑅2

1
1

3

4

3

0
1

3

11

6

1 0

4

3
−

11

6
=

8 − 11

6

=
−3

6
=

−1

2

1 0 −
1

2
𝑅3 ⟶ 𝑅3 −

1

3
𝑅2

𝑅3 −
1

3
𝑅2

0
1

3
−

17

3

0
1

3

11

6

0 0

0 1
11

2

−
17

3
−

11

6
=

−34 − 11

6

=
−45

6
=

−15

2

0 0 −
15

2

1 0 −
1

2
𝑅3 ⟶ −

2

15
𝑅3

0 1
11

2

0 0 1

−1

2

−15

2

− − (−) − − (−)

𝑅1 ⟶ 𝑅1 +
1

2
𝑅3

𝑅1 +
1

2
𝑅3

1 0 −
1

2

0 0
1

2

1 0 0

1 0 0

𝑅2 ⟶ 𝑅2 −
11

2
𝑅3

𝑅2 −
11

2
𝑅3

0 1
11

2

0 0
11

2

0 1 0

0 1 0

0 0 1 − − (−)

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒌 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒃𝒚 𝒎𝒊𝒏𝒐𝒓 𝒎𝒆𝒕𝒉𝒐𝒅: (𝒊)
𝟐 −𝟒

−𝟏 𝟐

𝐿𝑒𝑡 𝐴 =
2 −4

−1 2

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 2 × 2.

∴ 𝜌 𝐴 ≤ 𝑚𝑖𝑛 2, 2 = 2

𝑇ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 𝑖𝑠 2.
29
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𝑳

30

𝐼𝑡 𝑖𝑠
2 −4

−1 2 = 4 − 4= 0 . 𝑆𝑜, 𝜌 𝐴 < 2.

𝑁𝑒𝑥𝑡 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 1

2 = 2 ≠ 0 ∴ 𝜌 𝐴 = 1

(𝒊𝒊)
−𝟏 𝟑
𝟒 −𝟕
𝟑 −𝟒

𝐿𝑒𝑡 𝐴 =
−1 3
4 −7
3 −4

, 𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 3 × 2.

∴ 𝜌 𝐴 ≤ 𝑚𝑖𝑛 3, 2 = 2

𝑇ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 𝑖𝑠 2.

𝐼𝑡 𝑖𝑠
−1 3
4 −7 = 7 − 12= −5 ≠ 0 ∴ 𝜌 𝐴 = 2

(𝒊𝒗)
𝟏 −𝟐 𝟑
𝟐 𝟒 −𝟔
𝟓 𝟏 −𝟏

𝐿𝑒𝑡 𝐴 =
1 −2 3
2 4 −6
5 1 −1

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 3 × 3.

∴ 𝜌 𝐴 ≤ 𝑚𝑖𝑛 3, 3 = 3
𝑇ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 𝑖𝑠 3.

⟹

It is

1 −2 3
2 4 −6
5 1 −1

2 4
5 1

+−+

= 1
4 −6
1 −1

+ 2
2 −6
5 −1

+ 3

≠ 0

∴ 𝜌 𝐴 = 3.

= 1 2 + 2 28 + 3 −18

= 1(−4 −+ 6)+ 2(−2 −+ 30) + 3 (2 − 20)

= 2 + 56 − 54 = 4

(𝒊𝒊𝒊)
𝟏 −𝟐 −𝟏
𝟑 −𝟔 −𝟑

𝟎
𝟏

𝐿𝑒𝑡 𝐴 =
1 −2 −1
3 −6 −3

0
1

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 2 × 4.

∴ 𝜌 𝐴 ≤ 𝑚𝑖𝑛 2, 4 = 2

𝑇ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 𝑖𝑠 2.

𝐼𝑡 𝑖𝑠
1 −2
3 −6 = −6 + 6= 0

𝐴𝑙𝑠𝑜,
−1 0
−3 1 = −1 + 0= −1 ≠ 0

∴ 𝜌 𝐴 = 2
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(𝒗)
𝟎 𝟏 𝟐
𝟎 𝟐 𝟒
𝟖 𝟏 𝟎

𝟏
𝟑
𝟐

𝐿𝑒𝑡 𝐴 =
0 1 2
0 2 4
8 1 0

1
3
2

𝐴 𝑖𝑠 𝑎 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 3 × 4.

∴ 𝜌 𝐴 ≤ 𝑚𝑖𝑛 3, 4 = 3 . 𝑇ℎ𝑒 ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑜𝑓 𝐴 𝑖𝑠 3.

It is
0 1 2
0 2 4
8 1 0+

−

+
= 0 + 0 + 8 4 − 4 = 0 + 0 + 8 0 = 0

≠ 0
∴ 𝜌 𝐴 = 3.

1 −2 3
2 4 −6
5 1 −1

2 4
5 1

= 1 2 + 2 28 + 3 −18

+−+

= 1 4 −6
1 −1

+ 2
2 −6
5 −1

+ 3

= 1(−4 −+ 6)+ 2(−2 −+ 30) + 3 (2 − 20)

= 2 + 56 − 54 = 4

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒂𝒏𝒌 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒎𝒂𝒕𝒓𝒊𝒄𝒆𝒔 𝒃𝒚 𝒓𝒐𝒘 𝒓𝒆𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅:

(𝒊)
𝟏 𝟏 𝟏
𝟐 −𝟏 𝟑
𝟓 −𝟏 𝟕

𝟑
𝟒

𝟏𝟏

1 1 1
2 −1 3
5 −1 7

3
4

11

𝑅2 ⟶ 𝑅2 − 2𝑅1 1 1 1 3
0 −3 1 − 2

0 −6 2 − 4

2 −1 3 4

2 2 2 6

0 −3 1 − 2

𝑅2 − 2𝑅1

− − − (−)
𝑅3 ⟶ 𝑅3 − 5𝑅1

5 −1 7 11

5 5 5 15

0 −6 2 − 4

𝑅3 − 5𝑅1

− − − (−)

1 1 1 3
0 −3 1 − 2

0 0 0 0

𝑅3 ⟶ 𝑅3 − 2𝑅2
0 −6 2 − 4

0 −6 2 − 4

0 0 0 0

𝑅3 − 2𝑅2

− + − (+)

The last equivalent matrix is in row − echelon form.

It has two non − zero rows. So, ρ A = 2.

(𝒊𝒊)

𝟏 𝟐 −𝟏
𝟑 −𝟏 𝟐
𝟏 −𝟐 𝟑
𝟏 −𝟏 𝟏

1 2 −1
3 −1 2
1 −2 3
1 −1 1

1 2 −1
𝑅2 ⟶ 𝑅2 − 3𝑅1

0 −7 5𝑅3 ⟶ 𝑅3 − 𝑅1

0 −4 4𝑅4 ⟶ 𝑅4 − 𝑅1

0 −3 2

3 −1 2

3 6 −3

0 −7 5

𝑅2 − 3𝑅1

− − +

1 −2 3

1 2 −1

0 −4 4

− − +

1 −1 1

1 2 −1

0 −3 2

𝑅4 − 𝑅1

− − +

𝑅3 ⟶ 𝑅3 − 𝑅1

0 −3 2

0 −3 3

0 0 −1

𝑅4 − 3𝑅3

− + −
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U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

(𝒊𝒊)

𝟏 𝟐 −𝟏
𝟑 −𝟏 𝟐
𝟏 −𝟐 𝟑
𝟏 −𝟏 𝟏

1 2 −1
3 −1 2
1 −2 3
1 −1 1

1 2 −1
𝑅2 ⟶ 𝑅2 − 3𝑅1

3 −1 2

3 6 −3

0 −7 5

𝑅2 − 3𝑅1

− − +

0 −7 5𝑅3 ⟶ 𝑅3 − 𝑅1

1 −2 3

1 2 −1

0 −4 4

𝑅3 − 𝑅1

− − +

0 −4 4𝑅4 ⟶ 𝑅4 − 𝑅1

1 −1 1

1 2 −1

0 −3 2

𝑅4 − 𝑅1

− − +

0 −3 2

1 2 −1

0 −7 5𝑅3 ⟶ 𝑅3 ÷ 4

0 −1 1

0 −3 2

1 2 −1

0 −7 5𝑅4 ⟶ 𝑅4 − 3𝑅3

0 −1 1

0 −3 2

0 −3 3

0 0 −1

𝑅4 − 3𝑅3

− + −

0 0 −1

1 2 −1

0 −7 5𝑅3 ⟶ 7𝑅3 − 𝑅2

0 0 2
0 0 −1

1 2 −1

0 −7 5𝑅4 ⟶ 2𝑅4 − 𝑅3

0 0 2

0 0 0

0 −7 7

0 −7 5

0 0 2

7𝑅3 − 𝑅2

− + −

0 0 −2

0 0 2

0 0 0

2𝑅4 − 𝑅3

− − −

The last equivalent matrix is in
row − echelon form.

It has three non − zero rows. So, ρ A = 3.

(𝒊𝒊𝒊)
𝟑 −𝟖 𝟓
𝟐 −𝟓 𝟏

−𝟏 𝟐 𝟑

𝟐
𝟒

−𝟐

3 −8 5
2 −5 1

−1 2 3

2
4

−2

𝑅3 ↔ 𝑅1
−1 2 3 −2
2 −5 1 4
3 −8 5 2

−1 2 3 −2𝑅2 ⟶ 𝑅2 + 2𝑅1

2 −5 1 4

−2 4 6 −4

0 −1 7 0

𝑅2 + 2𝑅1

0 −1 7 0
𝑅3 ⟶ 𝑅3 + 3𝑅1

3 −8 5 2

−3 6 9 −6

0 −2 14 − 4

𝑅3 + 3𝑅1

0 −2 14 −4

−1 2 3 −2

0 −1 7 0
𝑅3 ⟶ 𝑅3 ÷ 2

0 −1 7 −2

−1 2 3 −2

0 −1 7 0
𝑅3 ⟶ 𝑅3 − 𝑅2

0 0 0 −2

The last equivalent matrix is in row − echelon form.

It has three non − zero rows. So, ρ A = 3.
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐𝟐: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒇 𝒍𝒊𝒏𝒆𝒂𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔,
𝒖𝒔𝒊𝒏𝒈 𝒎𝒂𝒕𝒓𝒊𝒙 𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅: 𝟓𝒙 + 𝟐𝒚 = 𝟑, 𝟑𝒙 + 𝟐𝒚 = 𝟓.

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟏. 𝟑

5𝑥 + 2𝑦 = 3, 3𝑥 + 2𝑦 = 5

𝐴 =
5 2
3 2

, 𝑋 =
𝑥
𝑦 , 𝐵 =

3
5

𝑋 = 𝐴−1𝐵

To find 𝐴−1: 𝐴 =
5 2
3 2

A =
5 2
3 2

= 10 − 6 = 4 ≠ 0

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵

A = 4

5 2
3 2

𝑥
𝑦 = 

3
5

=
2 −2

−3 5
𝑎𝑑𝑗𝐴 𝐴−1 =

1

|A|
(adj A)

𝐴−1 =
1

4
2 −2

−3 5

𝑥
𝑦 =

1

4

2 −2
−3 5

3
5

X = 𝐴−1𝐵

𝑥
𝑦 =

1

4
6 − 10

−9 + 25
=

1

4
−4
16

=

−4

4
16

4

=
−1
4

𝑥 = −1, 𝑦 = 4
𝑥
𝑦 =

−1
4

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐𝟑: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒇 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔, 𝒖𝒔𝒊𝒏𝒈
𝒎𝒂𝒕𝒓𝒊𝒙 𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅: 𝟐𝒙𝟏 + 𝟑𝒙𝟐 + 𝟑𝒙𝟑 = 𝟓, 𝒙𝟏 − 𝟐𝒙𝟐 + 𝒙𝟑 = −𝟒,

𝟑𝒙𝟏 − 𝒙𝟐 − 𝟐𝒙𝟑 = 𝟑.

2𝑥1 + 3𝑥2 + 3𝑥3 = 5

𝑥1 − 2𝑥2 + 𝑥3 = −4

3𝑥1 − 𝑥2 − 2𝑥3 = 3

2 3 3
1 −2 1
3 −1 −2

𝑥1

𝑥2

𝑥3

=
5

−4
3

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑋 = 𝐴−1𝐵

𝐴 =
2 3 3
1 −2 1
3 −1 −2

, 𝑋 =

𝑥1

𝑥2

𝑥3

, 𝐵 =
5

−4
3

𝑇𝑜 𝑓𝑖𝑛𝑑 𝐴−1:

A =
2 3 3
1 −2 1
3 −1 −2

= 10 + 15 + 15= 40= 2 4 + 1 − 3 −2 − 3 + 3 −1 + 6

|A| = 40 ≠ 0 ∴ 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒆𝒙𝒊𝒔𝒕

𝐴 =
2 3 3
1 −2 1
3 −1 −2

1−2 1 −2

−2−1 3 −1

33 2 3

1−2 1 −2

−3 −+ 6 3 −+ 6

3 −+ 2 −4−9 3 −2

−1−+ 6 9+ 2 −4 − 3

4 + 1

⟹

adj A =
5 3 9
5 −13 1
5 11 −7

𝐴−1 =
1

|A|
adj A

𝐴−1 =
1

40

5 3 9
5 −13 1
5 11 −7

𝑥1

𝑥2

𝑥3

=
1

40

5 3 9
5 −13 1
5 11 −7

5
−4
3

X = 𝐴−1𝐵

𝑥1

𝑥2

𝑥3

=
1

40

25 − 12 + 27
25 + 52 + 3

25 − 44 − 21

⟹

𝑥1

𝑥2

𝑥3

=
1

40

40
80

−40

𝑥1

𝑥2

𝑥3

=
1

2

−1

𝑥1 = 1, 𝑥2 = 2 𝑎𝑛𝑑 𝑥3 = −1

⟹
𝑥1

𝑥2

𝑥3

=
1

40

40

40
80

40

−
40

40

⟹
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐𝟒: 𝑰𝒇𝑨 =
−𝟒 𝟒 𝟒
−𝟕 𝟏 𝟑
𝟓 −𝟑 −𝟏

𝒂𝒏𝒅 𝑩 =
𝟏 −𝟏 𝟏
𝟏 −𝟐 −𝟐
𝟐 𝟏 𝟑

, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆

𝒑𝒓𝒐𝒅𝒖𝒄𝒕𝒔 𝑨𝑩 𝒂𝒏𝒅 𝑩𝑨 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒇 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔
𝒙 − 𝒚 + 𝒛 = 𝟒, 𝒙 − 𝟐𝒚 − 𝟐𝒛 = 𝟗, 𝟐𝒙 + 𝒚 + 𝟑𝒛 = 𝟏.

A𝐵 =
−4 4 4
−7 1 3
5 −3 −1

1 −1 1
1 −2 −2
2 1 3

=

−4 + 4 + 8

−7 + 1 + 6

5 − 3 − 2

4 − 8 + 4

7 − 2 + 3

−5 + 6 − 1

−4 − 8 + 12

−7 − 2 + 9

5 + 6 − 3

=
8 0 0
0 8 0
0 0 8

= 8𝐼3

𝐵𝐴 =
1 −1 1
1 −2 −2
2 1 3

−4 4 4
−7 1 3
5 −3 −1

=

−4 + 7 + 5

−4 + 14 − 10

−8 − 7 + 15

4 − 1 − 3

4 − 2 + 6

8 + 1 − 9

4 − 3 − 1

4 − 6 + 2

8 + 3 − 3

=
8 0 0
0 8 0
0 0 8

= 8𝐼3

𝐴𝐵 = 𝐵𝐴 = 8𝐼3

÷ 8

1

8
𝐴𝐵 =

1

8
𝐵𝐴 = 𝐼3

1

8
𝐴 𝐵 = 𝐵

1

8
𝐴 = 𝐼3⟹

𝐵
1

8
𝐴 = 𝐼3 ⟹

1

8
𝐴 = 𝐵−1𝐼3

𝐻𝑒𝑛𝑐𝑒, 𝐵−1 =
1

8
𝐴

𝑊𝑟𝑖𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟𝑚, 𝑤𝑒 𝑔𝑒𝑡
𝑥 − 𝑦 + 𝑧 = 4
𝑥 − 2𝑦 − 2𝑧 = 9
2𝑥 + 𝑦 + 3𝑧 = 1

1 −1 1
1 −2 −2
2 1 3

𝑥
𝑦
𝑧

=
4
9
1

𝐵
𝑥
𝑦
𝑧

=
4
9
1

⟹
𝑥
𝑦
𝑧

= 𝐵−1
4
9
1
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥
𝑦
𝑧

=
1

8
𝐴

4
9
1

𝑥
𝑦
𝑧

=
1

8

−4 4 4
−7 1 3
5 −3 −1

4
9
1

𝑥
𝑦
𝑧

=
1

8

−16 + 36 + 4
−28 + 9 + 3
20 − 27 − 1

⟹

𝑥
𝑦
𝑧

=
1

8

24
−16
−8

𝑥 = 3, 𝑦 = −2, 𝑧 = −1

⟹

𝟏. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒇 𝒍𝒊𝒏𝒆𝒂𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒃𝒚 𝒎𝒂𝒕𝒓𝒊𝒙
𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅:

𝑖 2𝑥 + 5𝑦 = −2, 𝑥 + 2𝑦 = −3

2𝑥 + 5𝑦 = −2

𝑥 + 2𝑦 = −3

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵

2 5
1 2

𝑥
𝑦 = 

−2
−3

A = −1 ∴ 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒆𝒙𝒊𝒔𝒕

=
2 −5

−1 2
Adj.A

𝐴−1 =
1

−1
2 −5

−1 2
𝐴−1 =

1

|A|
(adj A) ⟹ 𝐴−1 =

−2 5
1 −2

𝑥
𝑦 =

−2 5
1 −2

−2
−3

X = 𝐴−1𝐵

𝑥
𝑦 =

4 − 15
−2 + 6

=
−11

4

𝑥 = −11, 𝑦 = 4
𝑥
𝑦 =

−11
4

⟹

⟹

𝐴 =
2 5
1 2

, 𝑋 =
𝑥
𝑦 , 𝐵 =

−2
−3

𝑋 = 𝐴−1𝐵

To find 𝐴−1: 𝐴 =
2 5
1 2

A =
2 5
1 2

= 4 − 5 = −1 ≠ 0

𝒊𝒊 𝟐𝒙 − 𝒚 = 𝟖, 𝟑𝒙 + 𝟐𝒚 = −𝟐

2𝑥 − 𝑦 = 8

3𝑥 + 2𝑦 = −2 36



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

37

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵

2 −1
3 2

𝑥
𝑦 = 

8
−2

A =
2 −1
3 2

= 4 + 3 = 7 ≠ 0

A = 7 ∴ 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒆𝒙𝒊𝒔𝒕

=
2 1

−3 2
Adj.A

𝐴 =
2 −1
3 2

, 𝑋 =
𝑥
𝑦 , 𝐵 =

8
−2

𝑋 = 𝐴−1𝐵

To find 𝐴−1: 𝐴 =
2 −1
3 2

𝒊𝒊𝒊 𝟐𝒙 + 𝟑𝒚 − 𝒛 = 𝟗, 𝒙 + 𝒚 + 𝒛 = 𝟗, 𝟑𝒙 − 𝒚 − 𝒛 = −𝟏

2𝑥 + 3𝑦 − 𝑧 = 9

𝑥 + 𝑦 + 𝑧 = 9

3𝑥 − 𝑦 − 𝑧 = −1

2 3 −1
1 1 1
3 −1 −1

𝑥
𝑦
𝑧

=
9
9

−1

X = 𝐴−1B

It is the form AX = B

𝐴 =
2 3 −1
1 1 1
3 −1 −1

, 𝑋 =
𝑥
𝑦
𝑧

, 𝐵 =
9
9

−1

To find 𝑨−𝟏:

A =
2 3 −1
1 1 1
3 −1 −1

= 2 0 − 3 −4 − 1 −4 = 0 + 12 + 4

= 2 −1 + 1 − 3 −1 − 3 − 1 −1 − 3

|A| = 16 ≠ 0 ∴ 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒆𝒙𝒊𝒔𝒕



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

11 1 1

−1−1 3 −1

−13 2 3

11 1 1

1 −+ 3 3 −+ 1

3 −+ 1 −2−+ 3 −1 −2

−1− 3 9 −+ 2 2 − 3

−1 −+ 1

adj A =
0 4 4
4 1 −3

−4 11 −1
𝐴−1 =

1

|A|
adj A

𝐴−1 =
1

16

0 4 4
4 1 −3

−4 11 −1

𝑥
𝑦
𝑧

=
1

16

0 4 4
4 1 −3

−4 11 −1

9
9

−1

X = 𝐴−1𝐵

𝑥
𝑦
𝑧

=
1

16

0 + 36 − 4
36 + 9 + 3

−36 + 99 + 1

𝑥
𝑦
𝑧

=
1

16

32
48
64

𝑥
𝑦
𝑧

=
2
3
4

𝑥 = 2, 𝑦 = 3 𝑎𝑛𝑑 𝑧 = 4

⟹

⟹

⟹ ⟹

𝒊𝒗 𝒙 + 𝒚 + 𝒛 − 𝟐 = 𝟎, 𝟔𝒙 − 𝟒𝒚 + 𝟓𝒛 − 𝟑𝟏 = 𝟎, 𝟓𝒙 + 𝟐𝒚 + 𝟐𝒛 = 𝟏𝟑

𝑥 + 𝑦 + 𝑧 = 2

6𝑥 − 4𝑦 + 5𝑧 = 31

5𝑥 + 2𝑦 + 2𝑧 = 13

1 1 1
6 −4 5
5 2 2

𝑥
𝑦
𝑧

=
2

31
13

X = 𝐴−1B

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵

𝐴 =
1 1 1
6 −4 5
5 2 2

, 𝑋 =
𝑥
𝑦
𝑧

, 𝐵 =
2

31
13

𝑇𝑜 𝑓𝑖𝑛𝑑 𝐴−1:

A =
1 1 1
6 −4 5
5 2 2

= 1 −18 − 1 −13 + 1 32

= 1 −8 − 10 − 1 12 − 25 + 1 12 + 20

= −18 + 13 + 32
38



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

|A| = 27 ≠ 0 ∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡

5−4 6 −4

22 5 2

11 1 1

5−4 6 −4

2 − 2 5 −+ 4

25−12 2 − 5 6 −5

12 −+ 20 5 − 2 −4 − 6

−8 −10

⟹

adj A =
−18 0 9
13 −3 1
32 3 −10

𝐴−1 =
1

|A|
adj A

𝐴−1 =
1

27

−18 0 9
13 −3 1
32 3 −10

𝑥
𝑦
𝑧

=
1

27

−18 0 9
13 −3 1
32 3 −10

2
31
13

X = 𝐴−1𝐵

𝑥
𝑦
𝑧

=
1

27

−36 + 0 + 117
26 − 93 + 13

64 + 93 − 130

𝑥
𝑦
𝑧

=
1

27

81
−54
27

𝑥
𝑦
𝑧

=
3

−2
1

𝑥 = 3, 𝑦 = −2 𝑎𝑛𝑑 𝑧 = 1

⟹

⟹

𝟐. 𝑰𝒇𝑨 =
−𝟓 𝟏 𝟑
𝟕 𝟏 −𝟓
𝟏 −𝟏 𝟏

𝒂𝒏𝒅 𝑩 =
𝟏 𝟏 𝟐
𝟑 𝟐 𝟏
𝟐 𝟏 𝟑

, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒅𝒖𝒄𝒕𝒔

𝑨𝑩 𝒂𝒏𝒅 𝑩𝑨 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒇 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔
𝒙 + 𝒚 + 𝟐𝒛 = 𝟏, 𝟑𝒙 + 𝟐𝒚 + 𝒛 = 𝟕, 𝟐𝒙 + 𝒚 + 𝟑𝒛 = 𝟐.

A𝐵 =
−5 1 3
7 1 −5
1 −1 1

1 1 2
3 2 1
2 1 3

=

−5 + 3 + 6

7 + 3 − 10

1 − 3 + 2

−5 + 2 + 3

7 + 2 − 5

1 − 2 + 1

−10 + 1 + 9

14 + 1 − 15

2 − 1 + 3

=
4 0 0
0 4 0
0 0 4

= 4𝐼3

39



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝐵𝐴 =
1 1 2
3 2 1
2 1 3

−5 1 3
7 1 −5
1 −1 1

=

−5 + 7 + 2

−15 + 14 + 1

−10 + 7 + 3

1 + 1 − 2

3 + 2 − 1

2 + 1 − 3

3 − 5 + 2

9 − 10 + 1

6 − 5 + 3

=
4 0 0
0 4 0
0 0 4

= 4𝐼3

𝐴𝐵 = 𝐵𝐴 = 4𝐼3

𝑇ℎ𝑎𝑡 𝑖𝑠,
1

4
𝐴 𝐵 = 𝐵

1

4
𝐴 = 𝐼3

𝐻𝑒𝑛𝑐𝑒, 𝐵−1 =
1

4
𝐴

𝑊𝑟𝑖𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟𝑚, 𝑤𝑒 𝑔𝑒𝑡

1 1 2
3 2 1
2 1 3

𝑥
𝑦
𝑧

=
1
7
2

𝐵
𝑥
𝑦
𝑧

=
1
7
2

⇒
𝑥
𝑦
𝑧

= 𝐵−1
1
7
2

𝑥
𝑦
𝑧

=
1

4
𝐴

1
7
2

𝑥
𝑦
𝑧

=
1

4

−5 1 3
7 1 −5
1 −1 1

1
7
2

𝑥
𝑦
𝑧

=
1
4

−5 + 7 + 6
7 + 7 − 10
1 − 7 + 2

⇒

⇒
𝑥
𝑦
𝑧

=
1
4

8
4

−4

𝑥 = 2, 𝑦 = 1, 𝑧 = −1

𝟑. 𝑨 𝒎𝒂𝒏 𝒊𝒔 𝒂𝒑𝒑𝒐𝒊𝒏𝒕𝒆𝒅 𝒊𝒏 𝒂 𝒋𝒐𝒃 𝒘𝒊𝒕𝒉 𝒂 𝒎𝒐𝒏𝒕𝒉𝒍𝒚 𝒔𝒂𝒍𝒂𝒓𝒚 𝒐𝒇 𝒄𝒆𝒓𝒕𝒂𝒊𝒏
𝒂𝒎𝒐𝒖𝒏𝒕 𝒂𝒏𝒅 𝒂 𝒇𝒊𝒙𝒆𝒅 𝒂𝒎𝒐𝒖𝒏𝒕 𝒐𝒇 𝒂𝒏𝒏𝒖𝒂𝒍 𝒊𝒏𝒄𝒓𝒆𝒎𝒆𝒏𝒕. 𝑰𝒇 𝒉𝒊𝒔 𝒔𝒂𝒍𝒂𝒓𝒚 𝒘𝒂𝒔
𝑹𝒔. 𝟏𝟗, 𝟖𝟎𝟎 𝒑𝒆𝒓 𝒎𝒐𝒏𝒕𝒉 𝒂𝒕 𝒕𝒉𝒆 𝒆𝒏𝒅 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒎𝒐𝒏𝒕𝒉 𝒂𝒇𝒕𝒆𝒓 𝟑 𝒚𝒆𝒂𝒓𝒔 𝒐𝒇

𝒔𝒆𝒓𝒗𝒊𝒄𝒆 𝒂𝒏𝒅 𝑹𝒔. 𝟐𝟑, 𝟒𝟎𝟎 𝒑𝒆𝒓 𝒎𝒐𝒏𝒕𝒉 𝒂𝒕 𝒕𝒉𝒆 𝒆𝒏𝒅 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒎𝒐𝒏𝒕𝒉 𝒂𝒇𝒕𝒆𝒓
𝟗 𝒚𝒆𝒂𝒓𝒔 𝒐𝒇 𝒔𝒆𝒓𝒗𝒊𝒄𝒆, 𝒇𝒊𝒏𝒅 𝒉𝒊𝒔 𝒔𝒕𝒂𝒓𝒕𝒊𝒏𝒈 𝒔𝒂𝒍𝒂𝒓𝒚 𝒂𝒏𝒅 𝒉𝒊𝒔 𝒂𝒏𝒏𝒖𝒂𝒍 𝒊𝒏𝒄𝒓𝒆𝒎𝒆𝒏𝒕.

(𝑼𝒔𝒆 𝒎𝒂𝒕𝒓𝒊𝒙 𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎. )
𝐿𝑒𝑡 𝑡ℎ𝑒 𝑚𝑎𝑛′𝑠 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑠𝑎𝑙𝑎𝑟𝑦 𝑏𝑒 𝑅𝑠. 𝑥 𝑎𝑛𝑑 ℎ𝑖𝑠 𝑎𝑛𝑛𝑢𝑎𝑙 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡 𝑏𝑒 𝑅𝑠. 𝑦.

𝐵𝑦 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑑𝑎𝑡𝑎 𝑥 + 3𝑦 = 19800
𝑎𝑛𝑑 𝑥 + 9𝑦 = 23,400.

𝑇ℎ𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑠

1 3
1 9

𝑥
𝑦 =

19800
23400

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵 40



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

41

𝐴 =
1 3
1 9

, 𝑋 =
𝑥
𝑦 , 𝐵 =

19800
23400

𝑋 = 𝐴−1𝐵

To find 𝐴−1: 𝐴 =
1 3
1 9

A =
1 3
1 9

= 9 − 3 = 6 ≠ 0

A = 6

=
9 −3

−1 1
𝑎𝑑𝑗 𝐴 𝐴−1 =

1

|A|
(adj A)

𝐴−1 =
1

6
9 −3

−1 1

X = 𝐴−1𝐵

𝑥
𝑦 =

1

6
9 −3

−1 1
19800
23400

𝑥
𝑦 =

1

6
178200 − 70200
−19800 + 23400

=
1

6
108000

3600
18000
600

𝑥 = 18000, 𝑦 = 600
𝑥
𝑦 =

18000
600

⟹

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑚𝑎𝑛′𝑠 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑖𝑠 𝑅𝑠. 18000 𝑎𝑛𝑑 ℎ𝑖𝑠 𝑎𝑛𝑛𝑢𝑎𝑙 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡 𝑖𝑠 𝑅𝑠. 600.

𝟒. 𝟒 𝒎𝒆𝒏 𝒂𝒏𝒅 𝟒 𝒘𝒐𝒎𝒆𝒏 𝒄𝒂𝒏 𝒇𝒊𝒏𝒊𝒔𝒉 𝒂 𝒑𝒊𝒆𝒄𝒆 𝒐𝒇 𝒘𝒐𝒓𝒌 𝒋𝒐𝒊𝒏𝒕𝒍𝒚 𝒊𝒏 𝟑 𝒅𝒂𝒚𝒔
𝒘𝒉𝒊𝒍𝒆 𝟐 𝒎𝒆𝒏 𝒂𝒏𝒅 𝟓 𝒘𝒐𝒎𝒆𝒏 𝒄𝒂𝒏 𝒇𝒊𝒏𝒊𝒔𝒉 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒘𝒐𝒓𝒌 𝒋𝒐𝒊𝒏𝒕𝒍𝒚 𝒊𝒏 𝟒 𝒅𝒂𝒚𝒔.
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒕𝒊𝒎𝒆 𝒕𝒂𝒌𝒆𝒏 𝒃𝒚 𝒐𝒏𝒆 𝒎𝒂𝒏 𝒂𝒍𝒐𝒏𝒆 𝒂𝒏𝒅 𝒕𝒉𝒂𝒕 𝒐𝒇 𝒐𝒏𝒆 𝒘𝒐𝒎𝒂𝒏 𝒂𝒍𝒐𝒏𝒆
𝒕𝒐 𝒇𝒊𝒏𝒊𝒔𝒉 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒘𝒐𝒓𝒌 𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝒎𝒂𝒕𝒓𝒊𝒙 𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅.

𝑜𝑛𝑒 𝑚𝑎𝑛 𝑎𝑙𝑜𝑛𝑒 𝑏𝑒 𝑥 𝑑𝑎𝑦𝑠 𝑎𝑛𝑑 𝑜𝑛𝑒 𝑤𝑜𝑚𝑒𝑛 𝑎𝑙𝑜𝑛𝑒 𝑏𝑒 𝑦 𝑑𝑎𝑦𝑠.

𝑚𝑎𝑛′𝑠 𝑜𝑛𝑒 𝑑𝑎𝑦 𝑤𝑜𝑟𝑘 =
1

𝑥
𝑎𝑛𝑑 𝑤𝑜𝑚𝑎𝑛′𝑠 𝑜𝑛𝑒 𝑑𝑎𝑦 𝑤𝑜𝑟𝑘 =

1

𝑦

𝑎𝑛𝑑
2

𝑥
+

5

𝑦
=

1

4
∴

4

𝑥
+

4

𝑦
=

1

3

𝑇ℎ𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑖𝑠

4 4
2 5

1

𝑥
1

𝑦

=

1

3
1

4

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

42

𝐴 =
4 4
2 5

, 𝑋 =

1

𝑥
1

𝑦

, 𝐵 =

1

3
1

4

𝑋 = 𝐴−1𝐵

To find 𝐴−1: 𝐴 =
4 4
2 5

A =
4 4
2 5

= 20 − 8 = 12 ≠ 0

A = 12

=
5 −4

−2 4
𝑎𝑑𝑗 𝐴

𝐴−1 =
1

12
5 −4

−2 4
𝐴−1 =

1

|A|
(adj A) ⟹

X = 𝐴−1𝐵

1

𝑥
1

𝑦

=
1

12
5 −4

−2 4

1

3
1

4

1

𝑥
1

𝑦

=
1

12

5

3
− 1

−2

3
+ 1

⟹

1

𝑥
1

𝑦

=
1

12

5 − 3

3
−2 + 3

3

=
1

12

2

3
1

3

=

2

3
×

1

12
1

3
×

1

12

6

1

𝑥
1

𝑦

=

1

18
1

36

∴
1

𝑥
=

1

18
⟹ 𝑥 = 18

1

𝑦
=

1

36
⟹ 𝑦 = 36



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳
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𝟓. 𝑻𝒉𝒆 𝒑𝒓𝒊𝒄𝒆𝒔 𝒐𝒇 𝒕𝒉𝒓𝒆𝒆 𝒄𝒐𝒎𝒎𝒐𝒅𝒊𝒕𝒊𝒆𝒔 𝑨, 𝑩 𝒂𝒏𝒅 𝑪 𝒂𝒓𝒆 𝑹𝒔. 𝒙, 𝒚 𝒂𝒏𝒅 𝒛 𝒑𝒆𝒓
𝒖𝒏𝒊𝒕𝒔 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚. 𝑨 𝒑𝒆𝒓𝒔𝒐𝒏 𝑷 𝒑𝒖𝒓𝒄𝒉𝒂𝒔𝒆𝒔 𝟒 𝒖𝒏𝒊𝒕𝒔 𝒐𝒇 𝑩 𝒂𝒏𝒅 𝒔𝒆𝒍𝒍𝒔 𝒕𝒘𝒐
𝒖𝒏𝒊𝒕𝒔 𝒐𝒇 𝑨 𝒂𝒏𝒅 𝟓 𝒖𝒏𝒊𝒕𝒔 𝒐𝒇 𝑪 . 𝑷𝒆𝒓𝒔𝒐𝒏 𝑸 𝒑𝒖𝒓𝒄𝒉𝒂𝒔𝒆𝒔 𝟐 𝒖𝒏𝒊𝒕𝒔 𝒐𝒇 𝑪 𝒂𝒏𝒅

𝒔𝒆𝒍𝒍𝒔 𝟑 𝒖𝒏𝒊𝒕𝒔 𝒐𝒇 𝑨 𝒂𝒏𝒅 𝒐𝒏𝒆 𝒖𝒏𝒊𝒕 𝒐𝒇 𝑩. 𝑷𝒆𝒓𝒔𝒐𝒏 𝑹 𝒑𝒖𝒓𝒄𝒉𝒂𝒔𝒆𝒔 𝒐𝒏𝒆 𝒖𝒏𝒊𝒕 𝒐𝒇
𝑨 𝒂𝒏𝒅 𝒔𝒆𝒍𝒍𝒔 𝟑 𝒖𝒏𝒊𝒕 𝒐𝒇 𝑩 𝒂𝒏𝒅 𝒐𝒏𝒆 𝒖𝒏𝒊𝒕 𝒐𝒇 𝑪 . 𝑰𝒏 𝒕𝒉𝒆 𝒑𝒓𝒐𝒄𝒆𝒔𝒔, 𝑷, 𝑸 𝒂𝒏𝒅 𝑹

𝒆𝒂𝒓𝒏 𝑹𝒔. 𝟏𝟓, 𝟎𝟎𝟎, 𝑹𝒔. 𝟏, 𝟎𝟎𝟎 𝒂𝒏𝒅 𝑹𝒔. 𝟒, 𝟎𝟎𝟎 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒄𝒆𝒔
𝒑𝒆𝒓 𝒖𝒏𝒊𝒕 𝒐𝒇 𝑨, 𝑩 𝒂𝒏𝒅 𝑪 . (𝑼𝒔𝒆 𝒎𝒂𝒕𝒓𝒊𝒙 𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆

𝒑𝒓𝒐𝒃𝒍𝒆𝒎. )

−4𝑦 + 2𝑥 + 5𝑧 = 15000 , −2𝑧 + 3𝑥 + 𝑦 = 1000 , −𝑥 + 3𝑦 + 𝑧 = 4000

2𝑥 − 4𝑦 + 5𝑧 = 15000

3𝑥 + 𝑦 − 2𝑧 = 1000

−𝑥 + 3𝑦 + 𝑧 = 4000

2 −4 5
3 1 −2

−1 3 1

𝑥
𝑦
𝑧

=
15000
1000
4000

𝐼𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝐴𝑋 = 𝐵

𝑇ℎ𝑒 𝑝𝑟𝑖𝑐𝑒𝑠 𝑜𝑓 𝑡ℎ𝑟𝑒𝑒 𝑐𝑜𝑚𝑚𝑜𝑑𝑖𝑡𝑖𝑒𝑠 𝐴, 𝐵 𝑎𝑛𝑑 𝐶 𝑎𝑟𝑒 𝑅𝑠. 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡𝑠

𝑋 = 𝐴−1𝐵

𝐴 =
2 −4 5
3 1 −2

−1 3 1
, 𝑋 =

𝑥
𝑦
𝑧

, 𝐵 =
15000
1000
4000

𝑻𝒐 𝒇𝒊𝒏𝒅 𝑨−𝟏:

A =
2 −4 5
3 1 −2

−1 3 1

A =
2 −4 5
3 1 −2

−1 3 1

= 2 7 + 4 1 + 5 10

= 2 1 + 6 + 4 3 − 2 + 5 9 + 1

|A| = 68 ≠ 0 ∴ 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑒𝑥𝑖𝑠𝑡

= 14 + 4 + 50

−21 3 1

13 −1 3

5−4 2 −4

−21 3 1

15−+ 4 8 − 5

2 − 3 2 −+ 5 15 −+ 4

9 −+ 1 4 − 6 2 −+ 12

1−+ 6

⟹
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𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

adj A =
7 19 3

−1 7 19
10 −2 14

𝐴−1 =
1

|A|
adj A

𝐴−1 =
1

68

7 19 3
−1 7 19
10 −2 14

𝑥
𝑦
𝑧

=
1

68

7 19 3
−1 7 19
10 −2 14

15000
1000
4000

X = 𝐴−1𝐵

𝑥
𝑦
𝑧

=
1

68

105000 + 19000 + 12000
−15000 + 7000 + 76000
150000 − 2000 + 56000

𝑥
𝑦
𝑧

=
1

68

136000
68000

204000

𝑥
𝑦
𝑧

=
2000
1000
3000

𝑥 = 2000, 𝑦 = 1000 𝑎𝑛𝑑 𝑧 = 3000

⟹
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𝑳

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟏. 𝟒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐𝟓: 𝑺𝒐𝒍𝒗𝒆, 𝒃𝒚 𝑪𝒓𝒂𝒎𝒆𝒓’𝒔 𝒓𝒖𝒍𝒆, 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒇 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔
𝒙𝟏 − 𝒙𝟐 = 𝟑, 𝟐𝒙𝟏 + 𝟑𝒙𝟐 + 𝟒𝒙𝟑 = 𝟏𝟕, 𝒙𝟐 + 𝟐𝒙𝟑 = 𝟕.

𝑥1 − 𝑥2 + 0𝑥3 = 3

2𝑥1 + 3𝑥2 + 4𝑥3 = 17

0𝑥1 + 𝑥2 + 2𝑥3 = 7

∆ =
1 −1 0
2 3 4
0 1 2

= 1 2 + 1 4

+−+

= 1
3 4
1 2

+1
2 4
0 2

+ 0 = 1(6− 4)+1(4 − 0 )

= 2 + 4

∆ = 6

∴ ∆ ≠ 0, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛.

∆𝑥1
=

3 −1 0
17 3 4
7 1 2

= 3 2 + 1 6

+−+

= 3 3 4
1 2

+1
17 4
7 2 + 0 = 3(6−4)+1(34 − 28)

= 6 + 6

∆𝑥1
= 12

∆𝑥2
=

1 3 0
2 17 4
0 7 2

= 1 6 − 3 4

+−+

= 1
17 4
7 2

−3
2 4
0 2

+ 0 = 1(34 − 28)−3(4 − 0)

= 6 − 12 = −6

∆𝑥2
= −6

∆𝑥3
=

1 −1 3
2 3 17
0 1 7

2 3
0 1

+−+

= 1
3 17
1 7

+1
2 17
0 7

+ 3

= 1 4 + 1 14 + 3 2

= 1(21 − 17) +1(14 − 0) + 3(2 −

= 4 + 14 + 6

∆𝑥3
= 24

−0)

∴ By Cramer’s rule

𝑥1 =
∆𝑥1

∆
𝑥1 =

12

6
⟹

𝑥1 = 2
45
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𝑳

𝑥2 =
∆𝑥2

∆
⟹ 𝑥2 =

−6

6

𝑥2 = −1

𝑥3 =
∆𝑥3

∆
⟹ 𝑥3 =

24

6

𝑥3 = 4

∴ 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥1 = 2, 𝑥2 = −1 𝑎𝑛𝑑 𝑥3 = 4

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐𝟔: 𝑰𝒏 𝒂 𝑻𝟐𝟎 𝒎𝒂𝒕𝒄𝒉, 𝑪𝒉𝒆𝒏𝒏𝒂𝒊 𝑺𝒖𝒑𝒆𝒓 𝑲𝒊𝒏𝒈𝒔 𝒏𝒆𝒆𝒅𝒆𝒅 𝒋𝒖𝒔𝒕 𝟔
𝒓𝒖𝒏𝒔 𝒕𝒐 𝒘𝒊𝒏 𝒘𝒊𝒕𝒉 𝟏 𝒃𝒂𝒍𝒍 𝒍𝒆𝒇𝒕 𝒕𝒐 𝒈𝒐 𝒊𝒏 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒐𝒗𝒆𝒓. 𝑻𝒉𝒆 𝒍𝒂𝒔𝒕 𝒃𝒂𝒍𝒍 𝒘𝒂𝒔

𝒃𝒐𝒘𝒍𝒆𝒅 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒃𝒂𝒕𝒔𝒎𝒂𝒏 𝒂𝒕 𝒕𝒉𝒆 𝒄𝒓𝒆𝒂𝒔𝒆 𝒉𝒊𝒕 𝒊𝒕 𝒉𝒊𝒈𝒉 𝒖𝒑. 𝑻𝒉𝒆 𝒃𝒂𝒍𝒍
𝒕𝒓𝒂𝒗𝒆𝒓𝒔𝒆𝒅 𝒂𝒍𝒐𝒏𝒈 𝒂 𝒑𝒂𝒕𝒉 𝒊𝒏 𝒂 𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍 𝒑𝒍𝒂𝒏𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇
𝒕𝒉𝒆 𝒑𝒂𝒕𝒉 𝒊𝒔 𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒂 𝒙𝒚 − 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒔𝒚𝒔𝒕𝒆𝒎
𝒊𝒏 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒂𝒍 𝒑𝒍𝒂𝒏𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒃𝒂𝒍𝒍 𝒕𝒓𝒂𝒗𝒆𝒓𝒔𝒆𝒅 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔
𝟏𝟎, 𝟖 , 𝟐𝟎, 𝟏𝟔 , 𝟑𝟎, 𝟏𝟖 , 𝒄𝒂𝒏 𝒚𝒐𝒖 𝒄𝒐𝒏𝒄𝒍𝒖𝒅𝒆 𝒕𝒉𝒂𝒕 𝑪𝒉𝒆𝒏𝒏𝒂𝒊 𝑺𝒖𝒑𝒆𝒓 𝑲𝒊𝒏𝒈𝒔

𝒘𝒐𝒏 𝒕𝒉𝒆 𝒎𝒂𝒕𝒄𝒉? 𝑱𝒖𝒔𝒕𝒊𝒇𝒚 𝒚𝒐𝒖𝒓 𝒂𝒏𝒔𝒘𝒆𝒓. (𝑨𝒍𝒍 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆𝒔 𝒂𝒓𝒆 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅 𝒊𝒏
𝒎𝒆𝒕𝒓𝒆𝒔 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒎𝒆𝒆𝒕𝒊𝒏𝒈 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒕𝒉

𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒇𝒂𝒓𝒕𝒉𝒆𝒔𝒕 𝒃𝒐𝒖𝒏𝒅𝒂𝒓𝒚 𝒍𝒊𝒏𝒆 𝒊𝒔 (𝟕𝟎, 𝟎). )

𝑇ℎ𝑒 𝑝𝑎𝑡ℎ 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 10, 8 , 20,16 , 40,22

𝑆𝑜, 𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠

100𝑎 + 10𝑏 + 𝑐 = 8
400𝑎 + 20𝑏 + 𝑐 = 16

1600𝑎 + 40𝑏 + 𝑐 = 22

∆ =
100 10 1
400 20 1

1600 40 1
= 1000

1 1 1
4 2 1

16 4 1

+−+

= 1000 4 2
16 4

= 1000 1 −2 − 1 −12 + 1 −16

1
2 1
4 1

− 1
4 1

16 1
+ 1

1 (2 − 4) − 1(4−16 ) + 1 (16 − 32)

= 1000 −2 + 12 − 16

= 1000

= 1000 −6

∆ = −6000

∆𝑎=
8 10 1

16 20 1
22 40 1

= 20
4 1 1
8 2 1

11 4 1

+−+

= 20
8 2

11 4

= 20 4 −2 − 1 −3 + 1 10

4
2 1
4 1

− 1
8 1

11 1
+ 1

4 (2 − 4) − 1(8−11 ) + 1 (32 − 22)

= 20 −8 + 3 + 10

= 20

= 20 5 46
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T
A
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

∆𝑎 = 100

∆𝑏=
100 8 1
400 16 1

1600 2 1

= 200
1 4 1
4 8 1

16 11 1

+−+

= 200
4 8

16 11

= 200 1 −3 − 4 −12 + 1 −84

1
8 1

11 1
− 4

4 1
16 1

+ 1

1 (8 − 11) − 4(4−16 ) + 1 (44 − 128)

= 200 −3 + 48 − 84

= 200

= 200 −39

∆𝑏 = −7800

∆𝑐 =
100 10 8
400 20 16

1600 40 22

= 2000
1 1 4
4 2 8

16 4 11

+−+

= 2000
4 2

16 4

= 2000 1 −10 − 1 −84 + 4 −16

1
2 8
4 11

− 1
4 8

16 11
+ 4

1(22 − 32) − 1(44− 128 ) + 4 (16 − 32)

= 2000 −10 + 84 − 64

= 2000

= 2000 10

∆𝑐 = 20000

∴ By Cramer’s rule

𝑎 =
∆𝑎

∆
𝑎 =

100

−6000
⟹ 𝑎 = −

1

60

𝑏 =
∆𝑏

∆
𝑏 =

−7800

−6000
⟹

13

10

⟹

𝑏 =
13

10
⟹

𝑐 =
∆𝑐

∆
𝑐 =

20000

−6000
⟹ 𝑐 = −

10

3

10

−3

⟹
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𝑯

𝑶
𝑶

𝑳

B
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A
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑡ℎ 𝑖𝑠 𝑦 = −
1

60
𝑥2 +

13

10
𝑥 −

10

3

𝑊ℎ𝑒𝑛 𝑥 = 70, 𝑤𝑒 𝑔𝑒𝑡 𝑦 = 6. 𝑆𝑜, 𝑡ℎ𝑒 𝑏𝑎𝑙𝑙 𝑤𝑒𝑛𝑡 𝑏𝑦 6 𝑚𝑒𝑡𝑟𝑒𝑠 ℎ𝑖𝑔ℎ 𝑜𝑣𝑒𝑟 𝑡ℎ𝑒
𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑖𝑡 𝑖𝑠 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑓𝑜𝑟 𝑎 𝑓𝑖𝑒𝑙𝑑𝑒𝑟 𝑠𝑡𝑎𝑛𝑑𝑖𝑛𝑔 𝑒𝑣𝑒𝑛 𝑗𝑢𝑠𝑡
𝑏𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑙𝑖𝑛𝑒 𝑡𝑜 𝑗𝑢𝑚𝑝 𝑎𝑛𝑑 𝑐𝑎𝑡𝑐ℎ 𝑡ℎ𝑒 𝑏𝑎𝑙𝑙. 𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑏𝑎𝑙𝑙 𝑤𝑒𝑛𝑡
𝑓𝑜𝑟 𝑎 𝑠𝑢𝑝𝑒𝑟 𝑠𝑖𝑥 𝑎𝑛𝑑 𝑡ℎ𝑒 𝐶ℎ𝑒𝑛𝑛𝑎𝑖 𝑆𝑢𝑝𝑒𝑟 𝐾𝑖𝑛𝑔𝑠 𝑤𝑜𝑛 𝑡ℎ𝑒 𝑚𝑎𝑡𝑐ℎ.

𝟏. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎𝒔 𝒐𝒇 𝒍𝒊𝒏𝒆𝒂𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒃𝒚 𝑪𝒓𝒂𝒎𝒆𝒓’𝒔 𝒓𝒖𝒍𝒆:

𝒊 𝟓𝒙 − 𝟐𝒚 + 𝟏𝟔 = 𝟎, 𝒙 + 𝟑𝒚 − 𝟕 = 𝟎

∆𝑥 =
−16 −2

7 3

∆ =
5 −2
1 3

𝑆𝑖𝑛𝑐𝑒 ∆ ≠ 0, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

∆ = 15 + 2 ⟹ ∆ = 17

= −48 + 14

∆𝑥 = −34

5𝑥 − 2𝑦 = −16

𝑥 + 3𝑦 = 7

∆𝑦 =
5 −16
1 7

∴ By Cramer’s rule

∆𝑦 = 35 + 16 ∆𝑦 = 51⟹

𝑥 =
∆𝑥

∆

𝑦 =
∆𝑦

∆

𝑥 =
−34

17
⟹ 𝑥 = −2

⟹ 𝑦 =
51

17

⟹

∴ 𝑥 = −2 , 𝑦 = 3

𝑦 = 3⟹

𝒊𝒊
𝟑

𝒙
+ 𝟐𝒚 = 𝟏𝟐,

𝟐

𝒙
+ 𝟑𝒚 = 𝟏𝟑

∆ =
3 2
2 3

∆ = 9 − 4 ⟹ ∆ = 5

3𝑎 + 2𝑦 = 12

2𝑎 + 3𝑦 = 13

𝑙𝑒𝑡
1

𝑥
= 𝑎

𝑇ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑏𝑒𝑐𝑜𝑚𝑒
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𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

∆𝑎 =
12 2
13 3

𝑆𝑖𝑛𝑐𝑒 ∆ ≠ 0, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

= 36 − 26

∆𝑎 = 10

∆𝑦 =
3 12
2 13

∴ By Cramer’s rule

𝑎 =
∆𝑎

∆

𝑦 =
∆𝑦

∆

∴ 𝑥 =
1

2
, 𝑦 = 3

∆𝑦 = 39 − 24 ∆𝑦 = 15

𝑎 =
10

5
= 2⟹ 𝑥 =

1

2

⟹ 𝑦 =
15

5
𝑦 = 3

⟹

𝟐. 𝑰𝒏 𝒂 𝒄𝒐𝒎𝒑𝒆𝒕𝒊𝒕𝒊𝒗𝒆 𝒆𝒙𝒂𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏, 𝒐𝒏𝒆 𝒎𝒂𝒓𝒌 𝒊𝒔 𝒂𝒘𝒂𝒓𝒅𝒆𝒅 𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚

𝒄𝒐𝒓𝒓𝒆𝒄𝒕 𝒂𝒏𝒔𝒘𝒆𝒓 𝒘𝒉𝒊𝒍𝒆
𝟏

𝟒
𝒎𝒂𝒓𝒌 𝒊𝒔 𝒅𝒆𝒅𝒖𝒄𝒕𝒆𝒅 𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚 𝒘𝒓𝒐𝒏𝒈 𝒂𝒏𝒔𝒘𝒆𝒓.

𝑨 𝒔𝒕𝒖𝒅𝒆𝒏𝒕 𝒂𝒏𝒔𝒘𝒆𝒓𝒆𝒅 𝟏𝟎𝟎 𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏𝒔 𝒂𝒏𝒅 𝒈𝒐𝒕 𝟖𝟎 𝒎𝒂𝒓𝒌𝒔. 𝑯𝒐𝒘 𝒎𝒂𝒏𝒚
𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏𝒔 𝒅𝒊𝒅 𝒉𝒆 𝒂𝒏𝒔𝒘𝒆𝒓 𝒄𝒐𝒓𝒓𝒆𝒄𝒕𝒍𝒚 ?

(𝑼𝒔𝒆 𝑪𝒓𝒂𝒎𝒆𝒓’𝒔 𝒓𝒖𝒍𝒆 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎).

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛 𝐴𝑛𝑠𝑤𝑒𝑟𝑒𝑑 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑙𝑦 = 𝑥

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛 𝐴𝑛𝑠𝑤𝑒𝑟𝑒𝑑 𝑤𝑟𝑜𝑛𝑔𝑙𝑦 = 𝑦

⟹

⟹

∴ 𝑥 + 𝑦 = 100 … 1

𝑀𝑎𝑟𝑘𝑠 𝑎𝑤𝑎𝑟𝑑𝑒𝑑 𝑓𝑜𝑟 𝑎 𝐶𝑜𝑟𝑟𝑒𝑐𝑡 𝑎𝑛𝑠𝑤𝑒𝑟 = 1 𝑎𝑛𝑑 𝑜𝑛𝑒 𝑤𝑟𝑜𝑛𝑔 𝑎𝑛𝑠𝑤𝑒𝑟 = −
1

4

∴ 1 × 𝑥 + −
1

4
× 𝑦 = 80

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑦 4,

4𝑥 − 𝑦 = 320 … 2

∴ 𝑥 −
𝑦

4
= 80

𝑥 + 𝑦 = 100

4𝑥 − 𝑦 = 320

∆ =
1 1
4 −1

𝑆𝑖𝑛𝑐𝑒 ∆ ≠ 0, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

∆ = −1 − 4 ⟹ ∆ = −5
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𝑶
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𝑺
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𝑶

𝑳

50

∆𝑦 =
1 100
4 320

∴ By Cramer’s rule

𝑥 =
∆𝑥

∆

𝑦 =
∆𝑦

∆

∴ 𝑥 = 84 , 𝑦 = 16

∆𝑦 = 320 − 400 ∆𝑦 = −80

𝑥 =
−420

−5
⟹

𝑥 = 84

⟹ 𝑦 =
−80

−5

𝑦 = 16

⟹

∆𝑥 =
100 1
320 −1 = −100 − 320

∆𝑥 = −420

𝟑. 𝑨 𝒄𝒉𝒆𝒎𝒊𝒔𝒕 𝒉𝒂𝒔 𝒐𝒏𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝟓𝟎% 𝒂𝒄𝒊𝒅 𝒂𝒏𝒅 𝒂𝒏𝒐𝒕𝒉𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏
𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝟐𝟓% 𝒂𝒄𝒊𝒅. 𝑯𝒐𝒘 𝒎𝒖𝒄𝒉 𝒆𝒂𝒄𝒉 𝒔𝒉𝒐𝒖𝒍𝒅 𝒃𝒆 𝒎𝒊𝒙𝒆𝒅 𝒕𝒐 𝒎𝒂𝒌𝒆 𝟏𝟎 𝒍𝒊𝒕𝒓𝒆𝒔
𝒐𝒇 𝒂 𝟒𝟎% 𝒂𝒄𝒊𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 ? (𝑼𝒔𝒆 𝑪𝒓𝒂𝒎𝒆𝒓’𝒔 𝒓𝒖𝒍𝒆 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎).

𝐿𝑒𝑡 𝑥 𝑎𝑛𝑑 𝑦 𝑏𝑒 𝑡ℎ𝑒 𝑎𝑚𝑜𝑢𝑛𝑡 𝑜𝑓 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 50% 𝑎𝑛𝑑 25% 𝑎𝑐𝑖𝑑.

𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑑𝑎𝑡𝑎, 𝑥 + 𝑦 = 10 … 1

50% 𝑜𝑓 𝑥 + 25% 𝑜𝑓 𝑦 = 40% 𝑜𝑓 10

50

100
𝑥 +

25

100
𝑦 =

40

100
10

∆ =
1 1
2 1

𝑆𝑖𝑛𝑐𝑒 ∆ ≠ 0, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

∆ = 1 − 2 ⟹ ∆ = −1

2𝑥 + 𝑦 = 16 … 2

∆𝑥 =
10 1
16 1

= 10 − 16 ∆𝑥 = −6

∆𝑦 =
1 10
2 16

= 16 − 20 ∆𝑦 = −4⟹

⟹

50𝑥 + 25𝑦 = 400

÷ 25

∴ By Cramer’s rule

𝑥 =
∆𝑥

∆
𝑥 =

−6

−1
⟹ 𝑥 = 6⟹
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51

6 𝑙𝑖𝑡𝑟𝑒𝑠 𝑜𝑓 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 50% 𝑎𝑐𝑖𝑑 𝑎𝑛𝑑 4 𝑙𝑖𝑡𝑟𝑒𝑠 𝑜𝑓 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛
𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 25% 𝑎𝑐𝑖𝑑 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑚𝑖𝑥𝑒𝑑 𝑡𝑜 𝑚𝑎𝑘𝑒 40% 𝑎𝑐𝑖𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

𝑦 =
∆𝑦

∆
⟹ 𝑦 =

−4

−1
𝑦 = 4⟹

𝟒. 𝑨 𝒇𝒊𝒔𝒉 𝒕𝒂𝒏𝒌 𝒄𝒂𝒏 𝒃𝒆 𝒇𝒊𝒍𝒍𝒆𝒅 𝒊𝒏 𝟏𝟎 𝒎𝒊𝒏𝒖𝒕𝒆𝒔 𝒖𝒔𝒊𝒏𝒈 𝒃𝒐𝒕𝒉 𝒑𝒖𝒎𝒑𝒔 𝑨 𝒂𝒏𝒅 𝑩
𝒔𝒊𝒎𝒖𝒍𝒕𝒂𝒏𝒆𝒐𝒖𝒔𝒍𝒚. 𝑯𝒐𝒘𝒆𝒗𝒆𝒓, 𝒑𝒖𝒎𝒑 𝑩 𝒄𝒂𝒏 𝒑𝒖𝒎𝒑 𝒘𝒂𝒕𝒆𝒓 𝒊𝒏 𝒐𝒓 𝒐𝒖𝒕 𝒂𝒕 𝒕𝒉𝒆
𝒔𝒂𝒎𝒆 𝒓𝒂𝒕𝒆. 𝑰𝒇 𝒑𝒖𝒎𝒑 𝑩 𝒊𝒔 𝒊𝒏𝒂𝒅𝒗𝒆𝒓𝒕𝒆𝒏𝒕𝒍𝒚 𝒓𝒖𝒏 𝒊𝒏 𝒓𝒆𝒗𝒆𝒓𝒔𝒆, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒕𝒂𝒏𝒌
𝒘𝒊𝒍𝒍 𝒃𝒆 𝒇𝒊𝒍𝒍𝒆𝒅 𝒊𝒏 𝟑𝟎 𝒎𝒊𝒏𝒖𝒕𝒆𝒔. 𝑯𝒐𝒘 𝒍𝒐𝒏𝒈 𝒘𝒐𝒖𝒍𝒅 𝒊𝒕 𝒕𝒂𝒌𝒆 𝒆𝒂𝒄𝒉 𝒑𝒖𝒎𝒑 𝒕𝒐 𝒇𝒊𝒍𝒍
𝒕𝒉𝒆 𝒕𝒂𝒏𝒌 𝒃𝒚 𝒊𝒕𝒔𝒆𝒍𝒇 ? (𝑼𝒔𝒆 𝑪𝒓𝒂𝒎𝒆𝒓’𝒔 𝒓𝒖𝒍𝒆 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎).

𝑇ℎ𝑒 𝑡𝑖𝑚𝑒 𝑡𝑎𝑘𝑒𝑛 𝑏𝑦 𝑝𝑢𝑚𝑝 𝐴 𝑡𝑜 𝑓𝑖𝑙𝑙 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑏𝑦 𝑖𝑡𝑠𝑒𝑙𝑓 = 𝑥 𝑚𝑖𝑛𝑢𝑡𝑒𝑠

𝑇ℎ𝑒 𝑡𝑖𝑚𝑒 𝑡𝑎𝑘𝑒𝑛 𝑏𝑦 𝑝𝑢𝑚𝑝 𝐵 𝑡𝑜 𝑓𝑖𝑙𝑙 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑏𝑦 𝑖𝑡𝑠𝑒𝑙𝑓 = 𝑦 𝑚𝑖𝑛𝑢𝑡𝑒𝑠

𝑆𝑜, 𝑡ℎ𝑒 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑝𝑢𝑚𝑝 𝐴 𝑖𝑛 1 𝑚𝑖𝑛𝑢𝑡𝑒 =
1

𝑥

𝑇ℎ𝑒 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑝𝑢𝑚𝑝 𝐵 𝑖𝑛 1 𝑚𝑖𝑛𝑢𝑡𝑒 =
1

𝑦

𝑇ℎ𝑒 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑝𝑢𝑚𝑝 𝐴 & 𝐵 𝑖𝑛 1 𝑚𝑖𝑛𝑢𝑡𝑒 =
1

10

∴
1

𝑥
+

1

𝑦
=

1

10
𝐼𝑓 𝑡ℎ𝑒 𝑝𝑢𝑚𝑝 𝐵 𝑟𝑢𝑛𝑠 𝑖𝑛 𝑟𝑒𝑣𝑒𝑟𝑠𝑒, 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑤𝑖𝑙𝑙 𝑏𝑒 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑏𝑜𝑡ℎ 𝑝𝑢𝑚𝑝𝑠 𝑖𝑛
30 𝑚𝑖𝑛𝑢𝑡𝑒𝑠.

𝐼𝑛 𝑡ℎ𝑖𝑠 𝑐𝑎𝑠𝑒, 𝑡ℎ𝑒 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑓𝑖𝑙𝑙𝑒𝑑 𝑏𝑦 𝑏𝑜𝑡ℎ 𝑝𝑢𝑚𝑝𝑠 𝐴 & 𝐵 𝑖𝑛 1 𝑚𝑖𝑛𝑢𝑡𝑒

=
1

30

∴
1

𝑥
−

1

𝑦
=

1

30

𝑙𝑒𝑡
1

𝑥
= 𝑎 𝑎𝑛𝑑

1

𝑦
= 𝑏

𝑎 + 𝑏 =
1

10
⇒ 10𝑎 + 10𝑏 = 1

𝑎 − 𝑏 =
1

30
⇒ 30𝑎 − 30𝑏 = 1

∆ =
10 10
30 −30

⟹ ∆ = −600

𝑆𝑖𝑛𝑐𝑒 ∆ ≠ 0, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

∆ = −300 − 300

∆𝑥 =
1 10
1 −30

= −30 − 10 ∆𝑥 = −40⟹
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𝑶
𝑶

𝑳
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A
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𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
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𝑶
𝑶

𝑳

52

∆𝑦 =
10 1
30 1

∴ By Cramer’s rule

𝑎 =
∆𝑎

∆

𝑏 =
∆𝑏

∆

∆𝑦 = 10 − 30 ∆𝑦 = −20

𝑎 =
−40

−600
⟹ 𝑎 =

1

15

⟹ 𝑏 =
−20

−600
𝑏 =

1

30

⟹

⟹

⟹

𝑎 =
1

𝑥
=

1

15
⟹ 𝑥 = 15

𝑏 =
1

𝑦
=

1

30
⟹ 𝑦 = 30

𝑃𝑢𝑚𝑝 𝐴 𝑤𝑖𝑙𝑙 𝑡𝑎𝑘𝑒 15 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 𝑡𝑜 𝑓𝑖𝑙𝑙 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑏𝑦 𝑖𝑡𝑠𝑒𝑙𝑓

𝑃𝑢𝑚𝑝 𝐵 𝑤𝑖𝑙𝑙 𝑡𝑎𝑘𝑒 30 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 𝑡𝑜 𝑓𝑖𝑙𝑙 𝑡ℎ𝑒 𝑡𝑎𝑛𝑘 𝑏𝑦 𝑖𝑡𝑠𝑒𝑙𝑓

𝟓. 𝑨 𝒇𝒂𝒎𝒊𝒍𝒚 𝒐𝒇 𝟑 𝒑𝒆𝒐𝒑𝒍𝒆 𝒘𝒆𝒏𝒕 𝒐𝒖𝒕 𝒇𝒐𝒓 𝒅𝒊𝒏𝒏𝒆𝒓 𝒊𝒏 𝒂 𝒓𝒆𝒔𝒕𝒂𝒖𝒓𝒂𝒏𝒕. 𝑻𝒉𝒆 𝒄𝒐𝒔𝒕
𝒐𝒇 𝒕𝒘𝒐 𝒅𝒐𝒔𝒂𝒊, 𝒕𝒉𝒓𝒆𝒆 𝒊𝒅𝒍𝒊𝒆𝒔 𝒂𝒏𝒅 𝒕𝒘𝒐 𝒗𝒂𝒅𝒂𝒊 𝒊𝒔 𝑹𝒔. 𝟏𝟓𝟎. 𝑻𝒉𝒆 𝒄𝒐𝒔𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒘𝒐
𝒅𝒐𝒔𝒂𝒊, 𝒕𝒘𝒐 𝒊𝒅𝒍𝒊𝒆𝒔 𝒂𝒏𝒅 𝒇𝒐𝒖𝒓 𝒗𝒂𝒅𝒂𝒊𝒔 𝒊𝒔 𝑹𝒔. 𝟐𝟎𝟎. 𝑻𝒉𝒆 𝒄𝒐𝒔𝒕 𝒐𝒇 𝒇𝒊𝒗𝒆 𝒅𝒐𝒔𝒂𝒊,

𝒇𝒐𝒖𝒓 𝒊𝒅𝒍𝒊𝒆𝒔 𝒂𝒏𝒅 𝒕𝒘𝒐 𝒗𝒂𝒅𝒂𝒊𝒔 𝒊𝒔 𝑹𝒔. 𝟐𝟓𝟎. 𝑻𝒉𝒆 𝒇𝒂𝒎𝒊𝒍𝒚 𝒉𝒂𝒔 𝑹𝒔. 𝟑𝟓𝟎 𝒊𝒏 𝒉𝒂𝒏𝒅
𝒂𝒏𝒅 𝒕𝒉𝒆𝒚 𝒂𝒕𝒆 𝟑 𝒅𝒐𝒔𝒂𝒊 𝒂𝒏𝒅 𝒔𝒊𝒙 𝒊𝒅𝒍𝒊𝒆𝒔 𝒂𝒏𝒅 𝒔𝒊𝒙 𝒗𝒂𝒅𝒂𝒊𝒔. 𝑾𝒊𝒍𝒍

𝒕𝒉𝒆𝒚 𝒃𝒆 𝒂𝒃𝒍𝒆 𝒕𝒐 𝒎𝒂𝒏𝒂𝒈𝒆 𝒕𝒐 𝒑𝒂𝒚 𝒕𝒉𝒆 𝒃𝒊𝒍𝒍 𝒘𝒊𝒕𝒉𝒊𝒏 𝒕𝒉𝒆 𝒂𝒎𝒐𝒖𝒏𝒕 𝒕𝒉𝒆𝒚 𝒉𝒂𝒅 ?

𝐿𝑒𝑡 𝑇ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 𝑜𝑛𝑒 𝑑𝑜𝑠𝑎𝑖 = 𝑅𝑠. 𝑥

𝑇ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 𝑜𝑛𝑒 𝑖𝑑𝑙𝑦 = 𝑅𝑠. 𝑦

𝑇ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 𝑜𝑛𝑒 𝑣𝑎𝑑𝑎𝑖 = 𝑅𝑠. 𝑧

The given equations are

2𝑥 + 3𝑦 + 2𝑧 = 150

2𝑥 + 2𝑦 + 4𝑧 = 200

5𝑥 + 4𝑦 + 2𝑧 = 250

∆ =
2 3 2
2 2 4
5 4 2

2 2
5 4

= 2 −12 − 3 −16 + 2 −2

+−+

= 2
2 4
4 2

−3
2 4
5 2 + 2

= 2 (4 − 16) −3(4−20 ) + 2 (8−10)

= −24 + 48 − 4

∆ = 20

∴ ∆ ≠ 0, 𝑡ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 ℎ𝑎𝑠 𝑢𝑛𝑖𝑞𝑢𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛.
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𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

∆𝑥 =
150 3 2
200 2 4
250 4 2

200 2
250 4

= 150 −12 − 3 −600 + 2 300

+−+

= 150
2 4
4 2

−3
200 4
250 2

+ 2

= 150 (4 − 16) −3(400 − 1000 ) + 2 (800 −500)

= −1800 + 1800 + 600

∆𝑥= 600

∆𝑦 =
2 150 2
2 200 4
5 250 2

2 200
5 250

= 2 −600 − 150 −16 + 2 −500

+−+

= 2
200 4
250 2

−150
2 4
5 2 + 2

= 2 (400 − 1000) − 150(4− 20 ) + 2 (500 −1000)

= −1200 + 2400 − 1000

∆𝑦 = 200

∆𝑧 =
2 3 150
2 2 200
5 4 250

2 2
5 4

= 2 −300 − 3 −500 + 150 −2

+−+

= 2
2 200
4 250

−3
2 200
5 250 + 150

= 2 (500 − 800) −3(500 − 1000 ) + 150(8−10)

= −600 + 1500 − 300

∆𝑧 = 600

∴ By Cramer’s rule

𝑥 =
∆𝑥

∆

𝑦 =
∆𝑦

∆

𝑥 =
600

20
⟹ 𝑥 = 30

⟹ 𝑦 =
200

20
𝑦 = 10

𝑧 =
∆𝑧

∆
⟹ 𝑧 =

600

20
𝑧 = 30

∴ 𝑇ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 𝑜𝑛𝑒 𝑑𝑜𝑠𝑎𝑖 = 𝑅𝑠. 30

𝑇ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 𝑜𝑛𝑒 𝑖𝑑𝑙𝑦 = 𝑅𝑠. 10

𝑇ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 𝑜𝑛𝑒 𝑣𝑎𝑑𝑎𝑖 = 𝑅𝑠. 30

⟹

⟹

⟹

53
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𝑪
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𝑪
𝑯

𝑶
𝑶

𝑳

𝑇ℎ𝑒 𝑐𝑜𝑠𝑡 𝑜𝑓 3 𝑑𝑜𝑠𝑎𝑖 𝑎𝑛𝑑 𝑠𝑖𝑥 𝑖𝑑𝑙𝑦 𝑎𝑛𝑑 𝑠𝑖𝑥 𝑣𝑎𝑑𝑎𝑖 = 3 30 + 6 10 + 6 30

= 90 + 60 + 180

= 𝑅𝑠. 330

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑓𝑎𝑚𝑖𝑙𝑦 ℎ𝑎𝑠 𝑅𝑠. 350 𝑖𝑛 ℎ𝑎𝑛𝑑, 𝑡ℎ𝑒𝑦 𝑎𝑏𝑙𝑒 𝑡𝑜 𝑚𝑎𝑛𝑎𝑔𝑒 𝑡𝑜 𝑝𝑎𝑦 𝑡ℎ𝑒 𝑏𝑖𝑙𝑙.

54
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𝑶

𝑳
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𝑯
𝑹

.𝑺
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𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐𝟕: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎 𝒐𝒇 𝒍𝒊𝒏𝒆𝒂𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔, 𝒃𝒚
𝑮𝒂𝒖𝒔𝒔𝒊𝒂𝒏 𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅 ∶ 𝟒𝒙 + 𝟑𝒚 + 𝟔𝒛 = 𝟐𝟓, 𝒙 + 𝟓𝒚 + 𝟕𝒛 = 𝟏𝟑,
𝟐𝒙 + 𝟗𝒚 + 𝒛 = 𝟏.

𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑖𝑛𝑔 𝑡ℎ𝑒 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑜 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚

4 3 6
1 5 7
2 9 1

25
13
1

𝑅1 ↔ 𝑅2
1 5 7 13

4 3 6 25

2 9 1 1

1 5 7 13𝑅2 → 𝑅2 − 4𝑅1

𝑅2 − 4𝑅1

4 3 6 25

4 20 28 52

0 −17 −22 −27

− − − (−)

0 −17 −22 −27𝑅3 → 𝑅3 − 2𝑅1
𝑅3 − 2𝑅1

2 9 1 1

2 10 14 26

0 −1 −13 −25

− − − (−)

0 −1 −13 −25

1 5 7 13𝑅2 → 𝑅2 ÷ −1

0 17 22 27𝑅3 → 𝑅3 ÷ −1

0 1 13 25

4𝑥 + 3𝑦 + 6𝑧 = 25
𝑥 + 5𝑦 + 7𝑧 = 13
2𝑥 + 9𝑦 + 𝑧 = 1.

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟏. 𝟓

1 5 7 13

0 17 22 27
𝑅3 → 17𝑅3 − 𝑅2

17𝑅3 − 𝑅2

0 17 221 425

0 17 22 27

0 0 199 398

− − − (−)

0 0 199 398

𝑇ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚:
𝑥 + 5𝑦 + 7𝑧 = 13 … (1)

17𝑦 + 22𝑧 = 27 … (2)

199𝑧 = 398 … (3)

𝐹𝑟𝑜𝑚 3 , 𝑤𝑒 𝑔𝑒𝑡

199𝑧 = 398 ⟹𝑧 =
398

199
⟹ 𝑧 = 2

𝑠𝑢𝑏𝑠 𝑧 = 2 𝑖𝑛 2

17𝑦 + 22𝑧 = 27⟹ 17𝑦 + 22 2 = 27

17𝑦 + 44 = 27 ⟹ 17𝑦 = 27 − 44

17𝑦 = −17 ⟹ 𝑦 =
−17

17
⟹ 𝑦 = −1

𝑠𝑢𝑏𝑠 𝑦 = −1 𝑎𝑛𝑑 𝑧 = 2 𝑖𝑛 1

𝑥 + 5𝑦 + 7𝑧 = 13 ⟹ 𝑥 + 5 −1 + 7 2 = 13

𝑥 − 5 + 14 = 13 𝑥 + 9 = 13⟹
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥 = 13 − 9 ⟹ 𝑥 = 4

∴ 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 = 4, 𝑦 = −1 𝑎𝑛𝑑 𝑧 = 2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟏. 𝟐𝟖: 𝑻𝒉𝒆 𝒖𝒑𝒘𝒂𝒓𝒅 𝒔𝒑𝒆𝒆𝒅 𝒗 𝒕 𝒐𝒇 𝒂 𝒓𝒐𝒄𝒌𝒆𝒕 𝒂𝒕 𝒕𝒊𝒎𝒆 𝒕 𝒊𝒔
𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒆𝒅 𝒃𝒚 𝒗 𝒕 = 𝒂𝒕𝟐 + 𝒃𝒕 + 𝒄, 𝟎 ≤ 𝒕 ≤ 𝟏𝟎𝟎 𝒘𝒉𝒆𝒓𝒆 𝒂, 𝒃 𝒂𝒏𝒅 𝒄 𝒂𝒓𝒆
𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝒔. 𝑰𝒕 𝒉𝒂𝒔 𝒃𝒆𝒆𝒏 𝒇𝒐𝒖𝒏𝒅 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒑𝒆𝒆𝒅 𝒂𝒕 𝒕𝒊𝒎𝒆𝒔 𝒕 = 𝟑, 𝒕 = 𝟔 ,

𝒂𝒏𝒅 𝒕 = 𝟗 𝒔𝒆𝒄𝒐𝒏𝒅𝒔 𝒂𝒓𝒆 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚, 𝟔𝟒, 𝟏𝟑𝟑, 𝒂𝒏𝒅 𝟐𝟎𝟖 𝒎𝒊𝒍𝒆𝒔
𝒑𝒆𝒓 𝒔𝒆𝒄𝒐𝒏𝒅 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒑𝒆𝒆𝒅 𝒂𝒕 𝒕𝒊𝒎𝒆 𝒕 = 𝟏𝟓 𝒔𝒆𝒄𝒐𝒏𝒅𝒔.

(𝑼𝒔𝒆 𝑮𝒂𝒖𝒔𝒔𝒊𝒂𝒏 𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅. )

𝑡 = 3 ; 𝑣 3 = 𝑎 3 2 + 3𝑏 + 𝑐

𝑣 3 = 9𝑎 + 3𝑏 + 𝑐

9𝑎 + 3𝑏 + 𝑐 = 64

𝑡 = 6 ; 𝑣 6 = 𝑎 6 2 + 6𝑏 + 𝑐

𝑣 6 = 36𝑎 + 6𝑏 + 𝑐

36𝑎 + 6𝑏 + 𝑐 = 133

𝑆𝑖𝑛𝑐𝑒 𝑣 3 = 64, 𝑣 6 = 133, 𝑣 9 = 208

𝑡 = 9 ; 𝑣 9 = 𝑎 9 2 + 9𝑏 + 𝑐

𝑣 9 = 81𝑎 + 9𝑏 + 𝑐

81𝑎 + 9𝑏 + 𝑐 = 208

9𝑎 + 3𝑏 + 𝑐 = 64
36𝑎 + 6𝑏 + 𝑐 = 133
81𝑎 + 9𝑏 + 𝑐 = 208

𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑖𝑛𝑔 𝑡ℎ𝑒 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑡𝑜 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚

9 3 1
36 6 1
81 9 1

64
133
208

𝐴|𝐵 =

9 3 1 64𝑅2 → 𝑅2 − 4𝑅1

0 −6 −3 −123𝑅3 → 𝑅3 − 9𝑅1

0 −18 −8 −368

9 3 1 64𝑅2 → 𝑅2 ÷ −3

0 2 1 41
𝑅3 → 𝑅3 ÷ −1

0 18 8 368

𝑅2 − 4𝑅1

36 6 1 133

36 12 4 256

0 −6 −3 −123

− − − (−)

𝑅3 − 9𝑅1

81 9 1 208

81 27 9 576

0 −18 −8 −368

− − − (−)

9 3 1 64

0 2 1 41
𝑅3 → 𝑅3 − 9𝑅2

0 0 −1 −1

𝑅3 − 9𝑅2

0 18 8 368

0 18 9 369

0 0 −1 −1

− − − (−)
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

9 3 1 64

0 2 1 41
𝑅3 → −1 𝑅3

0 0 1 1

𝑊𝑟𝑖𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑟𝑜𝑤 − 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥, 𝑤𝑒 𝑔𝑒𝑡

9𝑎 + 3𝑏 + 𝑐 = 64 … (1)

2𝑏 + 𝑐 = 41 … (2)

𝑐 = 1 … (3)

𝑠𝑢𝑏 𝑐 = 1 𝑖𝑛 2
2𝑏 + 𝑐 = 41⟹ 2𝑏 + 1 = 41

2𝑏 = 41 − 1

2𝑏 = 40 ⟹ 𝑏 =
40

2
⟹ 𝑏 = 20

𝑠𝑢𝑏𝑠 𝑏 = 20 𝑎𝑛𝑑 𝑐 = 1 𝑖𝑛 1 9𝑎 + 3𝑏 + 𝑐 = 64

9𝑎 + 3 20 + 1 = 64

9𝑎 + 60 + 1 = 64 9𝑎 + 61 = 64⟹

9𝑎 = 64 − 61 9𝑎 = 3 ⟹ 𝑎 =
3

9

𝑎 =
1

3

𝑡 = 15 ; 𝑣 𝑡 = 𝑎𝑡2 + 𝑏𝑡 + 𝑐

⟹

𝑤ℎ𝑒𝑟𝑒 𝑎 =
1

3
, 𝑏 = 20 𝑎𝑛𝑑 𝑐 = 1

𝑣 15 =
1

3
15 2 + 20 15 + 1

𝑣 15 =
1

3
× 225 + 300 + 1

75

𝑣 15 = 75 + 301⟹ 𝑣 15 = 376

𝟏. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒔𝒚𝒔𝒕𝒆𝒎𝒔 𝒐𝒇 𝒍𝒊𝒏𝒆𝒂𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒃𝒚 𝑮𝒂𝒖𝒔𝒔𝒊𝒂𝒏
𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅:

𝒊 𝟐𝒙 − 𝟐𝒚 + 𝟑𝒛 = 𝟐, 𝒙 + 𝟐𝒚 − 𝒛 = 𝟑, 𝟑𝒙 − 𝒚 + 𝟐𝒛 = 𝟏

𝑇ℎ𝑒 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠

𝐴|𝐵 =
2 −2 3
1 2 −1
3 −1 2

2
3
1

𝑅1 ↔ 𝑅2
1 2 −1 3

2 −2 3 2

3 −1 2 1

2𝑥 − 2𝑦 + 3𝑧 = 2

𝑥 + 2𝑦 − 𝑧 = 3

3𝑥 − 𝑦 + 2𝑧 = 1
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

1 2 −1 3𝑅2 → 𝑅2 − 2𝑅1

𝑅2 − 2𝑅1

2 −2 3 2

2 4 −2 6

0 −6 5 −4

− − + (−)

0 −6 5 −4𝑅3 → 𝑅3 − 3𝑅1

𝑅3 − 3𝑅1

3 −1 2 1

3 6 −3 9

0 −7 5 −8

− − + (−)

0 −7 5 −8

1 2 −1 3

0 −6 5 −4
𝑅3 → 6𝑅3 − 7𝑅2

6𝑅3 − 7𝑅2

0 −42 30 −48

0 −42 35 −28

0 0 −5 −20

− + − (+)

0 0 −5 −20

𝑇ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚:

𝑥 + 2𝑦 − 𝑧 = 3 … (1)

−6𝑦 + 5𝑧 = −4 … (2)

−5𝑧 = −20 … (3)

𝐹𝑟𝑜𝑚 3 ,−5𝑧 = −20

𝑧 =
−20

−5
⟹ 𝑧 = 4

𝑠𝑢𝑏𝑠 𝑧 = 4 𝑖𝑛 2 −6𝑦 + 5𝑧 = −4

⟹−6𝑦 + 5 4 = −4 −6𝑦 + 20 = −4

−6𝑦 = −4 − 20 −6𝑦 = −24⟹

𝑦 =
−24

−6
⟹ 𝑦 = 4

𝑠𝑢𝑏𝑠 𝑦 = 4 𝑎𝑛𝑑 𝑧 = 4 𝑖𝑛 1 𝑥 + 2𝑦 − 𝑧 = 3

𝑥 + 2 4 − 4 = 3 𝑥 + 8 − 4 = 3

𝑥 + 4 = 3 𝑥 = 3 − 4

𝑥 = −1

⟹

⟹

∴ 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 = −1, 𝑦 = 4 𝑎𝑛𝑑 𝑧 = 4

𝒊𝒊 𝟐𝒙 − 𝟒𝒚 + 𝟔𝒛 = 𝟐𝟐, 𝟑𝒙 + 𝟖𝒚 − 𝟓𝒛 = 𝟐𝟕, −𝒙 + 𝒚 + 𝟐𝒛 = 𝟐

𝑇ℎ𝑒 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠

2𝑥 − 4𝑦 + 6𝑧 = 22

3𝑥 + 8𝑦 − 5𝑧 = 27
−𝑥 + 𝑦 + 2𝑧 = 2
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝐴|𝐵 =
2 4 6
3 8 5

−1 1 2

22
27
2

𝑅1 →
1

2
𝑅1 1 2 3 11

3 8 5 27

−1 1 2 2

1 2 3 11𝑅2 → 𝑅2 − 3𝑅1 𝑅2 − 3𝑅1

3 8 5 27

3 6 9 33

0 2 −4 −6

− − − (−)
0 2 −4 −6𝑅3 → 𝑅3 + 𝑅1

𝑅3 + 𝑅1

−1 1 2 2

1 2 3 11

0 3 5 13

0 3 5 13

1 2 3 11𝑅2 →
1

2
𝑅2

0 1 −2 −3

0 3 5 13

1 2 3 11

0 1 −2 −3𝑅3 → 𝑅3 − 3𝑅2

0 0 11 22
𝑅3 − 3𝑅2

0 3 5 13

0 3 −6 −9

0 0 11 22

− − + (+)

𝑇ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔
𝑡ℎ𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚:

𝑥 + 2𝑦 + 3𝑧 = 11 … (1)

𝑦 − 2𝑧 = −3 … (2)

11𝑧 = 22 … (3)

𝐹𝑟𝑜𝑚 3 11𝑧 = 22

𝑧 =
22

11
⟹ 𝑧 = 2

𝑠𝑢𝑏𝑠 𝑧 = 2 𝑖𝑛 2 𝑦 − 2𝑧 = −3

𝑦 − 2 2 = −3 𝑦 − 4 = −3

𝑦 = −3 + 4 𝑦 = 1

⟹

⟹

𝑠𝑢𝑏𝑠 𝑦 = 1 𝑎𝑛𝑑 𝑧 = 2 𝑖𝑛 1 𝑥 + 2𝑦 + 3𝑧 = 11

⟹𝑥 + 2 1 + 3 2 = 11 𝑥 + 2 + 6 = 11

𝑥 + 8 = 11

𝑥 = 11 − 8 ⟹ 𝑥 = 3

∴ 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 = 3, 𝑦 = 1 𝑎𝑛𝑑 𝑧 = 2

𝟐. 𝑰𝒇 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 𝒊𝒔 𝒅𝒊𝒗𝒊𝒅𝒆𝒅 𝒃𝒚 𝒙 + 𝟑, 𝒙 − 𝟓, 𝒂𝒏𝒅 𝒙 − 𝟏, 𝒕𝒉𝒆 𝒓𝒆𝒎𝒂𝒊𝒏𝒅𝒆𝒓
𝒂𝒓𝒆 𝟐𝟏, 𝟔𝟏 𝒂𝒏𝒅 𝟗 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚. 𝑭𝒊𝒏𝒅 𝒂, 𝒃 𝒂𝒏𝒅 𝒄.
𝑼𝒔𝒆 𝑮𝒂𝒖𝒔𝒔𝒊𝒂𝒏 𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅

𝐿𝑒𝑡 𝑃 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐

𝐺𝑖𝑣𝑒𝑛: 𝑃 𝑥 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑥 + 3 𝑎𝑛𝑑 𝑙𝑒𝑎𝑣𝑒𝑠 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 21

9𝑎 − 3𝑏 + 𝑐 = 21
𝑎 −3 2 + 𝑏 −3 + 𝑐 = 21

∴ 𝑃 −3 = 21
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ARUMPARTHAPURAM , PUDUCHERRY

B
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S
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A
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝐺𝑖𝑣𝑒𝑛: 𝑃 𝑥 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑥 − 5 𝑎𝑛𝑑 𝑙𝑒𝑎𝑣𝑒𝑠 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 61

𝑎 5 2 + 𝑏 5 + 𝑐 = 61

25𝑎 + 5𝑏 + 𝑐 = 61

𝐺𝑖𝑣𝑒𝑛: 𝑃 𝑥 𝑑𝑖𝑣𝑖𝑑𝑒𝑑 𝑏𝑦 𝑥 − 1 𝑎𝑛𝑑 𝑙𝑒𝑎𝑣𝑒𝑠 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 9

𝑎 1 2 + 𝑏 1 + 𝑐 = 9

∴ 𝑃 5 = 61

∴ 𝑃 1 = 9

𝑎 + 𝑏 + 𝑐 = 9

∴ 𝑇ℎ𝑒 𝑠𝑦𝑠𝑡𝑒𝑚 𝑜𝑓 𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠:

9𝑎 − 3𝑏 + 𝑐 = 21
25𝑎 + 5𝑏 + 𝑐 = 61

𝑎 + 𝑏 + 𝑐 = 9

𝑇ℎ𝑒 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠

𝐴|𝐵 =
9 −3 1

25 5 1
1 1 1

21
61
9

𝑅1 ↔ 𝑅3
1 1 1 9

25 5 1 61

9 −3 1 21

1 1 1 9𝑅2 → 𝑅2 − 25𝑅1

0 −20 −24 −164
𝑅3 → 𝑅3 − 9𝑅1

0 −12 −8 −60

1 1 1 9𝑅2 →
1

4
𝑅2

0 −5 −6 −41

𝑅3 →
1

4
𝑅3 0 −3 −2 −15

𝑅2 − 25𝑅1

25 5 1 61

25 25 25 225

0 −20 −24 −164

− − − (−)

𝑅3 − 9𝑅1

9 −3 1 21

9 9 9 81

0 −12 −8 −60

− − − (−)

1 1 1 9

0 −5 −6 −41
𝑅3 → 5𝑅3 − 3𝑅2

5𝑅3 − 3𝑅2

0 −15 −10 −75

0 −15 −18 −123

0 0 8 48

− + + (+)

0 0 8 48

𝑇ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚:

𝑎 + 𝑏 + 𝑐 = 9 … (1)

−5𝑏 − 6𝑐 = −41 … (2)

8𝑐 = 48 … (3)

𝐹𝑟𝑜𝑚 3 , 8𝑐 = 48

𝑐 =
48

8
⟹ 𝑐 = 6

𝑠𝑢𝑏𝑠 𝑐 = 6 𝑖𝑛 2 −5𝑏 − 6𝑐 = −41

−5𝑏 − 6 6 = −41 −5𝑏 − 36 = −41

−5𝑏 = −41 + 36 −5𝑏 = −5 𝑏 =
−5

−5
⟹ 𝑏 = 1

⟹

⟹ ⟹
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U
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S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑠𝑢𝑏𝑠 𝑏 = 1 𝑎𝑛𝑑 𝑐 = 6 𝑖𝑛 1 𝑎 + 𝑏 + 𝑐 = 9

⟹𝑎 + 1 + 6 = 9 𝑎 + 7 = 9

𝑎 = 9 − 7 ⟹ 𝑎 = 2

∴ 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 = 2, 𝑏 = 1 𝑎𝑛𝑑 𝑐 = 6

𝟑. 𝑨𝒏 𝒂𝒎𝒐𝒖𝒏𝒕 𝒐𝒇 𝑹𝒔. 𝟔𝟓, 𝟎𝟎𝟎 𝒊𝒔 𝒊𝒏𝒗𝒆𝒔𝒕𝒆𝒅 𝒊𝒏 𝒕𝒉𝒓𝒆𝒆 𝒃𝒐𝒏𝒅𝒔 𝒂𝒕 𝒕𝒉𝒆 𝒓𝒂𝒕𝒆𝒔 𝒐𝒇
𝟔%, 𝟖% 𝒂𝒏𝒅 𝟏𝟎% 𝒑𝒆𝒓 𝒂𝒏𝒏𝒖𝒎 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚. 𝑻𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒂𝒏𝒏𝒖𝒂𝒍 𝒊𝒏𝒄𝒐𝒎𝒆
𝒊𝒔 𝑹𝒔. 𝟓𝟎𝟎𝟎. 𝑻𝒉𝒆 𝒊𝒏𝒄𝒐𝒎𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒕𝒉𝒊𝒓𝒅 𝒃𝒐𝒏𝒅 𝒊𝒔 𝑹𝒔. 𝟖𝟎𝟎 𝒎𝒐𝒓𝒆 𝒕𝒉𝒂𝒏

𝒕𝒉𝒂𝒕 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒔𝒆𝒄𝒐𝒏𝒅 𝒃𝒐𝒏𝒅. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒑𝒓𝒊𝒄𝒆 𝒐𝒇 𝒆𝒂𝒄𝒉 𝒃𝒐𝒏𝒅.
(𝑼𝒔𝒆 𝑮𝒂𝒖𝒔𝒔𝒊𝒂𝒏 𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅. )

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑖𝑛𝑐𝑜𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑏𝑜𝑛𝑑 = 𝑅𝑠. 𝑥

𝑇ℎ𝑒 𝑖𝑛𝑐𝑜𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑏𝑜𝑛𝑑 = 𝑅𝑠. 𝑦

𝑇ℎ𝑒 𝑖𝑛𝑐𝑜𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑏𝑜𝑛𝑑 = 𝑅𝑠. 𝑧

𝑥 + 𝑦 + 𝑧 = 65000

6% 𝑜𝑓 𝑥 + 8% 𝑜𝑓 𝑦 + 10% 𝑜𝑓 𝑧 = 5000

6𝑥

100
+

8𝑦

100
+

10𝑧

100
= 5000

6𝑥 + 8𝑦 + 10𝑧

100
= 5000 ⟹ 6𝑥 + 8𝑦 + 10𝑧 = 500000

÷ 𝑏𝑦 2
3𝑥 + 4𝑦 + 5𝑧 = 250000

𝑇ℎ𝑒 𝑖𝑛𝑐𝑜𝑚𝑒 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑏𝑜𝑛𝑑 𝑖𝑠 𝑅𝑠. 800 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 𝑡ℎ𝑎𝑡 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒
𝑠𝑒𝑐𝑜𝑛𝑑 𝑏𝑜𝑛𝑑 10% 𝑜𝑓 𝑧 − 8% 𝑜𝑓 𝑦 = 800

10𝑧 − 8𝑦

100
= 800 ⟹ −8𝑦 + 10𝑧 = 80000

÷ 𝑏𝑦 2
−4𝑦 + 5𝑧 = 40000

𝑇ℎ𝑒 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝐴|𝐵 =
1 1 1
3 4 5
0 −4 5

65000
250000
40000

1 1 1 65000
𝑅2 → 𝑅2 − 3𝑅1 0 1 2 55000

0 −4 5 40000

𝑅2 − 3𝑅1

3 4 5 250000

3 3 3 195000

0 1 2 55000

− − − (−)

1 1 1 65000

0 1 2 55000
𝑅3 → 𝑅3 + 4𝑅2

𝑅3 + 4𝑅2

0 −4 5 40000

0 4 8 220000

0 0 13 2600000 0 13 260000
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳
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𝑶
𝑶

𝑳
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑇ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚:
𝑥 + 𝑦 + 𝑧 = 65000 … (1)

𝑦 + 2𝑧 = 55000 … (2)

13𝑧 = 260000 … (3)

𝐹𝑟𝑜𝑚 3 , 13𝑧 = 260000

𝑧 =
260000

13
⟹ 𝑧 = 20000

𝑠𝑢𝑏𝑠 𝑧 = 20000 𝑖𝑛 2 𝑦 + 2𝑧 = 55000

𝑦 + 2 20000 = 55000 ⟹ 𝑦 + 40000 = 55000

𝑦 = 55000 − 40000 ⟹ 𝑦 = 15000

𝑠𝑢𝑏𝑠 𝑦 = 15000 𝑎𝑛𝑑 𝑧 = 20000 𝑖𝑛 1 𝑥 + 𝑦 + 𝑧 = 65000

𝑥 + 15000 + 20000 = 65000

𝑥 + 35000 = 65000

𝑥 = 65000 − 35000 ⟹ 𝑥 = 30000

∴ 𝑇ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑏𝑜𝑛𝑑 = 𝑅𝑠. 30,000
𝑇ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑏𝑜𝑛𝑑 = 𝑅𝑠. 15,000
𝑇ℎ𝑒 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑡ℎ𝑖𝑟𝑑 𝑏𝑜𝑛𝑑 = 𝑅𝑠. 20,000

𝟒. 𝑨 𝒃𝒐𝒚 𝒊𝒔 𝒘𝒂𝒍𝒌𝒊𝒏𝒈 𝒂𝒍𝒐𝒏𝒈 𝒕𝒉𝒆 𝒑𝒂𝒕𝒉 𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆
𝒑𝒐𝒊𝒏𝒕𝒔 −𝟔, 𝟖 , −𝟐, −𝟏𝟐 , 𝒂𝒏𝒅 𝟑, 𝟖 . 𝑯𝒆 𝒘𝒂𝒏𝒕𝒔 𝒕𝒐 𝒎𝒆𝒆𝒕 𝒉𝒊𝒔 𝒇𝒓𝒊𝒆𝒏𝒅 𝒂𝒕
𝑷 𝟕, 𝟔𝟎 . 𝑾𝒊𝒍𝒍 𝒉𝒆 𝒎𝒆𝒆𝒕 𝒉𝒊𝒔 𝒇𝒓𝒊𝒆𝒏𝒅? (𝑼𝒔𝒆 𝑮𝒂𝒖𝒔𝒔𝒊𝒂𝒏 𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒎𝒆𝒕𝒉𝒐𝒅)

𝑇ℎ𝑒 𝑝𝑎𝑡ℎ 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 −6, 8 , −2, −12 ,
𝑎𝑛𝑑 3, 8

−6, 8 ∶ 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐
𝑥 𝑦

8 = 𝑎 −6 2 + 𝑏 −6 + 𝑐 ⟹ 36𝑎 − 6𝑏 + 𝑐 = 8

−2, −12 ∶𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐
𝑥 𝑦

−12 = 𝑎 −2 2 + 𝑏 −2 + 𝑐 ⟹ 4𝑎 − 2𝑏 + 𝑐 = −12

3, 8 ∶ 𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐
𝑥 𝑦

8 = 𝑎 3 2 + 𝑏 3 + 𝑐 ⟹ 9𝑎 + 3𝑏 + 𝑐 = 8

𝑇ℎ𝑒 𝑎𝑢𝑔𝑚𝑒𝑛𝑡𝑒𝑑 𝑚𝑎𝑡𝑟𝑖𝑥 𝑖𝑠 𝐴|𝐵 =
36 −6 1
4 −2 1
9 3 1

8
−12

8

𝐴|𝐵 =
36 −6 1
4 −2 1
9 3 1

8
−12

8

36 −6 1 8𝑅2 → 9𝑅2 − 𝑅1

0 −12 8 −116𝑅3 → 4𝑅3 − 𝑅1

0 18 3 24

62



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY
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𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

9𝑅2 − 𝑅1

36 −18 9 −108

36 −6 1 8

0 −12 8 −116

− + − (−)

4𝑅3 − 𝑅1

36 12 4 32

36 −6 1 8

0 18 3 24

− + − (−)

36 −6 1 8
𝑅2 →

1

4
𝑅2

0 −3 2 −29

𝑅3 →
1

3
𝑅3

0 6 1 8

36 −6 1 8

0 −3 2 −29𝑅3 → 𝑅3 + 2𝑅2

𝑅3 + 2𝑅2

0 6 1 8

0 −6 4 −58

0 0 5 −50

0 0 5 −50

𝑇ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑠𝑦𝑠𝑡𝑒𝑚 𝑖𝑠 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑒𝑐ℎ𝑒𝑙𝑜𝑛 𝑓𝑜𝑟𝑚:

36𝑎 − 6𝑏 + 𝑐 = 8 … (1)

−3𝑏 + 2𝑐 = −29 … (2)

5𝑐 = −50 … (3)

𝐹𝑟𝑜𝑚 3 , 5𝑐 = −50

𝑐 =
−50

5
⟹ 𝑐 = −10

𝑠𝑢𝑏𝑠 𝑐 = −10 𝑖𝑛 2 −3𝑏 + 2𝑐 = −29

−3𝑏 + 2 −10 = −29 ⟹ −3𝑏 − 20 = −29

−3𝑏 = −29 + 20 ⟹ −3𝑏 = −9

𝑏 =
−9

−3
⟹ 𝑏 = 3

𝑠𝑢𝑏𝑠 𝑏 = 3 𝑎𝑛𝑑 𝑐 = −10 𝑖𝑛 1 36𝑎 − 6𝑏 + 𝑐 = 8
36𝑎 − 6 3 − 10 = 8 36𝑎 − 18 − 10 = 8⟹

36𝑎 − 28 = 8 ⟹ 36𝑎 = 8 + 28

36𝑎 = 36 ⟹ 𝑎 =
36

36
⟹ 𝑎 = 1

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐
𝑤ℎ𝑒𝑟𝑒 𝑎 = 1, 𝑏 = 3 𝑎𝑛𝑑 𝑐 = −10

∴ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑡ℎ 𝑖𝑠 𝑦 = 𝑥2 + 3𝑥 − 10

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑛𝑔 𝑥 = 7, 𝑖𝑛 𝑦 = 𝑥2 + 3𝑥 − 10

𝑦 = 72 + 3 7 − 10 𝑦 = 49 + 21 − 10 𝑦 = 60

𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑝𝑎𝑡ℎ 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑃 7, 60 .
𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑏𝑜𝑦 𝑤𝑖𝑙𝑙 𝑚𝑒𝑒𝑡 ℎ𝑖𝑠 𝑓𝑟𝑖𝑒𝑛𝑑.

⟹ ⟹
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳
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𝑶
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𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

COMPLEX NUMBER

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟐. 𝟏

𝒊𝟒 = 𝟏

𝒊𝟑 = −𝒊

𝒊𝟐 = −𝟏

𝒊

𝑫𝒊𝒗𝒊𝒅𝒆 𝒕𝒉𝒆 𝒆𝒙𝒑𝒐𝒏𝒆𝒏𝒕 𝒃𝒚 𝟒

𝑁𝑜 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟: 𝑎𝑛𝑠𝑤𝑒𝑟 𝑖𝑠 𝑖0 = 1.

𝑅𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑜𝑓 1: 𝑎𝑛𝑠𝑤𝑒𝑟 𝑖𝑠 𝑖1 = 𝑖.

𝑅𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑜𝑓 2: 𝑎𝑛𝑠𝑤𝑒𝑟 𝑖𝑠 𝑖2 = −1.

𝑅𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑜𝑓 3: 𝑎𝑛𝑠𝑤𝑒𝑟 𝑖𝑠 𝑖3 = −𝑖.

𝑆𝑢𝑚 𝑜𝑓 ∶ 𝑖 + 𝑖2 + 𝑖3 + 𝑖4 = 𝑖 − 1 − 𝑖 + 1 = 0

𝑼𝒔𝒊𝒏𝒈 𝒅𝒊𝒗𝒊𝒔𝒊𝒐𝒏 𝒂𝒍𝒈𝒐𝒓𝒊𝒕𝒉𝒎 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒊𝒏

𝑖𝑛

𝑛 = 4𝑞 + 𝑘

𝑖𝑛 = 𝑖4𝑞+𝑘 = 𝑖4𝑞 . 𝑖𝑘 = 1 . 𝑖𝑘 = 𝑖𝑘

𝑛4 𝑞

𝑘

Complex Number System

Reals

Rationals
(fractions, decimals)

Integers
(…, -1, -2, 0, 1, 2, …)

Whole
(0, 1, 2, …)

Natural
(1, 2, …)

Irrationals
(no fractions)

pi, e

Imaginary

i, 2i, -3-7i, etc.
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S

T
A
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏: 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚 𝒊) 𝒊𝟕 𝒊𝒊) 𝒊𝟕𝟐𝟗 𝒊𝒊𝒊) 𝒊−𝟏𝟗𝟐𝟒 + 𝒊𝟐𝟎𝟏𝟖

𝒊𝒗) 

𝒏=𝟏

𝟏𝟎𝟐

𝒊𝒏 𝒗) 𝒊 𝒊𝟐𝒊𝟑 … . . 𝒊𝟒𝟎

𝑖7

𝒊) 𝒊𝟕

= −𝑖

𝒊𝒊) 𝒊𝟕𝟐𝟗

𝑖729 = 𝑖1 = 𝑖

𝒊𝒊𝒊) 𝒊−𝟏𝟗𝟐𝟒 + 𝒊𝟐𝟎𝟏𝟖

𝑖−1924 + 𝑖2018

= 𝑖0

= 𝑖3

74 1

3

4
7294 1

3
4

2

8

32
9

2

8
1

19244 4
16

3

8

2

4

1

4
0

32

+ 𝑖2

20184 5
20

0

18

2

4

16

= 1 + −1
= 0= 1 − 1

𝒊𝒗) 

𝒏=𝟏

𝟏𝟎𝟐

𝒊𝒏

= 𝑖 + 𝑖2 + 𝑖3 + 𝑖4 …

= 𝑖 = −1 + 𝑖

𝒗) 𝒊 𝒊𝟐𝒊𝟑 … . . 𝒊𝟒𝟎

1 + 2 + 3 + … … 𝑛 =
𝑛(𝑛 + 1)

2= 𝑖1+2+3+ … +40

= 𝑖820

1 + 2 + 3 + … . . 40 =

20

= 20(41) = 820

= 𝑖0 = 1 40(40 + 1)

2

− 1 − 𝑖 + 1 + … … + 𝑖 − 1 − 𝑖 + 1 + 𝑖 − 1

+ 𝑖101 + 𝑖102+ 𝑖97 + 𝑖98 + 𝑖99 + 𝑖100

8204 2

20
8

0

20
0

5

𝟏. 𝒊𝟏𝟗𝟒𝟕 + 𝒊𝟏𝟗𝟓𝟎

= 𝑖1947 + 𝑖1950 = 𝑖3

= −𝑖 = −(𝑖 + 1)

+ 𝑖2

𝑺𝒊𝒎𝒑𝒍𝒚 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 ∶

− 1

𝟐) 𝒊𝟏𝟗𝟒𝟖 − 𝒊−𝟏𝟖𝟔𝟗

= 𝑖1948 − 𝑖−1869

= 𝑖0 = 1−𝑖−1 −
1

𝑖

= 1 −
1

𝑖
×

𝑖

𝑖
= 1 −

𝑖

𝑖2

= 1 −
𝑖

−1
= 1 + 𝑖

1 9 4 74

4 86

1 6

3
3 2

2
2 4

3

4

7

1 9 5 04

4 87

1 6

3
3 2

3
2 8

2

5

0

1 9 4 84
4 87

1 6

3
3 2

2
2 8

0

4

8

1 8 6 94

4 6 7

1 6

2
2 4

2
2 8

1

6

9
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𝑶
𝑶

𝑳

𝟑. 

𝒏=𝟏

𝟏𝟐

𝒊𝒏



𝑛=1

12

𝑖𝑛 = 𝑖 + 𝑖2 + 𝑖3 + 𝑖4 + … … . 𝑖9 + 𝑖10 + 𝑖11 + 𝑖12

= 𝑖 − 1 − 𝑖 + 1 + … … . . + 𝑖 − 1 − 𝑖 + 1



𝑛=1

12

𝑖𝑛 = 0

𝟒. 𝒊𝟓𝟗 +
𝟏

𝒊𝟓𝟗

𝑖59 +
1

𝑖59
= 𝑖3 +

1

𝑖3
= −𝑖 +

1

−𝑖
= −𝑖 −

1

𝑖

= −𝑖 −
1

𝑖
= −𝑖

= −𝑖 − = 0= −𝑖

5 94

1 4

4

1

1 6
3

9

×
𝑖

𝑖
−

𝑖

𝑖2

𝑖

−1
+ 𝑖

𝟓. 𝒊 𝒊𝟐𝒊𝟑 … … . 𝒊𝟐𝟎𝟎𝟎

= 𝑖1+2+3+⋯+2000

1 + 2 + 3 + 4 + … … 2000 =
2000(2000 + 1)

2

= 2001000

= 1000(2001)

= 𝑖200100 = 𝑖0 = 1

1000

20010004

5002

200
0

2

1
8

0

5

20

0

0

𝑖 𝑖2𝑖3 … … . 𝑖2000

𝟔. 

𝒏=𝟏

𝟏𝟎

𝒊𝒏+𝟓𝟎

= 𝑖1+50 + 𝑖2+50 + 𝑖3+50 + 𝑖4+50 + 𝑖5+50 + 𝑖6+50 + 𝑖7+50 + 𝑖8+50 + 𝑖9+50 + 𝑖10+50

= 𝑖51 + 𝑖52 + 𝑖53 + 𝑖54 + 𝑖55 + 𝑖56 + 𝑖57 + 𝑖58 + 𝑖59 + 𝑖60

= 𝑖3

= −𝑖 = −𝑖 + 1

= 1 − 𝑖

+ 𝑖0 + 𝑖+ 𝑖2 + 𝑖3 + 𝑖0 + 𝑖 + 𝑖2 + 𝑖3 + 𝑖0

+ 1+ 𝑖 − 1− 𝑖 + 1 + 𝑖 − 1 − 𝑖 + 1
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𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟐: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒙 𝒂𝒏𝒅 𝒚 𝒊𝒇 𝒕𝒉𝒆
𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓 𝟐 + 𝒊 𝒙 + 𝟏 − 𝒊 𝒚 + 𝟐𝒊 − 𝟑 𝒂𝒏𝒅 𝒙 + −𝟏 + 𝟐𝒊 𝒚 + 𝟏 + 𝒊
𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍.

𝐿𝑒𝑡

= 2𝑥 + 𝑖𝑥

𝑧1 = 2 + 𝑖 𝑥 + 1 − 𝑖 𝑦 + 2𝑖 − 3

+ 𝑦 − 𝑖𝑦 + 2𝑖 − 3 = 2𝑥 + 𝑦 − 3 + 𝑖𝑥 − 𝑖𝑦 + 2𝑖

𝑧1 = 2𝑥 + 𝑦 − 3 + 𝑖(𝑥 − 𝑦 + 2)

𝑧2 = 𝑥 + −1 + 2𝑖 𝑦 + 1 + 𝑖 = 𝑥

𝑧2 = 𝑥 − 𝑦 + 1 + 𝑖(2𝑦 + 1)

𝑧1 = 𝑧2

2𝑥 + 𝑦 − 3 + 𝑖 𝑥 − 𝑦 + 2 = 𝑥 − 𝑦 + 1 + 𝑖(2𝑦 + 1)

− 𝑦 + 𝑖2𝑦 + 1 + 𝑖

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑝𝑎𝑟𝑡

2𝑥 + 𝑦 − 3 = 𝑥 − 𝑦 + 1, 𝑥 − 𝑦 + 2 = 2𝑦 + 1

2𝑥 + 𝑦 − 3 − 𝑥 + 𝑦 − 1 = 0, 𝑥 − 𝑦 + 2 − 2𝑦 − 1 = 0

𝑧2 = 𝑥 − 𝑦 + 1 + 𝑖2𝑦 + 𝑖

𝐄𝐗𝐄𝐑𝐂𝐈𝐒𝐄 𝟐. 𝟐

𝑥 + 2𝑦 − 4 = 0 𝑥 − 3𝑦 + 1 = 0… (1) … (2)

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 1 𝑎𝑛𝑑 (2)

(1) ⟹ 𝑥 + 2𝑦 − 4 = 0

(2) ⟹ 𝑥 − 3𝑦 + 1 = 0
(−) (+) (−)

5𝑦 − 5 = 0 5𝑦 = 5 ⟹ 𝑦 =
5

5
⟹ 𝑦 = 1

𝑆𝑢𝑏 𝑦 = 1 𝑖𝑛 (1) 𝑥 + 2𝑦 − 4 = 0

𝑥 + 2 1 − 4 = 0 𝑥 + 2 − 4 = 0

𝑥 − 2 = 0 𝑥 = 2

∴ 𝑥 = 2, 𝑦 = 1

⟹

⟹

⟹

𝟏. 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊𝒇 𝒛 = 𝟓 − 𝟐𝒊 𝒂𝒏𝒅 𝒘 = −𝟏 + 𝟑𝒊
𝒊) 𝒛 + 𝒘 𝒊𝒊) 𝒛 − 𝒊𝒘 𝒊𝒊𝒊) 𝟐𝒛 + 𝟑𝒘 𝒊𝒗) 𝒛𝒘 𝒗) 𝒛𝟐 + 𝟐𝒛𝒘 + 𝒘𝟐 𝒗𝒊) 𝒛 + 𝒘 𝟐

𝐺𝑖𝑣𝑒𝑛: 𝑧 = 5 − 2𝑖, 𝑤 = −1 + 3𝑖

𝑧 + 𝑤 = 5 − 2𝑖 + (−1 + 3𝑖)

𝒊) 𝒛 + 𝒘

= 5 − 2𝑖 − 1 + 3𝑖 = 4 + 𝑖

𝒊𝒊) 𝒛 − 𝒊𝒘

𝑧 − 𝑖𝑤 = 5 − 2𝑖 − 𝑖(−1 + 3𝑖)

= 5 − 2𝑖 = 5 − 2𝑖 + 𝑖 + 3
= 8 − 𝑖

= 5 − 2𝑖 + 𝑖 − 3 −1+ 𝑖 − 3𝑖2
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.𝑺
𝑬

𝑪
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𝑪
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𝑶
𝑶

𝑳

𝒊𝒊𝒊) 𝟐𝒛 + 𝟑𝒘

= 10 − 4𝑖

= 7 + 5𝑖

= 2(5 − 2𝑖) + 3(−1 + 3𝑖) − 3 + 9𝑖

𝒊𝒗) 𝒛𝒘

= −5

= −5 = −5 + 17𝑖 + 6

= 1 + 17𝑖

= 5 − 2𝑖 (−1 + 3𝑖) + 15𝑖 + 2𝑖 − 6𝑖2

+ 17𝑖 − 6 −1

𝑧𝑤

= 5 − 2𝑖 2 + 2 5 − 2𝑖 −1 + 3𝑖 + −1 + 3𝑖 2

𝒗) 𝒛𝟐 + 𝟐𝒛𝒘 + 𝒘𝟐

= 52 + 2𝑖 2 − 2 5 2𝑖

= 25 + 4𝑖2 − 20𝑖 + 2 + 34𝑖 + 1 + 9𝑖2 − 6𝑖

= 25

= 28 = 15

𝒗𝒊) 𝒛 + 𝒘 𝟐

= 5 − 2𝑖 − 1 + 3𝑖 2

= 4 + 𝑖 2 = 42 + 2 𝑖 4 + 𝑖2

= 16 + 8𝑖 − 1 = 15 + 8𝑖

+ 2 1 + 17𝑖 + −1 2 + 3𝑖 2 + 2 −1 3𝑖

5 − 2𝑖 −1 + 3𝑖 = 1 + 17𝑖

−1

− 4 − 20𝑖 + 2 + 34𝑖 + 1

−1

− 9 − 6𝑖

− 13 + 34𝑖 − 26𝑖 + 8𝑖

𝟐. 𝑮𝒊𝒗𝒆𝒏 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓 𝒛 = 𝟐 + 𝟑𝒊, 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙
𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒊𝒏 𝑨𝒓𝒈𝒂𝒏𝒅 𝒅𝒊𝒂𝒈𝒓𝒂𝒎. 𝒊) 𝒛, 𝒊𝒛 𝒂𝒏𝒅 𝒛 + 𝒊𝒛, 𝒊𝒊) 𝒛, −𝒊𝒛 𝒂𝒏𝒅 𝒛 − 𝒊𝒛

𝒊) 𝒛, 𝒊𝒛 𝒂𝒏𝒅 𝒛 + 𝒊𝒛

𝐺𝑖𝑣𝑒𝑛: 𝑧 = 2 + 3𝑖

𝑖𝑧 = = 2𝑖 + 3𝑖2 = −3 + 2𝑖

𝑧 + 𝑖𝑧 = = −1 + 5𝑖

𝒊𝒊) 𝒛, −𝒊𝒛 𝒂𝒏𝒅 𝒛 − 𝒊𝒛

𝐺𝑖𝑣𝑒𝑛: 𝑧 = 2 + 3𝑖

−𝑖𝑧 =

= −2𝑖 − 3𝑖2 = −2𝑖 + 3 = 3 − 2𝑖

𝑧 + −𝑖𝑧 = = 5 + 𝑖

𝑖(2 + 3𝑖)

2 + 3𝑖 − 3 + 2𝑖

−𝑖 2 + 3𝑖

2 + 3𝑖 + 3 − 2𝑖

−1

𝑅𝑒

𝐼𝑚

𝑧𝑖𝑧 −1 + 5𝑖

𝑅𝑒

𝐼𝑚

𝑧

−𝑖𝑧

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒙 𝒂𝒏𝒅 𝒚 𝒊𝒇 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔
𝟑 − 𝒊 𝒙 − 𝟐 − 𝒊 𝒚 + 𝟐𝒊 + 𝟓 𝒂𝒏𝒅 𝟐𝒙 + −𝟏 + 𝟐𝒊 𝒚 + 𝟑 + 𝟐𝒊 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍.

𝐿𝑒𝑡 𝑧1 = 3 − 𝑖 𝑥 − 2 − 𝑖 𝑦 + 2𝑖 + 5

= 3𝑥 − 𝑖𝑥 − 2𝑦 − 𝑖𝑦 + 2𝑖 + 5 68
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𝑬
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𝑺
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= 3𝑥 − 𝑖𝑥 − 2𝑦 + 𝑖𝑦 + 2𝑖 + 5 = 3𝑥 − 2𝑦 + 5

𝑧2 = 2𝑥 + −1 + 2𝑖 𝑦 + 3 + 2𝑖

= 2𝑥 − 𝑦 + 𝑖2𝑦 + 3 + 2𝑖 = 2𝑥 − 𝑦 + 3

𝐺𝑖𝑣𝑒𝑛 𝑧1 = 𝑧2

3𝑥 − 2𝑦 + 5 + 𝑖(−𝑥 + 𝑦 + 2) = 2𝑥 − 𝑦 + 3 + 𝑖(2𝑦 + 2)

+ 𝑖(−𝑥 + 𝑦 + 2)

+ 𝑖(2𝑦 + 2)

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑝𝑎𝑟𝑡

3𝑥 − 2𝑦 + 5 = 2𝑥 − 𝑦 + 3, −𝑥 + 𝑦 + 2 = 2𝑦 + 2

3𝑥 − 2𝑦 + 5 − 2𝑥 + 𝑦 − 3 = 0, −𝑥 + 𝑦 + 2 − 2𝑦 − 2 = 0

𝑥 − 𝑦 + 2 = 0
… (1)𝑥 − 𝑦 = −2

−𝑥 − 𝑦 = 0 … (2)

𝑆𝑜𝑙𝑣𝑖𝑛𝑔 1 𝑎𝑛𝑑 (2)

(1) ⟹ 𝑥 − 𝑦 = −2

(2) ⟹ −𝑥 − 𝑦 = 0

−2𝑦 = −2 ⟹ 𝑦 =
−2

−2
𝑦 = 1

𝑆𝑢𝑏 𝑦 = 1 𝑖𝑛 (1) 𝑥 − 𝑦 = −2

𝑥 − 1 = −2 𝑥 = −2 + 1 𝑥 = −1⟹

∴ 𝑥 = −1, 𝑦 = 1

⟹
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𝐏𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬 𝐨𝐟 𝐂𝐨𝐦𝐩𝐥𝐞𝐱 𝐧𝐮𝐦𝐛𝐞𝐫

1. 𝐶𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛:

𝑧1 + 𝑧2 = 𝑧2 + 𝑧1

𝑈𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛

𝑧1𝑧2 = 𝑧2𝑧1

2. 𝐴𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑢𝑛𝑑𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛:

𝑧1 + 𝑧2 + 𝑧3 = 𝑧1 + 𝑧2 + 𝑧3

𝑈𝑛𝑑𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛

𝑧1𝑧2 𝑧3 = 𝑧1 𝑧2𝑧3

3. 𝐴𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒:

𝑧 + −𝑧 = −𝑧 + 𝑧 = 0

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑤 & 𝑧.
𝑧𝑤 = 𝑤𝑧 = 1

𝑤 =
1

𝑧

4. 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑠 𝑜𝑣𝑒𝑟 𝑎𝑑𝑑𝑖𝑡𝑖𝑜𝑛:

𝑧1 𝑧2 + 𝑧3 = 𝑧1𝑧2 + 𝑧1𝑧3

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟐. 𝟑

𝟏. 𝑰𝒇 𝒛𝟏 = 𝟏 − 𝟑𝒊, 𝒛𝟐 = −𝟒𝒊 𝒂𝒏𝒅 𝒛𝟑 = 𝟓 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝒊) 𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 = 𝒛𝟏 + (𝒛𝟐 + 𝒛𝟑)

𝒊𝒊) 𝒛𝟏𝒛𝟐 𝒛𝟑 = 𝒛𝟏 𝒛𝟐𝒛𝟑

𝐺𝑖𝑣𝑒𝑛: 𝑧1 = 1 − 3𝑖, 𝑧2 = −4𝑖, 𝑧3 = 5

𝑖) 𝑧1 + 𝑧2 + 𝑧3 = 𝑧1 + (𝑧2 + 𝑧3)

𝐿. 𝐻. 𝑆

𝑍1 + 𝑍2 + 𝑍3

= 1 − 7𝑖 + 5 = 6 − 7𝑖

𝑅. 𝐻. 𝑆

𝑧1 + 𝑧2 + 𝑧3

= 1 − 3𝑖 − 4𝑖 + 5 = 6 − 7𝑖

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

= 1 − 3𝑖 − 4𝑖 + 5

= 1 − 3𝑖 + −4𝑖 + 5

𝒊𝒊) 𝒛𝟏𝒛𝟐 𝒛𝟑 = 𝒛𝟏 𝒛𝟐𝒛𝟑

𝐿. 𝐻. 𝑆

𝑧1𝑧2 𝑧3

= (

= 1 − 3𝑖 −4𝑖 (5)

= −4𝑖 + 12(−1) 5

= −4𝑖 − 12 5 = −20𝑖

−4𝑖 + 12𝑖2 ) (5)

− 60
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𝑅. 𝐻. 𝑆

𝑧1 𝑧2𝑧3 = 1 − 3𝑖 −20𝑖 = −20𝑖

= −20𝑖 + (−60) = −20𝑖 − 60

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

= (1 − 3𝑖) −4𝑖 5 + 60𝑖2

𝟐. 𝑰𝒇 𝒛𝟏 = 𝟑, 𝒛𝟐 = −𝟕𝒊 𝒂𝒏𝒅 𝒛𝟑 = 𝟓 + 𝟒𝒊 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝒊) 𝒛𝟏 𝒛𝟐 + 𝒛𝟑 = 𝒛𝟏𝒛𝟐 + 𝒛𝟏𝒛𝟑

𝒊𝒊) 𝒛𝟏 + 𝒛𝟐 𝒛𝟑 = 𝒛𝟏𝒛𝟑 + 𝒛𝟐𝒛𝟑

𝐺𝑖𝑣𝑒𝑛: 𝑧1 = 3, 𝑧2 = −7𝑖, 𝑧3 = 5 + 4𝑖

𝒊) 𝒛𝟏 𝒛𝟐 + 𝒛𝟑 = 𝒛𝟏𝒛𝟐 + 𝒛𝟏𝒛𝟑

𝐿. 𝐻. 𝑆

𝑧1 𝑧2 + 𝑧3

= 3(5 − 3𝑖) = 15 − 9𝑖

𝑅. 𝐻. 𝑆

𝑧1𝑧2 + 𝑧1𝑧3

= 15 − 9𝑖

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

= 3(−7𝑖 + 5 + 4𝑖)

= 3 −7𝑖 + 3(5 + 4𝑖)

= −21𝑖 + 15 + 12𝑖

= 15

𝒊𝒊) 𝒛𝟏 + 𝒛𝟐 𝒛𝟑 = 𝒛𝟏𝒛𝟑 + 𝒛𝟐𝒛𝟑

𝐿. 𝐻. 𝑆

𝑧1 + 𝑧2 𝑧3

= 15

= 15 − 23𝑖 + 28 = 43 − 23𝑖
𝑅. 𝐻. 𝑆

𝑧1𝑧3 + 𝑧2𝑧3

= 15

= 15

= 15 − 23𝑖 + 28 = 43 − 23𝑖

= 3 − 7𝑖 5 + 4𝑖

= 3 5 + 4𝑖 + (−7𝑖)(5 + 4𝑖)

𝐿. 𝐻. 𝑆 = 𝑅. 𝐻. 𝑆

+ 12𝑖 − 28𝑖2− 35𝑖

− 23𝑖 − 28 −1

+ 12𝑖 − 35𝑖 − 28𝑖2

− 23𝑖 − 28(−1)

𝟑. 𝑰𝒇 𝒛𝟏 = 𝟐 + 𝟓𝒊, 𝒛𝟐 = −𝟑 − 𝟒𝒊 , 𝒛𝟑 = 𝟏 + 𝒊 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒅𝒅𝒊𝒕𝒊𝒗𝒆
𝒂𝒏𝒅 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒗𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒛𝟏𝒛𝟐 𝒂𝒏𝒅 𝒛𝟑

𝑧1 = 2 + 5𝑖

𝐴𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑧1 𝑖𝑠 − 2 − 5𝑖

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑧1 𝑖𝑠
1

𝑧1
= =

2 − 5𝑖

2 + 5𝑖 2 − 5𝑖

1

2 + 5𝑖

𝑎 + 𝑖𝑏 𝑎 − 𝑖𝑏 = 𝑎2 + 𝑏2
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𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

=
2 − 5𝑖

22 + 52
=

2 − 5𝑖

4 + 25
=

2 − 5𝑖

29

𝑧2 = −3 − 4𝑖

𝐴𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑧2 𝑖𝑠 3 + 4𝑖

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑧2 𝑖𝑠
1

𝑧2
= =

1

−(3 + 4𝑖)

=
−1

3 + 4𝑖
×

3 − 4𝑖

3 − 4𝑖

1

−3 − 4𝑖

=
−1 3 − 4𝑖

3 + 4𝑖 3 − 4𝑖

=
−3 + 4𝑖

32 + 42
=

−3 + 4𝑖

9 + 16
=

−3 + 4𝑖

25
z3 = 1 + 𝑖

𝐴𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑧3 𝑖𝑠 − 1 − 𝑖.

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑧3 𝑖𝑠
1

𝑧3
=

=
1

1 + 𝑖
×

1 − 𝑖

1 − 𝑖
=

1 − 𝑖

1 + 𝑖 1 − 𝑖

=
1 − 𝑖

12 + 12
=

1 − 𝑖

2

1

1 + 𝑖
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟑: 𝑾𝒓𝒊𝒕𝒆
𝟑 + 𝟒𝒊

𝟓 − 𝟏𝟐𝒊
𝒊𝒏 𝒕𝒉𝒆 𝒙 + 𝒊𝒚 𝒇𝒐𝒓𝒎 𝒉𝒆𝒏𝒄𝒆 𝒇𝒊𝒏𝒅 𝒊𝒕𝒔 𝒓𝒆𝒂𝒍

𝒂𝒏𝒅 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕

3 + 4𝑖

5 − 12𝑖
=

3 + 4𝑖 5 + 12𝑖

5 − 12𝑖 5 + 12𝑖

=
52 + 122

×
5 + 12𝑖

5 + 12𝑖

15 + 36𝑖 + 20𝑖 + 48𝑖2

𝑎 + 𝑖𝑏 𝑎 − 𝑖𝑏 = 𝑎2 + 𝑏2

=
15 + 36𝑖 + 20𝑖 + 48 −1

25 + 144

=
56𝑖 − 33

169
=

56𝑖

169
−

33

169

𝑥 + 𝑖𝑦 =
−33

169
+ 𝑖

56

169

=
15 + 56𝑖 − 48

169

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟐. 𝟒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟒: 𝑺𝒊𝒎𝒑𝒍𝒊𝒇𝒚:
𝟏 + 𝒊

𝟏 − 𝒊

𝟑

−
𝟏 − 𝒊

𝟏 + 𝒊

𝟑

𝑇𝑎𝑘𝑒:
1 + 𝑖

1 − 𝑖
=

1 + 𝑖 1 + 𝑖

1 − 𝑖 1 + 𝑖
=

1 + 𝑖 2

12 + 12

=
2𝑖

2
= 12 + 2 1 𝑖 + 𝑖2

1 + 1
=

1 + 2𝑖 − 1

2
= 𝑖

1 − 𝑖

1 + 𝑖
=

1 − 𝑖 1 − 𝑖

1 + 𝑖 1 − 𝑖
=

1 − 𝑖 2

12 + 12

=
−2𝑖

2
=

12 − 2 1 𝑖 + 𝑖2

1 + 1
=

1 − 2𝑖 − 1

2
= −𝑖

1 + 𝑖

1 − 𝑖

3

−
1 − 𝑖

1 + 𝑖

3

= = −𝑖 − −𝑖 3 = −𝑖 − − −𝑖

= −𝑖 − 𝑖 = −2𝑖

𝑖3 − −𝑖 3

𝑎 + 𝑖𝑏 𝑎 − 𝑖𝑏 = 𝑎2 + 𝑏2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟓: 𝑰𝒇
𝒛 + 𝟑

𝒛 − 𝟓𝒊
=

𝟏 + 𝟒𝒊

𝟐
, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓 𝒛

𝑧 + 3

𝑧 − 5𝑖
=

1 + 4𝑖

2
2 𝑧 + 3 = 1 + 4𝑖 𝑧 − 5𝑖

2𝑧 + 6 2𝑧 + 6 = 𝑧 − 5𝑖 + 4𝑖𝑧 − 20 −1

2𝑧 + 6 = 𝑧 − 5𝑖 + 4𝑖𝑧 + 20 2𝑧 − 𝑧 = −5𝑖 + 4𝑖𝑧 + 20 − 6

𝑧 = −5𝑖 + 4𝑖𝑧 + 14 𝑧 − 4𝑖𝑧 = −5𝑖 + 14

𝑧 1 − 4𝑖 = −5𝑖 + 14 ⟹

= 𝑧 − 5𝑖 + 4𝑖𝑧 − 20𝑖2

𝑧 =
−5𝑖 + 4

1 − 4𝑖

⟹

⟹

⟹

⟹
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

=
34 + 51𝑖

17

𝑧 =
−5𝑖 + 14 1 + 4𝑖

1 − 4𝑖 1 + 4𝑖
=

−5𝑖

12 + 42

=
20 + 14 + 51𝑖

1 + 16

𝑧 =
34

17
+

51𝑖

17

− 20𝑖2+ 14+ 56𝑖

⟹ 𝑧 = 2 + 3𝑖

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟔: 𝑰𝒇 𝒛𝟏 = 𝟑 − 𝟐𝒊 𝒂𝒏𝒅 𝒛𝟐 = 𝟔 + 𝟒𝒊 𝒇𝒊𝒏𝒅
𝒛𝟏

𝒛𝟐
𝐺𝑖𝑣𝑒𝑛: 𝑧1 = 3 − 2𝑖, 𝑧2 = 6 + 4𝑖

𝑧1

𝑧2
=

3 − 2𝑖

6 + 4𝑖

=
10 − 24𝑖

52
=

10

52
−

24

52
𝑖 =

5

26
−

6

13
𝑖

=
3 − 2𝑖 6 − 4𝑖

6 + 4𝑖 6 − 4𝑖
=

62 + 42

=
18 − 24𝑖 + 8(−1)

36 + 16
=

18 − 24𝑖 − 8

52

18 − 12𝑖 − 12𝑖 + 8𝑖2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟕: 𝑭𝒊𝒏𝒅 𝒛−𝟏, 𝒊𝒇 𝒛 = 𝟐 + 𝟑𝒊 𝟏 − 𝒊

𝑍 = 2 + 3𝑖 1 − 𝑖

= 2 + 3𝑖 − 2𝑖 − 3 −1

= 2 + 𝑖 + 3

𝑧 = 5 + 𝑖

𝑧−1
=

1

5 + 𝑖

=
1 5 − 𝑖

5 + 𝑖 5 − 𝑖
=

5 − 𝑖

52 + 12
=

5 − 𝑖

25 + 1

=
5 − 𝑖

26

= 2 + 3𝑖− 2𝑖 − 3𝑖2

=
1

𝑧

=
5

26
− 𝑖

1

26

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟖 ∶ 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊) 𝟐 + 𝒊 𝟑
𝟏𝟎

+ 𝟐 − 𝒊 𝟑
𝟏𝟎

𝒊𝒔 𝒓𝒆𝒂𝒍

𝒊𝒊)
𝟏𝟗 + 𝟗𝒊

𝟓 − 𝟑𝒊

𝟏𝟓

−
𝟖 + 𝒊

𝟏 + 𝒊

𝟏𝟓

𝒊𝒔 𝒑𝒖𝒓𝒆𝒍𝒚 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚.

𝒊) 𝟐 + 𝒊 𝟑
𝟏𝟎

+ 𝟐 − 𝒊 𝟑
𝟏𝟎

𝑧 = 2 + 𝑖 3
10

+ 2 − 𝑖 3
10

= 2 + 𝑖 3
10

+ 2 − 𝑖 3
10

𝐿𝑒𝑡 𝑧 = 2 + 𝑖 3
10

+ 2 − 𝑖 3
10 𝑧1 + 𝑧2 = 𝑧1 + 𝑧2

𝑧 𝑖𝑠 𝑝𝑢𝑟𝑒𝑙𝑦 𝑟𝑒𝑎𝑙 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑧 = 𝑧

𝑧 = 2 − 𝑖 3
10

+ 2 + 𝑖 3
10
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B
L
U

E
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T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑧 = 2 + 𝑖 3
10

+ 2 − 𝑖 3
10

𝑧 = 𝑧 𝑖𝑠 𝑎 𝑟𝑒𝑎𝑙

𝒊𝒊)
𝟏𝟗 + 𝟗𝒊

𝟓 − 𝟑𝒊

𝟏𝟓

−
𝟖 + 𝒊

𝟏 + 𝟐𝒊

𝟏𝟓

𝐿𝑒𝑡 𝑧 =
19 + 9𝑖

5 − 3𝑖

15

−
8 + 𝑖

1 + 𝑖

15

19 + 9𝑖

5 − 3𝑖
=

19 + 9𝑖 5 + 3𝑖

5 − 3𝑖 5 + 3𝑖
=

52 + 32

=
68

34
+

102𝑖

34
= 2 + 3𝑖

=
95 + 102𝑖 + 27(−1)

25 + 9
=

95 + 102𝑖 − 27

34

=
68 + 102𝑖

34

2 3

95 + 57𝑖 + 45𝑖 + 27𝑖2

19 + 9𝑖

5 − 3𝑖
= 2 + 3𝑖

𝑧 𝑖𝑠 𝑝𝑢𝑟𝑒𝑙𝑦 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑧 = −𝑧

8 + 𝑖

1 + 2𝑖
=

8 + 𝑖 1 − 2𝑖

1 + 2𝑖 1 − 2𝑖
=

12 + 22

=
10

5
−

15𝑖

5
=

8 − 16𝑖 + 𝑖 − 2(−1)

1 + 4
=

8 − 15𝑖 + 2

5
=

10 − 15𝑖

5

2 3

8 − 16𝑖 + 𝑖 − 2𝑖2

𝑧 =
19 + 9𝑖

5 − 3𝑖

15

−
8 + 𝑖

1 + 𝑖

15

𝑧 = 2 + 3𝑖 15 − 2 − 3𝑖 15

8 + 𝑖

1 + 2𝑖
= 2 − 3𝑖

= 2 + 3𝑖 15 − 2 − 3𝑖 15

𝑧 = 2 − 3𝑖 15 − 2 + 3𝑖 15

𝑧 = 2 + 3𝑖 15 − 2 − 3𝑖 15

⟹ −𝑧 = − 2 − 3𝑖 15 + 2 + 3𝑖 15

−𝑧 = 2 + 3𝑖 15 − 2 − 3𝑖 15

−𝑧 = 𝑧 𝑖𝑠 𝑝𝑢𝑟𝑒𝑙𝑦 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦.

𝒊) 𝟓 + 𝟗𝐢 + 𝟐 − 𝟒𝒊

= 5 + 9i + 2 − 4𝑖 = 5 + 9𝑖 + 2 − 4𝑖

= 5 − 9𝑖 = 7 − 5𝑖

𝟏. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒆𝒄𝒕𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒇𝒐𝒓𝒎:

+ 2 + 4𝑖

𝑧1 + 𝑧2 = 𝑧1 + 𝑧2
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

10 − 5𝑖

6 + 2𝑖
=

10 − 5𝑖 6 − 2𝑖

6 + 2𝑖 6 − 2𝑖
=

62 + 22

=
60 − 50𝑖 − 10

36 + 4
=

50 − 50𝑖

40

=
50(1 − 𝑖)

40

𝒊𝒊)
𝟏𝟎 − 𝟓𝒊

𝟔 + 𝟐𝒊

60 − 20𝑖 − 30𝑖 + 10𝑖2

=
5

4
1 − 𝑖 =

5

4
−

5

4
𝑖

𝒊𝒊𝒊) 𝟑𝒊 +
𝟏

𝟐 − 𝒊

3𝑖 +
1

2 − 𝑖
= −3𝑖 +

1

2 − 𝑖

= −3𝑖 +

= −3𝑖 +
2 + 𝑖

22 + 12 = −3𝑖 +
2 + 𝑖

5

=
−14𝑖 + 2

5

2 + 𝑖

2 − 𝑖 2 + 𝑖

=
−15𝑖 + 2 + 𝑖

5
=

2

5
−

14

5
𝑖

𝟐. 𝑰𝒇 𝒛 = 𝒙 + 𝒊𝒚, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊𝒏 𝒓𝒆𝒄𝒕𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒇𝒐𝒓𝒎.

𝒊) 𝑹𝒆
𝟏

𝒛

𝑧 = 𝑥 + 𝑖𝑦

𝑅𝑒 𝑧 = 𝑥, 𝐼𝑚 𝑧 = 𝑦

1

𝑧
=

=
𝑥 − 𝑖𝑦

𝑥2 + 𝑦2

1

𝑧
=

𝑥

𝑥2 + 𝑦2
−

𝑖𝑦

𝑥2 + 𝑦2

𝑅𝑒
1

𝑧
=

𝑥

𝑥2 + 𝑦2

1

𝑥 + 𝑖𝑦

=
𝑥 − 𝑖𝑦

𝑥 + 𝑖𝑦 𝑥 − 𝑖𝑦

𝒊𝒊) 𝑹𝒆 𝒊𝒛

𝑧 = 𝑥 + 𝑖𝑦

𝑖𝑧 = 𝑖 𝑥 + 𝑖𝑦 = 𝑖𝑥 + 𝑖2𝑦
−1
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𝑯
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𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑖𝑧 = 𝑖𝑥 − 𝑦 ⟹ 𝑖𝑧 = −𝑦 + 𝑖𝑥

𝑅𝑒 𝑖𝑧 = −𝑦

𝒊𝒊𝒊) 𝑰𝒎 𝟑𝒛 + 𝟒𝒛 − 𝟒𝒊
𝑧 = 𝑥 + 𝑖𝑦

3𝑧 + 4𝑧 − 4𝑖 =

= 3 𝑥 + 𝑖𝑦 + 4

= 3𝑥 + 𝑖3𝑦

= 7𝑥 = 7𝑥

3 𝑥 + 𝑖𝑦 + 4 𝑥 + 𝑖𝑦 − 4𝑖

𝑥 − 𝑖𝑦 − 4𝑖

+ 4𝑥 − 𝑖4𝑦− 4𝑖

− 𝑖𝑦 − 4𝑖 − 𝑖 𝑦 + 4
3𝑧 + 4𝑧 − 4𝑖 = 7𝑥 − 𝑖 𝑦 + 4

𝐼𝑚 3𝑧 + 4𝑧 − 4𝑖 = − 𝑦 + 4

𝟑. 𝑰𝒇 𝒛𝟏 = 𝟐 − 𝒊, 𝒛𝟐 = −𝟒 + 𝟑𝒊, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒛𝟏𝒛𝟐 𝒂𝒏𝒅
𝒛𝟏

𝒛𝟐
𝐺𝑖𝑣𝑒𝑛: 𝑧1 = 2 − 𝑖, 𝑧2 = −4 + 3𝑖

𝑧1𝑧2 = 2 − 𝑖 −4 + 3𝑖

= −8 + 10𝑖 + 3 = −5 + 10𝑖

𝑧1𝑧2 = − 5 − 10𝑖

𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑧1𝑧2

1

𝑧1𝑧2
=

1

− 5 − 10𝑖
=

−1

5 − 10𝑖

=
−5 − 10𝑖

52 + 102

=
−1 5 + 10𝑖

5 − 10𝑖 5 + 10𝑖

=
−5 − 10𝑖

25 + 100
=

−5 − 10𝑖

125

= −8 + 6𝑖 + 4𝑖 − 3𝑖2

=
−5

125
−

10𝑖

125

2

25 25

=
−1

25
−

2

25
𝑖

𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓
𝑧1

𝑧2

𝑧1

𝑧2

−1

=
−4 + 3𝑖

2 − 𝑖

=
−11 + 2𝑖

5
=

−11

5
+

2

5
𝑖

=
−4 + 3𝑖 2 + 𝑖

2 − 𝑖 2 + 𝑖

=
22 + 12

=
𝑧2

𝑧1

−8 − 4𝑖 + 6𝑖 + 3𝑖2
=

4 + 1

−8 + 2𝑖 − 3
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𝑯
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.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟒. 𝑻𝒉𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒖, 𝒗 𝒂𝒏𝒅 𝒘 𝒂𝒓𝒆 𝒓𝒆𝒍𝒂𝒕𝒆𝒅 𝒃𝒚
𝟏

𝒖
=

𝟏

𝒗
+

𝟏

𝒘
,

𝒊𝒇 𝒗 = 𝟑 − 𝟒𝒊 𝒂𝒏𝒅 𝒘 = 𝟒 + 𝟑𝒊. 𝒇𝒊𝒏𝒅 𝒖 𝒊𝒏 𝒓𝒆𝒄𝒕𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒇𝒐𝒓𝒎

1

𝑢
=

1

𝑣
+

1

𝑤
𝑢 =

𝑣𝑤

𝑤 + 𝑣

=
24 − 7𝑖

7 − 𝑖

𝑢 =
3 − 4𝑖 4 + 3𝑖

4 + 3𝑖 + 3 − 4𝑖
=

7 − 𝑖

1

𝑢
=

𝑤 + 𝑣

𝑤𝑣

12 + 9𝑖 − 16𝑖 − 12𝑖2

=
7 − 𝑖

12 − 7𝑖 + 12

⟹ ⟹

𝑢 =
24 − 7𝑖 7 + 𝑖

7 − 𝑖 7 + 𝑖 =
72 + 12

168 + 24𝑖 − 49𝑖 − 7𝑖2

=
49 + 1

168 − 25𝑖 + 7

=
175

50
−

25

50
𝑖

𝑢 =
7

2
−

1

2
𝑖

=
175 − 25𝑖

50 2

7

2

𝒊) 𝒛 𝒊𝒔 𝒓𝒆𝒂𝒍 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇 𝒛 = 𝒛

𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦, 𝑧 = 𝑥 − 𝑖𝑦

𝑧 = 𝑧
𝑥 + 𝑖𝑦 = 𝑥 − 𝑖𝑦
𝑥 + 𝑖𝑦 − 𝑥 + 𝑖𝑦 = 0

𝑖2𝑦 = 0 𝑦 = 0

𝑧 = 𝑥 + 𝑖𝑦 𝑧 = 𝑥 + 0

𝑧 = 𝑥
𝑧 𝑖𝑠 𝑟𝑒𝑎𝑙

⟹

⟹

𝟓. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒑𝒓𝒐𝒑𝒆𝒓𝒕𝒊𝒆𝒔:

𝒊𝒊) 𝑹𝒆 𝒛 =
𝒛 + 𝑧

𝟐
𝒂𝒏𝒅 𝑰𝒎 𝒛 =

𝒛 − 𝑧

𝟐𝒊
𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦, 𝑧 = 𝑥 − 𝑖𝑦

𝑧 + 𝑧 =

𝑧 + 𝑧 = 2𝑥
𝑧 + 𝑧

2
=

2𝑥

2
= 𝑥

𝑧 + 𝑧

2
= 𝑅𝑒 𝑧

⟹

𝑥 + 𝑖𝑦 + 𝑥 − 𝑖𝑦

𝑰𝒎 𝒛 =
𝒛 − 𝑧

𝟐𝒊

𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦, 𝑧 = 𝑥 − 𝑖𝑦
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E
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A
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑧 − 𝑧 =

𝑧 − 𝑧 = 2𝑖𝑦
𝑧 − 𝑧

2𝑖
=

2𝑖𝑦

2𝑖
= 𝑦

𝑧 − 𝑧

2𝑖
= 𝐼𝑚 𝑧

⟹

𝑥 + 𝑖𝑦 − 𝑥 + 𝑖𝑦

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒂𝒔𝒕 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒘𝒐 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒏 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝟑 + 𝒊
𝒏

𝒊) 𝑹𝒆𝒂𝒍 𝒊𝒊) 𝑷𝒖𝒓𝒆𝒍𝒚 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚.

3 + 𝑖
2

3
2

+ 2 3 𝑖 + 𝑖23 + 𝑖
2

= = 3 + 2 3𝑖 − 1

= 2 + 2 3𝑖

3 + 𝑖
3

= 8𝑖 𝑖𝑠 𝑝𝑢𝑟𝑒𝑙𝑦 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 ∴ 𝐿𝑒𝑎𝑠𝑡 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑛 𝑖𝑠 3.

3 + 𝑖
3

3 + 𝑖
3

=

3 + 𝑖
6

= 64𝑖2
= −64 𝑖𝑠 𝑟𝑒𝑎𝑙

∴ 𝑇ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑛 𝑖𝑠 6.

8𝑖 8𝑖

= 64 −1

3 + 𝑖
2

= 2 1 + 3𝑖

3 + 𝑖
3

= 3 + 𝑖
2

3 + 𝑖

3 + 𝑖
3

= 2 3 + 𝑖 + 3𝑖 + 3𝑖2 = 2 3 + 𝑖 + 3𝑖 − 3

= 2 𝑖 + 3𝑖

3 + 𝑖
3

= 2 4𝑖

𝒊𝒊)
𝟏𝟗 − 𝟕𝒊

𝟗 + 𝒊

𝟏𝟐

+
𝟐𝟎 − 𝟓𝒊

𝟕 − 𝟔𝒊
𝒊𝒔 𝒓𝒆𝒂𝒍.

⟹

3 + 𝑖
3

= 2 1 + 3𝑖 3 + 𝑖⟹

𝟕. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊) 𝟐 + 𝒊 𝟑
𝟏𝟎

− 𝟐 − 𝒊 𝟑
𝟏𝟎

𝒊𝒔 𝒑𝒖𝒓𝒆𝒍𝒚 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚.

𝐿𝑒𝑡 𝑧 = 2 + 𝑖 3
10

− 2 − 𝑖 3
10

𝑧 = 2 + 𝑖 3
10

− 2 − 𝑖 3
10

= 2 + 𝑖 3
10

− 2 − 𝑖 3
10

𝑧 = 2 − 𝑖 3
10

− 2 + 𝑖 3
10

−𝑧 = − 2 − 𝑖 3
10

+ 2 + 𝑖 3
10

−𝑧 = 2 + 𝑖 3
10

− 2 − 𝑖 3
10

−𝑧 = 𝑧

𝑧 = −𝑧

𝑧1 − 𝑧2 = 𝑧1 − 𝑧2

𝒊𝒔 𝒑𝒖𝒓𝒆𝒍𝒚 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚

⟹

⟹

𝐿𝑒𝑡 𝑧 =
19 − 7𝑖

9 + 𝑖

12

+
20 − 5𝑖

7 − 6𝑖

12

𝑇𝑎𝑘𝑒:
19 − 7𝑖

9 + 𝑖
=

19 − 7𝑖 9 − 𝑖

9 + 𝑖 9 − 𝑖
=

92 + 12

−1

171 − 19𝑖 − 63𝑖 + 7𝑖2

𝑧 𝑖𝑠 𝑝𝑢𝑟𝑒𝑙𝑦 𝑟𝑒𝑎𝑙 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑧 = 𝑧
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𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

=
164

82
−

82

82
𝑖=

171 − 82𝑖 − 7

81 + 1
=

164 − 82𝑖

82

2

= 2 − 𝑖

19 − 7𝑖

9 + 𝑖
= 2 − 𝑖

𝑇𝑎𝑘𝑒:
20 − 5𝑖

7 − 6𝑖
=

20 − 5𝑖 7 + 6𝑖

7 − 6𝑖 7 + 6𝑖
=

72 + 62

−1

140 + 120𝑖 − 35𝑖 − 30𝑖2

𝑧 =
19 − 7𝑖

9 + 𝑖

12

+
20 − 5𝑖

7 − 6𝑖

12

=
140 + 120𝑖 − 35𝑖 + 30

49 + 36
=

170 + 85𝑖

85
=

170

85
+

85

85
𝑖

2

= 2 + 𝑖

20 − 5𝑖

7 − 6𝑖
= 2 + 𝑖

𝑧 = 2 − 𝑖 12 + 2 + 𝑖 12

𝑧 = 2 − 𝑖 12 + 2 + 𝑖 12 = 2 − 𝑖 12 + 2 + 𝑖 12

𝑧 = 2 + 𝑖 12 + 2 − 𝑖 12 𝑧 = 2 − 𝑖 12 + 2 + 𝑖 12 = 𝑧

𝑧 = 𝑧 𝑖𝑠 𝑎 𝑟𝑒𝑎𝑙

⟹
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𝑳
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E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟗: 𝑰𝒇 𝒛𝟏 = 𝟑 + 𝟒𝒊, 𝒛𝟐 = 𝟓 − 𝟏𝟐𝒊 𝒂𝒏𝒅 𝒛𝟑 = 𝟔 + 𝟖𝒊 𝒇𝒊𝒏𝒅
𝒛𝟏 , 𝒛𝟐 , 𝒛𝟑 , 𝒛𝟏 + 𝒛𝟐 , 𝒛𝟐 − 𝒛𝟑 , 𝒛𝟏 + 𝒛𝟑

𝐺𝑖𝑣𝑒𝑛: 𝑧1 = 3 + 4𝑖, 𝑧2 = 5 − 12𝑖, 𝑧3 = 6 + 8𝑖

𝑧1 = 3 + 4𝑖

𝑧1 = 5

𝑧2 = 5 − 12𝑖

𝑧2 = 13

𝑧3 = 6 + 8𝑖 =

𝑧3 = 10

= 32 + 42 = 9 + 16 = 25

= 52 + −12 2 = 25 + 144 = 169

62 + 8 2 = 36 + 64 = 100

𝑧1 + 𝑧2 =

= 8 − 8𝑖 = 82 + −8 2 = 128

3 + 4𝑖 + 5 − 12𝑖

= 64 + 64

= 64 × 2 = 8 2

𝑧1 + 𝑧2 = 8 2

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟐. 𝟓

𝑧2 − 𝑧3 =

= 5 − 12𝑖 − 6 − 8𝑖 = −1 − 20𝑖

= −1 2 + −20 2 = 1 + 400

|5 − 12𝑖 − |6 + 8𝑖

= 401

𝑧2 − 𝑧3 = 401

𝑧1 − 𝑧3 = = 9 + 12𝑖

= 92 + 122 = 81 + 144 = 225

3 + 4𝑖 + 6 + 8𝑖

𝑧1 − 𝑧3 = 15

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟎: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊)
𝟐 + 𝒊

−𝟏 + 𝟐𝒊

𝒊𝒊) 𝟏 + 𝒊 𝟐 + 𝟑𝒊 𝟒𝒊 − 𝟑 𝒊𝒊𝒊)
𝒊 𝟐 + 𝒊 𝟑

𝟏 + 𝒊 𝟐

𝑖)
2 + 𝑖

−1 + 2𝑖

2 + 𝑖

−1 + 2𝑖
=

𝑧1

𝑧2
=

𝑧1

𝑧2
=

=
5

5
=

4 + 1

1 + 4
= 1

2 + 𝑖

−1 + 2𝑖

22 + 12

−1 2 + 2 2
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𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝒊𝒊) 𝟏 + 𝒊 𝟐 + 𝟑𝒊 𝟒𝒊 − 𝟑

= 1 + 𝑖 2 + 3𝑖 4𝑖 − 3

= 1 − 𝑖 2 + 3𝑖 4𝑖 − 3

𝑧1𝑧2 = 𝑧1 𝑧2

𝑖 2 + 𝑖 3

1 + 𝑖 2

𝒊𝒊𝒊)
𝒊 𝟐 + 𝒊 𝟑

𝟏 + 𝒊 𝟐

𝑧1

𝑧2
=

𝑧1

𝑧2

𝑧𝑛 = 𝑧 𝑛

=
𝑖 2 + 𝑖 3

1 + 𝑖 2

=
1 4 + 1

3

1 + 1
2 =

5 5

2

=
𝑖 2 + 𝑖 3

1 + 𝑖 2

=
12 22 + 12

3

12 + 12
2

=
5

3

2
2 =

5 × 5 × 5

2 × 2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟏: 𝑾𝒉𝒊𝒄𝒉 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒊𝒔 𝒊, −𝟐 + 𝒊 𝒂𝒏𝒅 𝟑 𝒊𝒔 𝒇𝒂𝒓𝒕𝒉𝒆𝒔𝒕
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏.

𝑖 = 12 = 1

−2 + 𝑖 = −2 2 +12 = 4 + 1 = 5

3 = 32 = 3

𝑇ℎ𝑒 𝑓𝑎𝑟𝑡ℎ𝑒𝑠𝑡 𝑝𝑜𝑖𝑛𝑡 𝑓𝑟𝑜𝑚 𝑜𝑟𝑔𝑖𝑛 𝑖𝑠 3.

𝑅𝑒

𝐼𝑚

0 1 2 3 4 5−1−2−3−4

1

2

3

4

−1

−2

−3

𝑖

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟐: 𝑰𝒇 𝒛𝟏, 𝒛𝟐 𝒂𝒏𝒅 𝒛𝟑 𝒂𝒓𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕

𝒛𝟏 = 𝒛𝟐 = 𝒛𝟑 = 𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 = 𝟏, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇
𝟏

𝒛𝟏
+

𝟏

𝒛𝟐
+

𝟏

𝒛𝟑

𝑧1 = 1 ⟹ 𝑧1
2 = 1

𝑧1𝑧1 = 1 𝑧1 =
1

𝑧1

⟹

𝑧2 = 1 ⟹ 𝑧2
2 = 1

𝑧2𝑧2 = 1 𝑧2 =
1

𝑧2

⟹

𝑧3 = 1 ⟹ 𝑧3
2 = 1

𝑧3𝑧3 = 1 𝑧3 =
1

𝑧3
⟹

1

𝑧1
+

1

𝑧2
+

1

𝑧3
= 𝑧1 + 𝑧2 + 𝑧3 = 𝑧1 + 𝑧2 + 𝑧3

𝑧1 + 𝑧2 = 𝑧1 + 𝑧2

𝑧 = 𝑧

= 1 + 𝑖 2 + 3𝑖 4𝑖 − 3

= 1 + 𝑖 2 + 3𝑖 4𝑖 − 3 = 12 + 12

= 1 + 1

22 + 32 42 + −3 2

4 + 9 16 + 9 = 2 × 13 × 25

= 2 × 13 × 5 = 5 26

𝑧 = 𝑧
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𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

1

𝑧1
+

1

𝑧2
+

1

𝑧3
= 𝑧1 + 𝑧2 + 𝑧3 = 1 𝑧 2 = 𝑧𝑧

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟑: 𝑰𝒇 𝒛 = 𝟐, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟑 ≤ 𝒛 + 𝟑 + 𝟒𝒊 ≤ 𝟕
𝑧 + 3 + 4𝑖 ≤ 𝑧 + 3 + 4𝑖

𝑧1 + 𝑧2 ≤ 𝑧1 + 𝑧2
𝑧1 𝑧2 ≤ 2

𝑥 + 𝑖𝑦 = 𝑥2 + 𝑦2

+ 32 + 42

≤ 2 + 25

≤ 2 + 5

𝑧 + 3 + 4𝑖 ≤ 7 … 1 𝑧1 − 𝑧2 ≥ 𝑧1 − 𝑧2

𝑧 + 3 + 4𝑖 ≥ 𝑧 − 3 + 4𝑖

≥ 2 − 32 + 42

≥ 2 − 9 + 16

≥ 2 − 25

≥ 2 − 5

𝑧 + 3 + 4𝑖 ≥ −3

𝑧 + 3 + 4𝑖 ≥ 3 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2 3 ≤ 𝑧 + 3 + 4𝑖 ≤ 7

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟒: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟏, −
𝟏

𝟐
+ 𝒊

𝟑

𝟐
𝒂𝒏𝒅 −

𝟏

𝟐
− 𝒊

𝟑

𝟐
𝒂𝒓𝒆

𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒐𝒇 𝒂𝒏 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆

𝑅𝑒

𝐼𝑚

𝑧1

𝑧2

𝑧3

−
1

2
+ 𝑖

3

2

−
1

2
− 𝑖

3

2

1

𝐿𝑒𝑡 𝑧1 = 1, 𝑧2 = −
1

2
+ 𝑖

3

2
, 𝑧3 = −

1

2
− 𝑖

3

2

𝑧1 − 𝑧2 = 1 − −
1

2
+ 𝑖

3

2
= 1 +

1

2
− 𝑖

3

2

=
3

2
− 𝑖

3

2
=

3

2

2

+ −
3

2

2

=
9

4
+

3

4
=

12

4

𝑧1 − 𝑧2 = 3

𝑧2 − 𝑧3 = −
1

2
+ 𝑖

3

2
− −

1

2
− 𝑖

3

2

= −
1

2
+ 𝑖

3

2
+

1

2
+ 𝑖

3

2
= 𝑖

3

2
+ 𝑖

3

2
=

2 𝑖 3

2

= 𝑖 3 = 3
2

𝑧2 − 𝑧3 = 3
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑧3 − 𝑧1 = −
1

2
− 𝑖

3

2
− 1 = −

3

2
− 𝑖

3

2
= −

3

2

2

+ −
3

2

2

=
9

4
+

3

4
=

12

4

𝑧3 − 𝑧1 = 3

𝑧1 − 𝑧2 = 𝑧2 − 𝑧3 = 𝑧3 − 𝑧1

∴ 𝐺𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡𝑠 𝑓𝑜𝑟𝑚 𝑎 𝑒𝑞𝑢𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟓: 𝑳𝒆𝒕 𝒛𝟏, 𝒛𝟐 𝒂𝒏𝒅 𝒛𝟑 𝒃𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕
𝒛𝟏 = 𝒛𝟐 = 𝒛𝟑 = 𝒓 > 𝟎 𝒂𝒏𝒅 𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 ≠ 𝟎 .

𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕
𝒛𝟏𝒛𝟐 + 𝒛𝟐𝒛𝟑 + 𝒛𝟑𝒛𝟏

𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑

𝑧1 = 𝑧2 = 𝑧3 = 𝑟

𝑧1 = 𝑟 ⟹ 𝑧1
2 = 𝑟2

𝑧1𝑧1 = 𝑟2 𝑧1 =
𝑟2

𝑧1
⟹

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦

𝑧2 =
𝑟2

ഥ𝑧2
, 𝑧3 =

𝑟2

ഥ𝑧3

𝑧1 + 𝑧2 + 𝑧3=
𝑟2

𝑧1
+

𝑟2

𝑧2
+

𝑟2

𝑧3

𝑧 2 = 𝑧𝑧

𝑧1 + 𝑧2 = 𝑧1 + 𝑧2

𝑧 = 𝑧

𝑧1 + 𝑧2 + 𝑧3 = 𝑟2
1

𝑧1
+

1

𝑧2
+

1

𝑧3

𝑧1 + 𝑧2 + 𝑧3 = 𝑟2

𝑧1 𝑧2 𝑧3

𝑧2 𝑧3 + 𝑧1 𝑧3 + 𝑧1 𝑧2

𝑧1

𝑧2
=

𝑧1

𝑧2

𝑧1 + 𝑧2 + 𝑧3= 𝑟2
𝑧2𝑧3 + 𝑧1𝑧3 + 𝑧1𝑧2

𝑧1𝑧2𝑧3

𝑧1 + 𝑧2 + 𝑧3 = 𝑟2
𝑧2𝑧3 + 𝑧1𝑧3 + 𝑧1𝑧2

𝑧1𝑧2𝑧3

= 𝑟2
𝑧2𝑧3 + 𝑧1𝑧3 + 𝑧1𝑧2

𝑧1𝑧2𝑧3

𝑧1 + 𝑧2 + 𝑧3 = 𝑟2
𝑧2𝑧3 + 𝑧1𝑧3 + 𝑧1𝑧2

𝑧1𝑧2𝑧3
𝑧 = z

𝑧1 + 𝑧2 + 𝑧3 = 𝑟2
𝑧2𝑧3 + 𝑧1𝑧3 + 𝑧1𝑧2

𝑧1 𝑧2 𝑧3
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑧1 + 𝑧2 + 𝑧3 = 𝑟2
𝑧2𝑧3 + 𝑧1𝑧3 + 𝑧1𝑧2

𝑟 × 𝑟 × 𝑟
=

𝑧2𝑧3 + 𝑧1𝑧3 + 𝑧1𝑧2

𝑟

𝑧1 + 𝑧2 + 𝑧3 =
𝑧1𝑧2 + 𝑧2𝑧3 + 𝑧1𝑧3

𝑟

=
𝑧1𝑧2 + 𝑧2𝑧3 + 𝑧1𝑧3

𝑧1 + 𝑧2 + 𝑧3
𝑟

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟔: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒛𝟐 = 𝒛 𝒉𝒂𝒔 𝒇𝒐𝒖𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔

𝑧2 = 𝑧

𝑧2 = 𝑧

𝑧 2 = 𝑧

𝑧𝑛 = 𝑧 𝑛

𝑧 = 𝑧

𝑧 2 − 𝑧 = 0

𝑧 = 0; 𝑧 − 1 = 0

𝑧 = 0; 𝑧 = 1

𝑧 2 = 1 𝑧𝑧 = 1

𝑧 =
1

𝑧
𝑧2 =

1

𝑧

⟹

⟹ 𝑧 𝑧 − 1 = 0

⟹ ⟹ 𝑧3 = 1

𝐼𝑡 ℎ𝑎𝑠 3 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, ℎ𝑒𝑛𝑐𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑖𝑛𝑔 𝑧𝑒𝑟𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒
𝑓𝑜𝑢𝑟 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠.

𝒊
𝟐𝒊

𝟑 + 𝟒𝒊

2𝑖

3 + 4𝑖
=

2𝑖

3 + 4𝑖
=

02 + 22

32 + 42
=

4

9 + 16

=
2

25
=

2

5

𝑍1

𝑍2
=

𝑍1

𝑍2

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒎𝒐𝒅𝒖𝒍𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔

𝑖𝑖
2 − 𝑖

1 + 𝑖
+

1 − 2𝑖

1 − 𝑖

=
2 − 𝑖

1 + 𝑖
+

1 − 2𝑖

1 − 𝑖
=

2 − 𝑖 1 − 𝑖 + 1 − 2𝑖 1 + 𝑖

1 + 𝑖 1 − 𝑖

=
2 − 2𝑖 − 𝑖 + 𝑖2 + 1 + 𝑖 − 2𝑖 − 2𝑖2

12 + 12

−1 −1

=
2 − 3𝑖 − 1 + 1 − 𝑖 + 2

1 + 1

=
4 − 4𝑖

2
=

4

2
−

4

2
𝑖 = 2 − 2𝑖 = 2 − 2𝑖

= 22 + −2 2 = 4 + 4 = 8 = 2 2
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝒊𝒊𝒊 𝟏 − 𝒊 𝟏𝟎

1 − 𝑖 10 = 1 − 𝑖 10

= 12 + −1 2
10

= 1 + 1
10

= 2
10

= 2
2×5

= 25 = 32

𝑍𝑛 = 𝑍 𝑛

𝒊𝒗 𝟐𝒊 𝟑 − 𝟒𝒊 𝟒 − 𝟑𝒊

= 2𝑖 3 − 4𝑖 4 − 3𝑖 = 2𝑖 3 − 4𝑖 4 − 3𝑖

= 02 + 22 32 + −4 2 42 + −3 2

= 4 9 + 16 16 + 9 = 2 25 25

= 2 5 5 = 50

𝟐. 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒕𝒘𝒐 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒛𝟏 𝒂𝒏𝒅 𝒛𝟐, 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒛𝟏 = 𝒛𝟐 = 𝟏 𝒂𝒏𝒅

𝒛𝟏𝒛𝟐 ≠ −𝟏, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝒛𝟏 + 𝒛𝟐

𝟏 + 𝒛𝟏𝒛𝟐
𝒊𝒔 𝒂 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓

𝐺𝑖𝑣𝑒𝑛 𝑧1 = 1 𝑎𝑛𝑑 𝑧2 = 1

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 ∶
𝑧1 + 𝑧2

1 + 𝑧1𝑧2
𝑖𝑠 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟

𝑧1 = 1

𝑧1
2 = 1 ⟹ 𝑧1𝑧1 = 1 ⟹ 𝑧1 =

1

𝑧1

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑧2 =
1

𝑧2

𝑧1 + 𝑧2

1 + 𝑧1𝑧2

=

1
ഥ𝑧1

+
1
ഥ𝑧2

1 +
1
ഥ𝑧1

×
1
ഥ𝑧2

𝑧 2 = 𝑧𝑧

=
𝑧1 𝑧2

𝑧1 + 𝑧2

1

1
+

1

𝑧1 𝑧2

=
𝑧1 + 𝑧2

1 + 𝑧1 𝑧2

=
𝑧1 + 𝑧2 1 + 𝑧1𝑧2

1 + 𝑧1 𝑧2 1 + 𝑧1𝑧2

=
𝑧1 𝑧2

𝑧1 + 𝑧2

𝑧1 𝑧2

𝑧1 𝑧2 +1

=
𝑧1 + 𝑧1𝑧1𝑧2+ 𝑧2 + 𝑧1𝑧2𝑧2

1 + 𝑧1𝑧2 + 𝑧1 𝑧2 + 𝑧1𝑧1𝑧2𝑧2

𝑧 2 = 𝑧𝑧

=
𝑧1 + 𝑧1

2𝑧2 + 𝑧2 + 𝑧1 𝑧2
2

1 + 𝑧1𝑧2 + 𝑧1 𝑧2 + 𝑧1
2 𝑧2

2
𝑤ℎ𝑒𝑟𝑒 𝑧1 = 1 𝑎𝑛𝑑 𝑧2 = 1

=
𝑧1 + 1 2𝑧2 + 𝑧2 + 𝑧1 1 2

1 + 𝑧1𝑧2 + 𝑧1 𝑧2 + 1 2 1 2
=

𝑧1 + 𝑧2 + 𝑧2 + 𝑧1

1 + 𝑧1𝑧2 + 𝑧1 𝑧2 + 1
=

𝑧1 + 𝑧1 + 𝑧2 + 𝑧2

2 + 𝑧1𝑧2 + 𝑧1𝑧2

𝑧 + 𝑧 = 2𝑅𝑒 𝑧
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𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

=
2𝑅𝑒 𝑧1 + 2𝑅𝑒 𝑧2

2 + 2𝑅𝑒 𝑧1𝑧2
𝑖𝑠 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟.

𝟑. 𝑾𝒉𝒊𝒄𝒉 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟏𝟎 − 𝟖𝒊, 𝟏𝟏 + 𝟔𝒊 𝒊𝒔 𝒄𝒍𝒐𝒔𝒆𝒔𝒕 𝒕𝒐 𝟏 + 𝒊.

𝐺𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡𝑠 ∶ 10 − 8𝑖, 11 + 6𝑖

1 + 𝑖 = 12 + 12 = 1 + 1 = 2

10 − 8𝑖 = 102 + −8 2 = 100 + 64 = 164

11 − 6𝑖 = 112 + 6 2 = 121 + 36 = 157

∴ 11 + 6𝑖 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑠𝑡 𝑡𝑜 1 + 𝑖.

𝑅𝑒
𝐼𝑚

11 + 6𝑖

10 − 8𝑖

1 + 𝑖

𝟒. 𝑰𝒇 𝒛 = 𝟑, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟕 ≤ 𝒛 + 𝟔 − 𝟖𝒊 ≤ 𝟏𝟑.

𝐺𝑖𝑣𝑒𝑛: 𝑧 = 3

𝑧 + 6 − 8𝑖 ≤ 𝑧 + 6 − 8𝑖

𝑧1 + 𝑧2 ≤ 𝑧1 + 𝑧2

≤ 3 + 62 + −8 2 𝑧 + 6 − 8𝑖 ≤ 3 + 36 + 64

𝑧 + 6 − 8𝑖 ≤ 3 + 100 𝑧 + 6 − 8𝑖 ≤ 3 + 10

𝑧 + 6 − 8𝑖 ≤ 13 … 1

𝑧 + 6 − 8𝑖 ≥ 𝑧 − 6 − 8𝑖

≥ 3 − 62 + −8 2 𝑧 + 6 − 8𝑖 ≥ 3 − 36 + 64

𝑧 + 6 − 8𝑖 ≥ 3 − 100

⟹

⟹

⟹

⟹ 𝑧 + 6 − 8𝑖 ≥ 3 − 10

𝑧 + 6 − 8𝑖 ≥ 7 ⟹ 𝑧 + 6 − 8𝑖 ≥ 7 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2 𝑧 + 6 − 8𝑖7 ≤ ≤ 13

𝟓. 𝑰𝒇 𝒛 = 𝟏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟐 ≤ 𝒛𝟐 − 𝟑 ≤ 𝟒.

𝐺𝑖𝑣𝑒𝑛: 𝑧 = 1, 𝑧2 − 3

𝑧𝑛 = 𝑧 𝑛𝑧2 + −3 ≤ 𝑧2 + −3

≤ 𝑧 2 + 3

≤ 1 2 + 3 𝑧2 + −3 ≤ 1 + 3

𝑧2 − 3 ≤ 4… 1

𝑧2 − 3 ≥ 𝑧2 − −3

𝑧1 + 𝑧2 ≤ 𝑧1 + 𝑧2

⟹

𝑧1 − 𝑧2 ≥ 𝑧1 − 𝑧2

⟹ 𝑧2 − 3 ≥ 1 2 − 3

𝑧2 − 3 ≥ 1 − 3 𝑧2 − 3 ≥ −2⟹

𝑧2 − 3 ≥ 2 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2 𝑧2 − 32 ≤ ≤ 4
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟔. 𝑰𝒇 𝒛 −
𝟐

𝒛
= 𝟐, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒈𝒓𝒆𝒂𝒕𝒆𝒔𝒕 𝒂𝒏𝒅 𝒍𝒆𝒂𝒔𝒕 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒛 𝒊𝒔 𝟑 + 𝟏

𝒂𝒏𝒅 𝟑 − 𝟏 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚.

𝑧 = 𝑧 −
2

𝑧
+

2

𝑧
𝑧 ≤ 𝑧 −

2

𝑧
+

2

𝑧

𝑧 ≤ 2 +
2

𝑧
𝑧 ≤

2 𝑧 + 2

𝑧

⟹ 𝑧1 + 𝑧2 ≤ 𝑧1 + 𝑧2

⟹

𝑤ℎ𝑒𝑟𝑒 𝑧 −
2

𝑧
= 2

𝑧 2 ≤ 2 𝑧 + 2 ⟹ 𝑧 2 − 2 𝑧 ≤ 2

𝑧 2 − 2 𝑧 ≤ 2+ 12 + 12 ⟹ 𝑧 − 1 2 ≤ 3

𝑧 − 1 ≤ ± 3 ⟹ 𝑧 − 1 ≤ 3, 𝑧 − 1 ≤ − 3

𝑧 ≤ 1 − 3, 𝑧 ≤ 1 + 3

1 − 3 ≤ 𝑧 ≤ 1 + 3
𝟕. 𝑰𝒇 𝒛𝟏, 𝒛𝟐 𝒂𝒏𝒅 𝒛𝟑 𝒂𝒓𝒆 𝒕𝒉𝒓𝒆𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒛𝟏 = 𝟏, 𝒛𝟐 = 𝟐,
𝒛𝟑 = 𝟑 𝒂𝒏𝒅 𝒛𝟏 + 𝒛𝟐 + 𝒛𝟑 = 𝟏, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟗𝒛𝟏𝒛𝟐 + 𝟒𝒛𝟏𝒛𝟑 + 𝒛𝟐𝒛𝟑 = 𝟔

z1 = 1, z1
2 = 1 ⟹ z1𝑧1 = 1 ⟹ 𝑧1 =

1

z1

z2 = 2 ⟹ z2
2 = 4 ⟹ z2𝑧2 = 4 ⟹ 𝑧2 =

4

z2

z3 = 3 ⟹ z3
2 = 9 ⟹ z3𝑧3 = 9 ⟹ 𝑧3 =

9

z3

𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡: 9𝑧1𝑧2 + 4𝑧1𝑧3 + 𝑧2𝑧3 = 6

𝑧1 + 𝑧2 + 𝑧3 =
1

𝑧1
+

4

𝑧2
+

9

𝑧3

𝐺𝑖𝑣𝑒𝑛:

1 =
𝑧2 𝑧3 + 4𝑧1 𝑧3 + 9𝑧1 𝑧2

𝑧1 𝑧2 𝑧3

1 =
𝑧2𝑧3 + 4 𝑧1𝑧3 + 9 𝑧1𝑧2

𝑧1𝑧2𝑧3

⟹ 1 =
𝑧2𝑧3 + 4 𝑧1𝑧3 + 9 𝑧1𝑧2

𝑧1𝑧2𝑧3

𝑧1𝑧2𝑧3 = 𝑧2𝑧3 + 4 𝑧1𝑧3 + 9 𝑧1𝑧2

𝑧1𝑧2𝑧3 = 𝑧2𝑧3 + 4𝑧1𝑧3 + 9𝑧1𝑧2

𝑧1 𝑧2 𝑧3 = 𝑧2𝑧3 + 4𝑧1𝑧3 + 9𝑧1𝑧2

𝑧 = 𝑧

𝑧1𝑧2 = 𝑧1 𝑧2

1 2 3 = 𝑧2𝑧3 + 4𝑧1𝑧3 + 9𝑧1𝑧2

6 = 9𝑧1𝑧2 + 4𝑧1𝑧3 + 𝑧2𝑧3 88
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𝑺
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𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟖. 𝑰𝒇 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒇𝒐𝒓𝒎𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒛, 𝒊𝒛 𝒂𝒏𝒅 𝒛 + 𝒊𝒛 𝒊𝒔
𝟓𝟎 𝑺𝒒𝒖𝒂𝒓𝒆 𝒖𝒏𝒊𝒕𝒔, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒛 .

𝑖𝑧 = 𝑧 𝑅𝑒

𝐼𝑚

𝑧𝑖𝑧
𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 = 50

1

2
× 𝑧 × 𝑖𝑧 = 50

1

2
× 𝑧 × 𝑧 = 50

1

2
× 𝑏𝑎𝑠𝑒 × ℎ𝑒𝑖𝑔ℎ𝑡 = 50

⟹
1

2
× 𝑧 2 = 50

𝑧 2 = 100

𝑧 = 10

⟹ 𝑧 = 100

𝟗. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒛𝟑 + 𝟐𝒛 = 𝟎 𝒉𝒂𝒔 𝒇𝒊𝒗𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔.

𝑧3 = −2𝑧 𝑧3 = −2𝑧

𝑧 3 = −2 𝑧

𝑧 3 = 2 𝑧

𝑧 3 − 2 𝑧 = 0

𝑧𝑛 = 𝑧 𝑛

𝑧 = 𝑧

𝑧 𝑧 2 − 2 = 0

𝑧 = 0,

𝑧 = 0,
𝑧 2 − 2 = 0

𝑧𝑧 = 2

𝑧3 + 2𝑧 = 0

⟹

⟹ 𝑧 3 = 2 𝑧

⟹

𝑧 2 = 2

𝑠𝑢𝑏 𝑧 =
2

𝑧
𝑖𝑛 𝑧3 + 2𝑧 = 0

⟹

𝑧3 + 2
2

𝑧
= 0 𝑧3 +

4

𝑧
= 0⟹

𝑧3 = −
4

𝑧
𝑧4 = −4⟹

⟹ 𝑧 =
2

𝑧

𝐼𝑡 ℎ𝑎𝑠 4 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑜𝑛𝑒 𝑧𝑒𝑟𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑓𝑖𝑣𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠.

𝟏𝟎. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒒𝒖𝒂𝒓𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒊 𝟒 + 𝟑𝒊

𝑎 + 𝑖𝑏 = ±
𝑧 + 𝑎

2
+ 𝑖

𝑏

𝑏

𝑧 − 𝑎

2

𝐿𝑒𝑡 𝑧 = 4 + 3𝑖

𝑧 = 4 + 3𝑖 = 42 + 32 = 16 + 9 = 25 = 5

𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡.

4 + 3𝑖 = ±
5 + 4

2
+ 𝑖

𝑏

𝑏

5 − 4

2

𝑏

𝑏
=

3

3
=

3

3

1
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𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

= ±
9

2
+ 1 𝑖

1

2
= ±

3

2
+ 𝑖

1

2

𝑧 = −6 + 8𝑖

𝒊𝒊 − 𝟔 + 𝟖𝒊

= −6 2 + 8 2 = 36 + 64 = 100 = 10

𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡.

−6 + 8𝑖 = ±
10 + −6

2
+ 𝑖

𝑏

𝑏

10 − −6

2

= ±
10 − 6

2
+ 1 𝑖

10 + 6

2

= ± 2 + 𝑖 8

= ±
4

2
+ 𝑖

16

2

𝑏

𝑏
=

8

8
=

8

8

𝑎 + 𝑖𝑏 = ±
𝑧 + 𝑎

2
+ 𝑖

𝑏

𝑏

𝑧 − 𝑎

2

𝐿𝑒𝑡 𝑧 = −6 + 8𝑖

1

𝒊𝒊𝒊 − 𝟓 − 𝟏𝟐𝒊

𝑎 + 𝑖𝑏 = ±
𝑧 + 𝑎

2
+ 𝑖

𝑏

𝑏

𝑧 − 𝑎

2

𝐿𝑒𝑡 𝑧 = −6 + 8𝑖

𝑧 = −5 − 12𝑖 = −5 2 + −12 2 = 25 + 144 = 169 = 13

𝐴𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡.

−5 − 12𝑖 = ±
13 + −5

2
+

𝑏

𝑏
𝑖

13 − −5

2

= ±
13 − 65

2
+ −1 𝑖

13 + 5

2

= ± 4 − 𝑖 9

= ±
8

2
− 𝑖

18

2

𝑏

𝑏
=

−12

−12
= −

12

12

= ± 2 − 𝑖3

= −1

90
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𝑶
𝑶

𝑳

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆: 𝟐. 𝟔
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟖 𝑮𝒊𝒗𝒆𝒏 𝒕𝒉𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓 𝒛 = 𝟑 + 𝟐𝒊, 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒕𝒉𝒆
𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒛, 𝒊𝒛 𝒂𝒏𝒅 𝒛 + 𝒊𝒛 𝒂𝒏𝒅 𝒊𝒏 𝒐𝒏𝒆 𝑨𝒓𝒈𝒂𝒏𝒅 𝒅𝒊𝒂𝒈𝒓𝒂𝒎.

𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆𝒔𝒆 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒇𝒐𝒓𝒎 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒐𝒇 𝒂𝒏 𝒊𝒔𝒐𝒔𝒄𝒆𝒍𝒆𝒔
𝒓𝒊𝒈𝒉𝒕 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆.

𝐺𝑖𝑣𝑒𝑛 ∶ 𝑧 = 3 + 2𝑖
𝑖𝑧 = 𝑖 3 + 2𝑖 = 3𝑖 + 2𝑖2

𝑖𝑧 = 3𝑖 − 2

= 3𝑖 + 2 −1

𝑧 + 𝑖𝑧 = 3 + 2𝑖 + 3𝑖 − 2

𝑧 + 𝑖𝑧 = 1 + 5𝑖

𝐿𝑒𝑡 𝐴, 𝐵 𝑎𝑛𝑑 𝐶 𝑏𝑒 𝑧, 𝑖𝑧 𝑎𝑛𝑑 𝑧 + 𝑖𝑧 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦

𝑅𝑒

𝐼𝑚

0 1 2 3 4 5−1−2−3−4

1

2

3

4

−1

−2

−3

3 + 2𝑖

1 + 5𝑖

𝐴
𝐵

𝐶

𝐴𝐵 = 𝐵 − 𝐴

= −2 + 3𝑖 − 3 + 2𝑖

= 25 + 1 = 26

= −2 + 3𝑖 − 3 − 2𝑖 = −5 + 𝑖

= −5 2 + 12

𝐴𝐵 = 26 ⟹ 𝐴𝐵2 = 26

𝐵𝐶 = 𝐶 − 𝐵

= 1 + 5𝑖 − −2 + 3𝑖

= 9 + 4

= 1 + 5𝑖 + 2 − 3𝑖

= 3 + 2𝑖 = 3 2 + 22

𝐵𝐶 = 13 ⟹ 𝐵𝐶2 = 13

𝐴𝐶 = 𝐶 − 𝐴

= 1 + 5𝑖 − 3 + 2𝑖

= 4 + 9

= 1 + 5𝑖 − 3 − 2𝑖

= −2 + 3𝑖 = −2 2 + 32

𝐴𝐶 = 13 ⟹ 𝐴𝐶2 = 13

𝐴𝐵2 = 𝐵𝐶2 + 𝐴𝐶2

𝐵𝐶 = 𝐴𝐶 , ∆𝐴𝐵𝐶 𝑖𝑠 𝑎𝑛 𝑖𝑠𝑜𝑠𝑐𝑒𝑙𝑒𝑠 𝑟𝑖𝑔ℎ𝑡 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟏𝟗: 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝟑𝒛 − 𝟓 + 𝒊 = 𝟒, 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆.

3𝑧 − 5 + 𝑖 = 4 3
3𝑧

3
−

5

3
+

𝑖

3
= 4

3 𝑧 −
5

3
+

𝑖

3
= 4 𝑧 −

5

3
+

𝑖

3
=

4

3

⟹

⟹

𝐼𝑡 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑧 − 𝑧0 = 𝑟. 𝐻𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒

𝑧 −
5

3
−

𝑖

3
=

4

3
⟹

𝐶𝑒𝑛𝑡𝑟𝑒 =
5

3
,
1

3
𝑟𝑎𝑑𝑖𝑢𝑠 =

4

3 91
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𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟐𝟎: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒛 + 𝟐 − 𝒊 < 𝟐, 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒊𝒏𝒕𝒆𝒓𝒊𝒐𝒓 𝒑𝒐𝒊𝒏𝒕𝒔
𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆. 𝑭𝒊𝒏𝒅 𝒊𝒕𝒔 𝒄𝒆𝒏𝒕𝒓𝒆 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔.
𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟: 𝑧 + 2 − 𝑖 = 2

𝑧 − −2 + 𝑖 = 2

𝐶𝑒𝑛𝑡𝑟𝑒 = −2 + 𝑖 = −2,1
𝑟𝑎𝑑𝑖𝑢𝑠 = 2

𝑧 − −2 + 𝑖 < 2, 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝑎 𝑐𝑟𝑖𝑐𝑙𝑒.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟐. 𝟐𝟏: 𝑶𝒇𝒕𝒂𝒊𝒏 𝒕𝒉𝒆 𝒄𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒛 𝒊𝒏 𝒆𝒂𝒄𝒉
𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊 𝒛 = 𝒛 − 𝒊 𝒊𝒊 𝟐𝒛 − 𝟑 − 𝒊 = 𝟑

𝒊 𝒛 = 𝒛 − 𝒊

𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦
𝑥 + 𝑖𝑦 = 𝑥 + 𝑖𝑦 − 𝑖 𝑥 + 𝑖𝑦 = 𝑥 + 𝑖 𝑦 − 1

𝑥2 + 𝑦2 = 𝑥2 + 𝑦 − 1 2

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠.
𝑥2 + 𝑦2 = 𝑥2 + 𝑦 − 1 2

𝑥2 + 𝑦2 = 𝑥2 + 𝑦2 − 2𝑦 + 1

𝑥2 + 𝑦2 − 𝑥2 − 𝑦2 + 2𝑦 − 1 = 0
2𝑦 − 1 = 0

∴ 𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑖𝑠 𝑆𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒

⟹

⟹

𝒊𝒊 𝟐𝒛 − 𝟑 − 𝒊 = 𝟑

Let 𝑧 = 𝑥 + 𝑖𝑦

2 𝑥 + 𝑖𝑦 − 3 − 𝑖 = 3

2𝑥 + 2𝑖𝑦 − 3 − 𝑖 = 3 ⟹ 2𝑥 − 3 + 2𝑖𝑦 − 𝑖 = 3

2𝑥 − 3 2 + 2𝑦 − 1 2

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠.
2𝑥 − 3 2 + 2𝑦 − 1 2

2𝑥 2 − 2 2𝑥 3 + 3 2 + 2𝑦 2 − 2 2𝑦 1 + 1 2 = 9

4𝑥2 − 12𝑥 + 9 + 4𝑦2 − 4𝑦 + 1

= 9

= 0 ∴ 𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑖𝑠 𝑎 𝑐𝑟𝑖𝑐𝑙𝑒.

2𝑥 − 3 + 𝑖 2𝑦 − 1 = 3

= 3
= 9

4𝑥2 + 4𝑦2 − 12𝑥 − 4𝑦 + 10

4𝑥2 + 4𝑦2 − 12𝑥 − 4𝑦 + 10 − 9

4𝑥2 + 4𝑦2 − 12𝑥 − 4𝑦 + 1

= 0

⟹

𝟏. 𝑰𝒇 𝒛 = 𝒙 + 𝒊𝒚 𝒊𝒔 𝒂 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕
𝒛 − 𝟒𝒊

𝒛 + 𝟒𝒊
= 𝟏. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕

𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒛 𝒊𝒔 𝒓𝒆𝒂𝒍 𝒂𝒙𝒊𝒔.
𝑧 = 𝑥 + 𝑖𝑦

𝑧 − 4𝑖

𝑧 + 4𝑖
= 1

𝑥 + 𝑖𝑦 − 4𝑖

𝑥 + 𝑖𝑦 + 4𝑖 = 1⟹
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𝑥 + 𝑖 𝑦 − 4

𝑥 + 𝑖 𝑦 + 4
= 1 = 1

= 1

𝑥 + 𝑖 𝑦 − 4

𝑥 − 𝑖 𝑦 + 4

𝑥2 + 𝑦 − 4 2

𝑥2 + 𝑦 + 4 2

⟹

𝑥2 + 𝑦 − 4 2 = 𝑥2 + 𝑦 + 4 2

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠.

𝑥2 + 𝑦 − 4 2 = 𝑥2 + 𝑦 + 4 2

⟹

𝑥2 + 𝑦2 − 2 𝑦 4 + 42 = 𝑥2 + 𝑦2 − 2 𝑦 4 + 42

𝑥2 + 𝑦2 − 8𝑦 + 16 = 𝑥2 + 𝑦2 − 8𝑦 + 16

𝑥2 + 𝑦2 − 8𝑦 + 16 − 𝑥2 − 𝑦2 − 8𝑦 − 16 = 0

−8𝑦 − 8𝑦 = 0 −16𝑦 = 0

𝑦 = 0

∴ 𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑜𝑓 𝑍 𝑖𝑠 𝑟𝑒𝑎𝑙 𝑎𝑥𝑖𝑠 𝑜𝑟 𝑥 − 𝑎𝑥𝑖𝑠.

⟹

𝟐. 𝑰𝒇 𝒛 = 𝒙 + 𝒊𝒚 𝒊𝒔 𝒂 𝒄𝒐𝒎𝒑𝒍𝒆𝒙 𝒏𝒖𝒎𝒃𝒆𝒓 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝑰𝒎
𝟐𝒛 + 𝟏

𝒊𝒛 + 𝟏
= 𝟎.

𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒛 𝒊𝒔 𝟐𝒙𝟐 + 𝟐𝒚𝟐 + 𝒙 − 𝟐 = 𝟎.

𝐺𝑖𝑣𝑒𝑛:𝐼𝑚
2𝑧 + 𝑖

𝑖𝑧 + 1
= 0

𝑇𝑎𝑘𝑒:
2𝑧 + 𝑖

𝑖𝑧 + 1
=

2 𝑥 + 𝑖𝑦 + 1

𝑖 𝑥 + 𝑖𝑦 + 1
=

2𝑥 + 𝑖2𝑦 + 1

𝑖𝑥 + 𝑖2𝑦 + 1
−1

=
2𝑥 + 1 + 𝑖2𝑦

−𝑦 + 1 + 𝑖𝑥

=
2𝑥 + 1 + 𝑖2𝑦

1 − 𝑦 + 𝑖𝑥
×

1 − 𝑦 − 𝑖𝑥

1 − 𝑦 − 𝑖𝑥

2𝑥 + 1 1 − 𝑦 − 𝑖𝑥 2𝑥 + 1 + 𝑖2𝑦 1 − 𝑦 − 𝑖22𝑥𝑦
−1

1 − 𝑦 2 + 𝑥2
=

2𝑥 + 1 1 − 𝑦 − 𝑖𝑥 2𝑥 + 1 + 𝑖2𝑦 1 − 𝑦 + 2𝑥𝑦

1 − 𝑦 2 + 𝑥2=

2𝑥 + 1 1 − 𝑦 + 2𝑥𝑦 + 𝑖 2𝑦 1 − 𝑦 − 𝑥 2𝑥 + 1

1 − 𝑦 2 + 𝑥2=

2𝑥 + 1 1 − 𝑦 + 2𝑥𝑦

1 − 𝑦 2 + 𝑥2=
𝑖 2𝑦 1 − 𝑦 − 𝑥 2𝑥 + 1

1 − 𝑦 2 + 𝑥2
+

𝐼𝑚
2𝑧 + 1

𝑖𝑧 + 1
= 0

2𝑦 1 − 𝑦 − 𝑥 2𝑥 + 1

1 − 𝑦 2 + 𝑥2 = 0 2𝑦 1 − 𝑦 − 𝑥 2𝑥 + 1 = 0

2𝑦 − 2𝑦2 − 2𝑥2 − 𝑥 = 0 −2𝑥2 − 2𝑦2 − 𝑥 + 2𝑦 = 0

2𝑥2 + 2𝑦2 + 𝑥 − 2𝑦 = 0

⟹

⟹
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𝟑. 𝑶𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒆 𝒄𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒛 = 𝒙 + 𝒊𝒚 𝒊𝒏 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆
𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒄𝒂𝒔𝒆𝒔.

𝒊 𝑹𝒆 𝒊𝒛 𝟐 = 𝟑

𝑖𝑧 = 𝑖 𝑥 + 𝑖𝑦 = 𝑖𝑥 + 𝑖2𝑦

= 𝑖𝑥 − 𝑦

𝑖𝑧 = −𝑦 + 𝑖𝑥

𝑅𝑒 𝑖𝑧 = −𝑦

𝑅𝑒 𝑖𝑧 2 = 3 −𝑦 2 = 3

𝑦2 = 3

⟹

𝒊𝒊 𝑰𝒎 𝟏 − 𝒊 𝒛 + 𝟏 = 𝟎

1 − 𝑖 𝑧 + 1 = 1 − 𝑖 𝑥 + 𝑖𝑦 + 1

= 𝑥 + 𝑖𝑦 − 𝑖𝑥 − 𝑖2𝑦 + 1 = 𝑥 + 𝑖𝑦 − 𝑖𝑥 + 𝑦 + 1

= 𝑥 + 𝑦 + 𝑖 𝑦 − 𝑥 + 1

1 − 𝑖 𝑧 + 1 = 𝑥 + 𝑦 + 1 + 𝑖 𝑦 − 𝑥

𝐼𝑚 1 − 𝑖 𝑧 + 1 = 0
𝑦 − 𝑥 = 0 −𝑥 + 𝑦 = 0 𝑥 − 𝑦 = 0

𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦

⟹ ⟹

𝒊𝒊𝒊 𝒛 + 𝒊 = 𝒛 − 𝟏

𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦

𝑥 + 𝑖𝑦 + 𝑖 = 𝑥 + 𝑖𝑦 − 1

𝑥 + 𝑖 𝑦 + 1 = 𝑥 − 1 + 𝑖𝑦

𝑥2 + 𝑦 + 1 2 = 𝑥 − 1 2 + 𝑦2

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠.

𝑥2 + 𝑦 + 1 2 = 𝑥 − 1 2 + 𝑦2

𝑥2 + 𝑦2 + 2𝑦 + 1= 𝑥2 − 2𝑥 + 1 + 𝑦2

𝑥2 + 𝑦2 + 2𝑦 + 1 − 𝑥2 + 2𝑥 − 1 − 𝑦2= 0

2𝑦 + 2𝑥 = 0
÷ by 2

𝑥 + 𝑦 = 0

𝒊𝒗 𝒛 = 𝒛−𝟏

𝑧𝑧 = 1𝑧 =
1

𝑧

𝑧 2 = 1

𝑥 + 𝑖𝑦 2= 1

⟹

⟹ 𝑥2 + 𝑦2
2

= 1

𝑥2 + 𝑦2 = 1
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𝟒. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆, 𝒇𝒊𝒏𝒅 𝒊𝒕𝒔
𝒄𝒆𝒏𝒕𝒓𝒆 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔.

𝒊 𝒛 − 𝟐 − 𝒊 = 𝟑

𝑧 − 2 + 𝑖 = 3

𝑖𝑡 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑧 − 𝑧0 = 𝑟. 𝐻𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒

𝐶𝑒𝑛𝑡𝑟𝑒 = 2 + 𝑖

𝑟𝑎𝑑𝑖𝑢𝑠 = 3

= 2,1

𝑖𝑖 2𝑧 + 2 − 4𝑖 = 2

2𝑧 + 2 − 4𝑖 = 2 ⟹ 2 𝑧 + 1 − 2𝑖 = 2

𝑧 + 1 − 2𝑖 =
2

2
⟹ 𝑧 + 1 − 2𝑖 = 1

𝑧 − −1 + 2𝑖 = 1

𝑖𝑡 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑧 − 𝑧0 = 𝑟. 𝐻𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒

𝐶𝑒𝑛𝑡𝑟𝑒 = −1 + 2𝑖 = −1,2

𝑟𝑎𝑑𝑖𝑢𝑠 = 1

𝒊𝒊𝒊 𝟑𝒛 − 𝟔 + 𝟏𝟐𝒊 = 𝟖

3𝑧 − 6 + 12𝑖 = 8 ⟹ 3 𝑧 − 2 + 4𝑖 = 8

𝑧 − 2 + 4𝑖 =
8

3
𝑧 − 2 − 4𝑖 =

8

3

𝑖𝑡 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑧 − 𝑧0 = 𝑟. 𝐻𝑒𝑛𝑐𝑒 𝑖𝑡 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒

𝐶𝑒𝑛𝑡𝑟𝑒= 2 − 4𝑖

𝑟𝑎𝑑𝑖𝑢𝑠

= 2, −4

=
8

3

⟹

𝟓. 𝑶𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒆 𝒄𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒛 = 𝒙 + 𝒊𝒚 𝒊𝒏 𝒆𝒂𝒄𝒉 𝒐𝒇
𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒄𝒂𝒔𝒆𝒔:

𝒊 𝒛 − 𝟒 = 𝟏𝟔

𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦

𝑥 + 𝑖𝑦 − 4 = 16 𝑥 − 4 + 𝑖𝑦 = 16

𝑥 − 4 2 + 𝑦2 = 16

𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠.
𝑥 − 4 2 + 𝑦2 = 16 2

𝑥2 − 2 𝑥 4 + 42 + 𝑦2 = 256 𝑥2 − 8𝑥 + 16 + 𝑦2 = 256

𝑥2 − 8𝑥 + 𝑦2 + 16 = 256 𝑥2 + 𝑦2 − 8𝑥 + 16 − 256 = 0

⟹

𝑥2 + 𝑦2 − 8𝑥 − 240 = 0 𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑟𝑖𝑐𝑙𝑒.

⟹

⟹

⟹

𝒊𝒊 𝒛 − 𝟒 𝟐 − 𝒛 − 𝟏 𝟐 = 𝟏𝟔

𝐿𝑒𝑡 𝑧 = 𝑥 + 𝑖𝑦
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𝑥 + 𝑖𝑦 − 4 2 − 𝑥 + 𝑖𝑦 − 1 2 = 16

𝑥 − 4 + 𝑖𝑦 2 − 𝑥 − 1 + 𝑖𝑦 2 = 16

𝑥 − 4 2 + 𝑦2
2

− 𝑥 − 1 2 + 𝑦2
2

= 16

𝑥 − 4 2 + 𝑦2 − 𝑥 − 1 2 + 𝑦2 = 16

𝑥2 − 8𝑥 + 16 + 𝑦2 − 𝑥2 − 2𝑥 + 1 + 𝑦2 = 16

𝑥2 − 8𝑥 + 16 + 𝑦2 − 𝑥2 + 2𝑥 − 1 − 𝑦2 = 16

−6𝑥 + 15 = 16 −6𝑥 + 15 − 16 = 0

−6𝑥 − 1= 0 6𝑥 + 1 = 0 ∴ 𝑇ℎ𝑒 𝑙𝑜𝑐𝑢𝑠 𝑖𝑠 𝑆𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒

⟹

⟹
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏 𝑰𝒇 𝛂 𝒂𝒏𝒅 β 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝟏𝟕𝒙𝟐 + 𝟒𝟑𝒙 − 𝟕𝟑 = 𝟎, 𝒕𝒉𝒆𝒏
𝒇𝒐𝒓𝒎 𝒂 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒉𝒐𝒔𝒆 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆 𝜶 + 𝟐 𝒂𝒏𝒅 𝛃 + 𝟐

𝐼𝑓 𝛼 𝑎𝑛𝑑 𝛽 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓

𝐿𝑒𝑡

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶

𝑇𝑜 𝑓𝑜𝑟𝑚 𝑎 𝑄𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤ℎ𝑜𝑠𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝛼 + 2 𝑎𝑛𝑑 β + 2

17𝑥2 + 43𝑥 − 73 = 0

𝛼 + 𝛽 = −
𝑏

𝑎
= −

43

17

α + β = −
43

17

𝛼𝛽 =
𝑐

𝑎
𝛼𝛽 = −

73

17

𝑎 = 17, 𝑏 = 43, 𝑐 = −73

⟹

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠

=
−43 + 68

17
=

25

17

= α + 2 + β + 2

= α + β + 4

= −
43

17
+ 4

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 =
25

17

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 𝛼 + 2 𝛽 + 2

= 𝛼𝛽 = 𝛼𝛽 + 2 𝛼 + 𝛽 + 4+ 2𝛼 + 2𝛽 + 4

= −
73

17
+ 2 −

43

17
+ 4 = −

73

17
−

86

17
+ 4

=
−73 − 86

17
+ 4 =

−159

17
+ 4 =

−159 + 68

17

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = −
91

17

𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 0

𝑥2 −
25

17
𝑥 −

91

17
= 0

𝑄𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 17 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

17𝑥2 − 25𝑥 − 91 = 0

2. If 𝛂 and β are the roots of 𝟐𝒙𝟐 − 𝟑𝒙 − 𝟓 = 𝟎, form a equation whose roots are 
𝛂𝟐 𝐚𝐧𝐝 𝛃𝟐. 

𝐼𝑓 𝛼 𝑎𝑛𝑑 𝛽 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 2𝑥2 − 3𝑥 − 5 = 0

𝑎 = 2, 𝑏 = −3, 𝑐 = −5

𝑻𝑯𝑬𝑶𝑹𝒀 𝑶𝑭 𝑬𝑸𝑼𝑨𝑻𝑰𝑶𝑵 − 𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟑. 𝟏
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶

𝑇𝑜 𝑓𝑜𝑟𝑚 𝑎 𝑄𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤ℎ𝑜𝑠𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 α2 𝑎𝑛𝑑 β2

Sum of the roots
α + β 2 = α2 + β2 + 2αβ

= α + β 2 − 2αβ
α + β 2 − 2αβ = α2 + β2

=
3

2

2

− 2 −
5

2

=
9 + 20

4

α + β = −
b

a
⟹ α + β =

3

2

αβ =
c

a
⟹ αβ = −

5

2

=
29

4

= α2 + β2

∴ Sum of the roots : =
29

4

=
9

4
+ 5

Quadratic equation:

𝑥2 −
29

4
𝑥 +

25

4
= 0

multiply by 4 on both sides

4𝑥2 − 29𝑥 + 25 = 0

𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 0

product of the roots

= (αβ )2 =
−5

2

2

=
25

4

= α2β2

∴ product of the roots =
25

4

4𝑥2 − 4 ×
29

4
𝑥 + 4 ×

25

4
= 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒒𝒖𝒂𝒓𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇
𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙 + 𝒆 = 𝟎

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾 𝑎𝑛𝑑 𝛿 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑎𝑥4 + 𝑏𝑥3 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0

Ʃ1

Ʃ2

Ʃ3

Ʃ4

= 𝛼 + 𝛽 + 𝛾 + 𝛿 = −
𝑏

𝑎

= 𝛼𝛽 + 𝛼𝛾 + 𝛼𝛿 + 𝛽𝛾 + 𝛽𝛿 + 𝛾𝛿 =
𝑐

𝑎

= 𝛼𝛽𝛾 + 𝛼𝛽𝛿 + 𝛼𝛾𝛿 + 𝛽𝛾𝛿 = −
𝑑

𝑎

= 𝛼𝛽𝛾𝛿 =
𝑒

𝑎

𝑇𝑜 𝑓𝑖𝑛𝑑 𝛼2 + 𝛽2 + 𝛾2 + 𝛿2

98



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

(𝑎 + 𝑏 + 𝑐 + 𝑑)2≡

≡ 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 + 2(𝑎𝑏 + 𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑 + 𝑐𝑑)

𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 + 2𝑎𝑏 + 2𝑎𝑐 + 2𝑎𝑑 + 2𝑏𝑐 + 2𝑏𝑑 + 2𝑐𝑑

(𝑎 + 𝑏 + 𝑐 + 𝑑)2− 2(𝑎𝑏 + 𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑 + 𝑐𝑑) = 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2

𝛼2 + 𝛽2 + 𝛾2 + 𝛿2 ≡ (𝛼 + 𝛽 + 𝛾 + 𝛿)2− 2(𝛼𝛽 + 𝛼𝛾 + 𝛼𝛿 + 𝛽𝛾 + 𝛽𝛿 + 𝛾𝛿)

= −
𝑏

𝑎

2

− 2
𝑐

𝑎
=

𝑏

𝑎2

2

−
2𝑐

𝑎
=

𝑎2

𝑏2 − 2𝑎𝑐

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟓: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒙𝟑 + 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎
𝒂𝒓𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝒑 ∶ 𝒒 ∶ 𝒓

𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0

𝑎 = 1, 𝑏 = 𝑎, 𝑐 = 𝑏, 𝑑 = 𝑐

𝐺𝑖𝑣𝑒𝑛 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑟𝑎𝑡𝑖𝑜 𝑝 ∶ 𝑞 ∶ 𝑟

. 𝐴𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑠 𝑝𝜆, 𝑞𝜆 𝑎𝑛𝑑 𝑟𝜆

Ʃ1 = 𝑝𝜆 + 𝑞𝜆 + 𝑟𝜆 = −
𝑏

𝑎
= −

𝑎

1
= −𝑎

Ʃ3 = (𝑝𝜆)(𝑞𝜆)(𝑟𝜆) = −
𝑑

𝑎
= −

𝑐

1
= −𝑐

𝑝𝜆 + 𝑞𝜆 + 𝑟𝜆 = −𝑎

𝜆(𝑝 + 𝑞 + 𝑟) = −𝑎 ⟹ 𝜆 =
−𝑎

𝑝 + 𝑞 + 𝑟

(𝑝𝜆)(𝑞𝜆)(𝑟𝜆) = −𝑐

𝜆3 𝑝𝑞𝑟 = −𝑐 ⟹ 𝜆3 =
−𝑐

𝑝𝑞𝑟

𝑠𝑢𝑏 𝜆 =
−𝑎

𝑝 + 𝑞 + 𝑟

−𝑎

𝑝 + 𝑞 + 𝑟

3

=
−𝑐

𝑝𝑞𝑟

𝑎3𝑝𝑞𝑟 = 𝑐(𝑝 + 𝑞 + 𝑟)3

⟹
−𝑎3

(𝑝 + 𝑞 + 𝑟)3
=

−𝑐

𝑝𝑞𝑟

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟔: 𝑭𝒐𝒓𝒎 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒉𝒐𝒔𝒆 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒔𝒒𝒖𝒂𝒓𝒆𝒔
𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒖𝒃𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟑 + 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0

Ʃ1 = 𝛼 + 𝛽 + 𝛾 = −
𝑏

𝑎
=

−𝑎

1
= −𝑎 𝛼 + 𝛽 + 𝛾 = −𝑎⟹

𝑎 = 1, 𝑏 = 𝑎, 𝑐 = 𝑏, 𝑑 = 𝑐

Ʃ2= 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 =
𝑐

𝑎
=

𝑏

1
= 𝑏 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 = 𝑏⟹
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

Ʃ3= 𝛼𝛽𝛾 = −
𝑑

𝑎
= −𝑐

𝑇𝑜 𝑓𝑜𝑟𝑚 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤ℎ𝑜𝑠𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝛼2, 𝛽2, 𝛾2

Ʃ1 = 𝛼2 + 𝛽2 + 𝛾2 = (𝛼 + 𝛽 + 𝛾)2 − 2(𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼)

𝑎 + 𝑏 + 𝑐 2 = 𝑎2 + 𝑏2 + 𝑐2 + 2 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎
𝑎 + 𝑏 + 𝑐 2 − 2 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 𝑎2 + 𝑏2 + 𝑐2

⟹ 𝛼𝛽𝛾 = −𝑐

Ʃ1 =(−𝑎)2− 2𝑏 ⟹ Ʃ1 = 𝑎2 − 2𝑏

Ʃ2 = 𝛼2𝛽2 + 𝛽2𝛾2 + 𝛾2𝛼2 = 𝛼𝛽 2 + 𝛽𝛾 2 + 𝛾𝛼 2

= (𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼)2−2 𝛼𝛽 𝛽𝛾 + 𝛽𝛾 𝛾𝛼 + 𝛾𝛼 𝛼𝛽

= 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 2 − 2𝛼𝛽𝛾 𝛽 + 𝛾 + 𝛼

= 𝑏2 − 2(−𝑐)(−𝑎) = 𝑏2 − 2𝑐𝑎

Ʃ3 = 𝛼2𝛽2𝛾2
= (𝛼𝛽𝛾)2 = (−𝑐)2 = 𝑐2

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − Ʃ1𝑥2 + Ʃ2𝑥 − Ʃ3 = 0

𝑥3 − 𝑎2 − 2𝑏 𝑥2 + 𝑏2 − 2𝑐𝑎 𝑥 − 𝑐2 = 0

Ʃ2 = 𝑏2 − 2𝑐𝑎

Ʃ3 = 𝑐2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟕 ∶ 𝑰𝒇 𝒑 𝒊𝒔 𝒓𝒆𝒂𝒍, 𝒅𝒊𝒔𝒄𝒖𝒔𝒔 𝒕𝒉𝒆 𝒏𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟒𝒙𝟐 + 𝟒𝒑𝒙 + 𝒑 + 𝟐 = 𝟎 𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒑

4𝑥2 + 4𝑝𝑥 + 𝑝 + 2 = 0

𝑎 = 4, 𝑏 = 4𝑝, 𝑐 = 𝑝 + 2

𝐷𝑖𝑠𝑐𝑖𝑚𝑖𝑛𝑎𝑛𝑡 ∶ ∆ = 𝑏2 − 4𝑎𝑐

∆ = 4𝑝 2 − 4 4 𝑝 + 2

= 16𝑝2 − 16(𝑝 + 2)

= 16𝑝2 − 16𝑝 − 32 = 16(𝑝2 − 𝑝 − 2)

= 16 𝑝 + 1 𝑝 − 2

∆ < 0 𝑖𝑓 −1 < 𝑝 < 2 (𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑟𝑜𝑜𝑡𝑠)

∆ = 0 𝑖𝑓 𝑝 = −1 𝑜𝑟 𝑝 = 2 (𝑒𝑞𝑢𝑎𝑙 𝑟𝑜𝑜𝑡𝑠)

∆ > 0 𝑖𝑓 −∞ < 𝑝 < −1 𝑜𝑟 2 < 𝑝 < ∞ (𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠)

𝟏. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒄𝒖𝒃𝒊𝒄 𝒃𝒐𝒙 𝒂𝒓𝒆 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆𝒅 𝒃𝒚 𝟏, 𝟐, 𝟑 𝒖𝒏𝒊𝒕𝒔 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚
𝒕𝒐 𝒇𝒐𝒓𝒎 𝒂 𝒄𝒖𝒃𝒐𝒊𝒅, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆𝒅 𝒃𝒚 𝟓𝟐 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔. 𝑭𝒊𝒏𝒅

𝒕𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒖𝒃𝒐𝒊𝒅.

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟑. 𝟏

𝑙𝑒𝑡 𝛼 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒 𝑜𝑓 𝑎 𝑐𝑢𝑏𝑒 𝑡ℎ𝑒𝑛 𝑖𝑡𝑠 𝑣𝑜𝑙𝑢𝑚𝑒 𝑖𝑠 𝛼3
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𝑶
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T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝛼 + 1 , 𝛼 + 2 , (𝛼 + 3)

𝛼 + 1 𝛼 + 2 𝛼 + 3 = 𝛼3 + 52

𝛼
𝛼

𝛼

𝐼𝑓 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒𝑠 𝑜𝑓 𝑐𝑢𝑏𝑒 𝑖𝑠 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒𝑑 𝑏𝑦 1, 2, 3 𝑢𝑛𝑖𝑡𝑠
𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 𝑐𝑢𝑏𝑜𝑖𝑑

𝑆𝑖𝑑𝑒𝑠 𝑜𝑓 𝑎 𝑐𝑢𝑏𝑜𝑖𝑑 𝑎𝑟𝑒

𝛼 + 2𝛼
+

3

𝑐𝑢𝑏𝑜𝑖𝑑

𝑡ℎ𝑒𝑛 𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑢𝑏𝑜𝑖𝑑 𝑖𝑠 𝛼3 + 52

𝑣𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑢𝑏𝑜𝑖𝑑 = 𝛼3 + 52

𝛼2 + 2𝛼 + 𝛼 + 2 𝛼 + 3 = 𝛼3 + 52

𝛼2 + 3𝛼 + 2 𝛼 + 3 = 𝛼3 + 52

𝛼3 + 3𝛼2 + 2𝛼 + 3𝛼2 + 9𝛼 + 6 = 𝛼3 + 52

𝛼3 + 6𝛼2 + 11𝛼 + 6 = 𝛼3 + 52

6𝛼2 + 11𝛼 + 6 − 52 = 0

𝑐𝑢𝑏𝑜𝑖𝑑

+
11

×
−276

−12 23𝛼 𝛼

6𝛼2 6𝛼2

𝛼

−2

(𝛼 − 2)
𝛼

(6𝛼 + 23)

𝛼 − 2 = 0 ,

𝛼 = 2 ,

6𝛼 + 23 = 0

6𝛼 = −23

𝛼 = −
23

6
𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑢𝑏𝑒 = α3 = 23

6𝛼2 + 11𝛼 − 46 = 0

𝛼 − 2 6𝛼 + 23 = 0

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑢𝑏𝑒 = 8 𝑐𝑢𝑏𝑖𝑐 𝑢𝑛𝑖𝑡𝑠

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑢𝑏𝑜𝑖𝑑 = α3 + 52

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑢𝑏𝑜𝑖𝑑 = 8 + 52 ⟹ 𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑐𝑢𝑏𝑜𝑖𝑑 = 60

𝟐. 𝐜𝐨𝐧𝐬𝐭𝐫𝐮𝐜𝐭 𝐚 𝐜𝐮𝐛𝐢𝐜 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐰𝐢𝐭𝐡 𝐫𝐨𝐨𝐭𝐬 𝒊 𝟏, 𝟐 𝒂𝒏𝒅 𝟑

𝐿𝑒𝑡 𝛼 = 1, 𝛽 = 2, 𝛾 = 3

Σ1 = α + β + γ = 1 + 2 + 3

Σ2 = αβ + 𝛽γ + 𝛾𝛼

= 1 2 + 2 3 + (3)(1) = 2 + 6 + 3

Σ3 = αβγ = (1)(2)(3)

Σ3 = 6

Σ1 = 6

Σ2 = 11

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − 𝛼 + 𝛽 + 𝛾 𝑥2 + 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 𝑥 − 𝛼𝛽𝛾 = 0

𝑥3 − 6𝑥2 + 11𝑥 − 6 = 0

𝑜𝑟

𝑥3 − Σ1𝑥2 + Σ2𝑥 − Σ3 = 0
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑖𝑖 1, 1 𝑎𝑛𝑑 − 2

𝐿𝑒𝑡 𝛼 = 1, 𝛽 = 1, 𝛾 = −2

Σ1 = α + β + γ = 1 + 1 − 2

Σ2 = αβ + 𝛽γ + 𝛾𝛼 = 1 1

Σ1 = 0

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − Σ1𝑥2 + Σ2𝑥 − Σ3 = 0

𝑥3 − 0𝑥2 − 3𝑥 + 2 = 0

Σ2 = −3

+ 1 −2 + (−2)(1)

= 1 − 2 − 2 = 1 − 4

Σ3 = αβγ = (1)(1)(−2)

Σ3 = −2

𝑥3 − 3𝑥 + 2 = 0𝒊𝒊𝒊 𝟐, −𝟐 𝒂𝒏𝒅 𝟒

𝐿𝑒𝑡 𝛼 = 2, 𝛽 = −2, 𝛾 = 4

Σ1 = α + β + γ = 2 − 2 + 4

Σ2 = αβ + 𝛽γ + 𝛾𝛼 = 2 −2

Σ1 = 4

+ −2 4 + 4 2

= −4 − 8 + 8

Σ3 = αβγ = 2(−2)(4)

Σ3 = −16

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − Σ1𝑥2 + Σ2𝑥 − Σ3 = 0

𝑥3 − 4𝑥2 − 4𝑥 + 16 = 0

Σ2 = −4

𝟑. 𝑰𝒇 𝜶, 𝜷, 𝜸 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒖𝒃𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒙𝟑 + 𝟐𝒙𝟐 + 𝟑𝒙 + 𝟒 = 𝟎, 𝒇𝒐𝒓𝒎 𝒂 𝒄𝒖𝒃𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒉𝒐𝒔𝒆 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑥3 + 2𝑥2 + 3𝑥 + 4 = 0

Σ1 = α + β + γ = −
𝑏

𝑎 =
−2

1
α + β + γ = −2

𝒊 𝟐𝜶, 𝟐𝜷, 𝟐𝜸 𝒊𝒊
𝟏

𝜶
,
𝟏

𝜷
,
𝟏

𝜸
𝒊𝒊𝒊 − 𝜶, −𝜷, −𝜸

⟹

𝑎 = 1, 𝑏 = 𝑎, 𝑐 = 𝑏, 𝑑 = 𝑐

Σ2 = αβ + 𝛽γ + 𝛾𝛼 =
𝑐

𝑎
= 3

Σ3 =αβγ = −
𝑑

𝑎
= −4

⟹ αβ + 𝛽γ + 𝛾𝛼 = 3

⟹ αβγ = −4

𝒊 𝟐𝜶, 𝟐𝜷, 𝟐𝜸

Σ1 = 2𝛼 + 2𝛽 + 2𝛾 = 2(𝛼 + 𝛽 + 𝛾) = 2 −2

Σ1 = −4
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𝑶
𝑶

𝑳

Σ2 = 2𝛼 2𝛽 + 2𝛽 2𝛾 + (2𝛾)(2𝛼) = 4𝛼𝛽 + 4𝛽𝛾 + 4𝛾𝛼

= 4(𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼) = 4(3)

Σ3 = 2𝛼 2𝛽 2𝛾 = 8(𝛼𝛽𝛾) = 8 −4

𝐶𝑢𝑏𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − Σ1𝑥2 + Σ2𝑥 − Σ3 = 0

𝑥3 − −4 𝑥2 + 12𝑥 + 32 = 0

𝑥3 + 4𝑥2 + 12𝑥 + 32 = 0

𝒊𝒊
𝟏

𝜶
,
𝟏

𝜷
,
𝟏

𝜸

Σ1 =
1

𝛼
+

1

𝛽
+

1

𝛾
=

𝛼𝛽𝛾

𝛽𝛾

Σ3 = −32

+ 𝛼𝛾 + 𝛼𝛽
=

3

−4

Σ1 = −
3

4

Σ2 =
1

𝛼

1

𝛽
+

1

𝛽

1

𝛾
+

1

𝛾

1

𝛼
=

1

𝛼𝛽
+

1

𝛽𝛾
+

1

𝛾𝛼
=

𝛼𝛽𝛾

𝛾 + 𝛼 + 𝛽

Σ2 = 12

=
𝛼 + 𝛽 + 𝛾

𝛼𝛽𝛾 =
−2

−4

Σ2 =
1

2

Σ3 =
1

𝛼

1

𝛽

1

𝛾
=

1

𝛼𝛽𝛾
=

1

−4

Σ3 = −
1

4

𝐶𝑢𝑏𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − Σ1𝑥2 + Σ2𝑥 − Σ3 = 0

𝑥3 +
3

4
𝑥2 +

1

2
𝑥 +

1

4
= 0

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 𝑏𝑦 4

4𝑥3 + 3𝑥2 + 2𝑥 + 1 = 0
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𝑺
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𝑳

𝒊𝒊𝒊 − 𝜶, −𝜷, −𝜸

Σ1 = −𝛼 − 𝛽 − 𝛾 = −(𝛼 + 𝛽 + 𝛾) = − −2

Σ1 = 2

Σ2 = −𝛼 −𝛽 + −𝛽 −𝛾 + (−𝛾)(−𝛼)

= 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼

Σ2 = 3

Σ3 = −𝛼 × −𝛽 × −𝛾 = −𝛼𝛽𝛾 = − −4

Σ3 = 4

𝐶𝑢𝑏𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − Σ1𝑥2 + Σ2𝑥 − Σ3 = 0

𝑥3 − 2𝑥2 + 3𝑥 − 4 = 0
𝟒. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟑𝒙𝟑 − 𝟏𝟔𝒙𝟐 + 𝟐𝟑𝒙 − 𝟔 = 𝟎 𝒊𝒇 𝒕𝒉𝒆 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇
𝒕𝒘𝒐 𝒓𝒐𝒐𝒕𝒔 𝒊𝒔 𝟏

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 3𝑥3 − 16𝑥2 + 23𝑥 − 6 = 0

𝐺𝑖𝑣𝑒𝑛 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑟𝑜𝑜𝑡𝑠 = 1

𝛼𝛽 = 1

Σ1𝛼 = α + β + γ = −
𝑏

𝑎
= −

−16

3
=

16

3
α + β + γ =

16

3
… (1)

Σ2αβ = αβ + 𝛽γ + 𝛾𝛼 =
𝑐

𝑎
=

23

3
αβ + 𝛽γ + 𝛾𝛼 =

23

3
… (2)

𝑎 = 3, 𝑏 = −16, 𝑐 = 23, 𝑑 = −6

⟹

⟹

Σ3αβ𝛾 = αβγ = −
𝑑

𝑎
=

6

3
αβγ = 2 … (3)= 2 ⟹

𝑠𝑢𝑏 αβ = 1 𝑖𝑛 3

1 × γ = 2 ⟹ γ = 2

𝑠𝑢𝑏 γ = 2 𝑖𝑛 1 α + β + γ =
16

3

α + β + 2 =
16

3
α + β =

16

3
− 2

α + β =
16 − 6

3
α + β =

10

3

β =
10

3
− α 𝑖𝑛 𝛼𝛽 = 1

⟹

⟹

𝛼
10

3
− α = 1 𝛼

10 − 3𝛼

3
= 1 𝛼 10 − 3𝛼 = 3⟹ ⟹

10𝛼 − 3𝛼2 = 3 10𝛼 − 3𝛼2 − 3 = 0⟹ −3𝛼2 + 10𝛼 − 3 = 0⟹
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𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

3𝛼2 − 10𝛼 + 3 = 0 ⟹ (3𝛼 − 1)(𝛼 − 3)=0

3𝛼 − 1 = 0 , 𝛼 − 3 = 0

3𝛼 = 1 , 𝛼 = 3

𝛼 =
1

3

+
−10

×
9

−1 −9𝛼 𝛼

3𝛼2 3𝛼2

𝛼
(3𝛼 − 1)

𝛼
(𝛼 − 3)

−3

𝑠𝑢𝑏 𝛼 = 3 𝑖𝑛 𝛼𝛽 = 1

3𝛽 = 1 ⟹ 𝛽 =
1

3

𝛼 = 3, 𝛽 =
1

3
, γ = 2

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒔𝒒𝒖𝒂𝒓𝒆𝒔 𝒐𝒇 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝟐𝒙𝟒 − 𝟖𝒙𝟑 + 𝟔𝒙𝟐 − 𝟑 = 𝟎

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾, 𝛿 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2𝑥4 − 8𝑥3 + 6𝑥2 − 3 = 0

Σ1𝛼 = α + β + γ + 𝛿 = −
𝑏

𝑎
= −

−8

2

α + β + γ + 𝛿 = 4

Σ2𝛼𝛽 = αβ + αγ + α𝛿 + 𝛽𝛾 + βδ + γδ =
𝑐

𝑎
=

6

2

αβ + αγ + α𝛿 + 𝛽𝛾 + βδ + γδ = 3

𝑎 = 2, 𝑏 = −8, 𝑐 = 6, 𝑑 = 0, 𝑒 = −3

(𝑎 + 𝑏 + 𝑐 + 𝑑)2 ≡ 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 + 2(𝑎𝑏 + 𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑 + 𝑐𝑑)

(𝑎 + 𝑏 + 𝑐 + 𝑑)2−2(𝑎𝑏 + 𝑎𝑐 + 𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑 + 𝑐𝑑) ≡ 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2

𝛼2 + 𝛽2 + 𝛾2 + 𝛿2 = (𝛼 + 𝛽 + 𝛾 + 𝛿)2−2(αβ + 𝛼𝛾 + 𝛼𝛿 + 𝛽𝛾 + 𝛽𝛿 + 𝛾𝛿)

= 42 − 2(3) = 16 − 6 = 10

𝛼2 + 𝛽2 + 𝛾2 + 𝛿2 = 10

𝟔. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟑 − 𝟗𝒙𝟐 + 𝟏𝟒𝒙 + 𝟐𝟒 = 𝟎 𝒊𝒇 𝒊𝒕 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒕𝒉𝒂𝒕 𝒕𝒘𝒐
𝒐𝒇 𝒊𝒕 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆 𝒊𝒏 𝒕𝒉𝒆 𝒓𝒂𝒕𝒊𝒐 𝟑 ∶ 𝟐

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑥3 − 9𝑥2 + 14𝑥 + 24 = 0

𝛼 = 3𝑘, 𝛽 = 2𝑘

Σ1𝛼 = α + β + γ = −
𝑏

𝑎
= −

−9

1
= 9

α + β + γ = 9 ⟹ 3𝑘 + 2𝑘 + 𝛾 = 9

5𝑘 + γ = 9 ⟹ γ = 9 − 5𝑘

𝛼: 𝛽 = 3: 2 ⟹

𝑎 = 1, 𝑏 = −9, 𝑐 = 14, 𝑑 = 24

Σ2 = αβ + 𝛽γ + 𝛾𝛼 =
𝑐

𝑎
= 14

αβ + 𝛽γ + 𝛾𝛼 = 14 105
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𝑳
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E
 
S

T
A
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

3𝑘 2𝑘 + 2𝑘 9 − 5𝑘 + 9 − 5𝑘 3𝑘 = 14

6𝑘2 + 18𝑘 − 10𝑘2 + 27𝑘 − 15𝑘2 = 14

−19𝑘2 + 45𝑘 − 14 = 0

𝑘 − 2 19𝑘 − 7 = 0

𝑘 − 2 = 0, 19𝑘 − 7 = 0

𝑘 = 2 , 19𝑘 = 7 𝑘 =
7

19
𝛼 = 3𝑘, 𝛽 = 2𝑘, 𝛾 = 9 − 5𝑘

𝑤ℎ𝑒𝑛 𝑘 = 2 𝛼 = 3(2), 𝛽 = 2(2), 𝛾 = 9 − 5(2)

𝛼 = 6 , 𝛽 = 4 , 𝛾 = −1

19𝑘2 − 45𝑘 + 14 = 0
+

−45
×

266

−38 −7𝑘 𝑘

19𝑘2 19𝑘2

𝑘

−2

(𝑘 − 2)
𝑘

(19𝑘 − 7)

𝑤ℎ𝑒𝑛 𝑘 =
7

19
𝛼 = 3

7

19
, 𝛽 = 2

7

19
, 𝛾 = 9 − 5

7

19

𝛼 =
21

19
, 𝛽 =

14

19
, 𝛾 = 9 −

35

19
𝛾 =

171 − 35

19
=

136

19

⟹

⟹

𝛼 =
21

19
, 𝛽 =

14

19
, 𝛾 =

136

19

⟹

⟹

𝟕. 𝑰𝒇 𝜶, 𝜷, 𝜸 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔

𝒂𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅 = 𝟎 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 
𝜶

𝜷𝜸
𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 = 0

Ʃ1𝛼

Ʃ2𝛼𝛽

Ʃ3

= 𝛼 + 𝛽 + 𝛾 =
−𝑏

𝑎

= 𝛼𝛽𝛾 =
−𝑑

𝑎

= 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 =
𝑐

𝑎

𝛼 + 𝛽 + 𝛾 =
−𝑏

𝑎
𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

𝑇𝑜 𝑓𝑖𝑛𝑑 
𝛼

𝛽𝛾
=

𝛼

𝛽𝛾
+

𝛽

𝛼𝛾
+

𝛾

𝛼𝛽

⟹ 𝛼 + 𝛽 + 𝛾 = −
𝑏

𝑎

⟹ 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 =
𝑐

𝑎

⟹ 𝛼𝛽𝛾 = −
𝑑

𝑎

𝛼𝛽𝛾

𝛼2 + 𝛽2 + 𝛾2

=

(α + β + γ)2 =
−𝑏

𝑎

2

𝛼2 + 𝛽2 + 𝛾2 + 2 αβ + 𝛽𝛾 + γ𝛼 =
𝑏2

𝑎2
⟹

𝑤ℎ𝑒𝑟𝑒 𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 =
𝑐

𝑎
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𝑳
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L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝛼2 + 𝛽2 + 𝛾2 + 2
𝑐

𝑎
=

𝑏2

𝑎2

𝛼2 + 𝛽2 + 𝛾2 =
𝑏2

𝑎2
−

2𝑐

𝑎
𝛼2 + 𝛽2 + 𝛾2 =

𝑎2

𝑏2 − 2𝑎𝑐


𝛼

𝛽𝛾
=

𝛼2 + 𝛽2 + 𝛾2

𝛼𝛽𝛾

⟹ 𝛼2 + 𝛽2 + 𝛾2 +
2𝑐

𝑎
=

𝑏2

𝑎2

⟹

=
−𝑑

𝑎

𝑏2 − 2𝑎𝑐

𝑎2

=
𝑏2 − 2𝑎𝑐

𝑎2
× −

𝑎

𝑑
𝑎


𝛼

𝛽𝛾
=

2𝑎𝑐 − 𝑏2

𝑎𝑑

𝟖. 𝑰𝒇 𝜶, 𝜷, 𝜸 𝒂𝒏𝒅 𝜹 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝟐𝒙𝟒 + 𝟓𝒙𝟑 − 𝟕𝒙𝟐 + 𝟖 = 𝟎 𝒇𝒊𝒏𝒅 𝒂 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉
𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒘𝒉𝒐𝒔𝒆 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆 𝜶 + 𝜷 + 𝜸 + 𝜹 𝒂𝒏𝒅 𝜶𝜷𝜸𝜹

𝛼, 𝛽, 𝛾, 𝛿 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2𝑥4 + 5𝑥3 − 7𝑥2 + 0𝑥 + 8 = 0

Σ1 = α + β + γ + δ = −
𝑏

𝑎
= −

5

2

Σ4 = αβγδ = −
𝑒

𝑎
= −

8

2
= −4

⟹

⟹

𝑇𝑜 𝑓𝑜𝑟𝑚 𝑎 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤ℎ𝑜𝑠𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 −
5

2
, −4

𝑎 = 2, 𝑏 = 5, 𝑐 = −7, 𝑑 = 0, 𝑒 = 8

α + β + γ + δ = −
5

2

αβγδ = −4

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = −
5

2
− 4 =

−5 − 8

2
= −

13

2

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = −
5

2
× −4 = 10

𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 0

𝑥2 − −
13

2
𝑥 + 10 = 0 ⟹ 𝑥2 +

13

2
𝑥 + 10 = 0

× 2
2𝑥2 + 13𝑥 + 20 = 0

𝟗. 𝑰𝒇 𝒑 𝒂𝒏𝒅 𝒒 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒍𝒙𝟐 + 𝒏𝒙 + 𝒏 = 𝟎

𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕
𝒑

𝒒
+

𝒒

𝒑
+

𝒏

𝒍
= 𝟎

𝑝 𝑎𝑛𝑑 𝑞 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑙𝑥2 + 𝑛𝑥 + 𝑛 = 0

𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶ 𝑝 + 𝑞 = −
𝑛

𝑙

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶ 𝑝𝑞 =
𝑛

𝑙

… (1)

… (2)
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𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝐿. 𝐻. 𝑆 =
𝑝

𝑞
+

𝑞

𝑝
+

𝑛

𝑙
=

𝑝

𝑞
+

𝑞

𝑝
+

𝑛

𝑙

=
𝑝 × 𝑞 × 𝑙

𝑝 𝑝 𝑙 + 𝑞 𝑞 𝑙 + 𝑛 𝑝 𝑞

=
𝑝𝑞𝑙

𝑝 𝑙 + 𝑞 𝑙 + 𝑝𝑞𝑛

=
𝑝𝑞𝑙

(𝑝 + 𝑞) 𝑙 + 𝑝𝑞𝑛

=
𝑛

𝑙
× 𝑙

−𝑛

𝑙
× 𝑙 +

𝑛

𝑙
× 𝑛

=
𝑛

−𝑛

𝑙 × 𝑙
× 𝑙 +

𝑛2

𝑙
=

𝑛

−𝑛

𝑙
+

𝑛

𝑙
= 0

𝑝 + 𝑞 = −
𝑛

𝑙
𝑎𝑛𝑑 𝑝𝑞 =

𝑛

𝑙

𝟏𝟎. 𝑰𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟐 + 𝒑𝒙 + 𝒒 = 𝟎 𝒂𝒏𝒅 𝒙𝟐 + 𝒑′𝒙 + 𝒒′ = 𝟎 𝒉𝒂𝒗𝒆

𝒂 𝒄𝒐𝒎𝒎𝒐𝒏 𝒓𝒐𝒐𝒕. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒕 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐
𝒑𝒒′ − 𝒑′𝒒

𝒒 − 𝒒′
𝒐𝒓

𝒒 − 𝒒′

𝒑′ − 𝒑

𝐿𝑒𝑡 𝛼 𝑏𝑒 𝑎 𝑐𝑜𝑚𝑚𝑜𝑛 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑥2 + 𝑝𝑥 + 𝑞 = 0 𝑎𝑛𝑑 𝑥2 + 𝑝′𝑥 + 𝑞′ = 0

𝛼2 + 𝑝𝛼 + 𝑞 = 0 𝛼2 + 𝑝′𝛼 + 𝑞′ = 0

𝑠𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

𝛼2 + 𝑝𝛼 + 𝑞 = 0

𝛼2 + 𝑝′𝛼 + 𝑞′ = 0

− − (−)

𝑝𝛼 − 𝑝′𝛼 + 𝑞 − 𝑞′ = 0

𝛼 𝑝 − 𝑝′ = 𝑞′ − 𝑞

𝛼 =
𝑞′ − 𝑞

𝑝 − 𝑝′

… (1) 𝑎𝑛𝑑 … (2)

⟹ 𝛼 =
− 𝑞 − 𝑞′

− 𝑝′ − 𝑝
𝛼 =

𝑞 − 𝑞′

𝑝′ − 𝑝
⟹

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟
𝐶𝑢𝑏𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟 𝑖𝑠 𝑎𝑑𝑑𝑒𝑑 𝑡𝑜 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟 = 6

3 𝑥 + 𝑥 = 6

𝑥1/3 + 𝑥 = 6 ⟹ 𝑥1/3 = 6 − 𝑥

𝑥 = (6 − 𝑥)3

𝟏𝟏. 𝑭𝒐𝒓𝒎𝒂𝒍𝒂𝒕𝒆 𝒊𝒏𝒕𝒐 𝒂 𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒂 𝒏𝒖𝒎𝒃𝒆𝒓 𝒔𝒖𝒄𝒉
𝒕𝒉𝒂𝒕 𝒘𝒉𝒆𝒏 𝒊𝒕𝒔 𝒄𝒖𝒃𝒆 𝒓𝒐𝒐𝒕 𝒊𝒔 𝒂𝒅𝒅𝒆𝒅 𝒕𝒐 𝒊𝒕, 𝒕𝒉𝒆 𝒓𝒆𝒔𝒖𝒍𝒕 𝒊𝒔 𝟔 .
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𝑹

.𝑺
𝑬
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𝑺
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𝑯
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𝑳

𝑥 = 63 − 3 6 2 𝑥 + 3 6 𝑥2 − 𝑥3

𝑥 = 216 − 108𝑥 + 18𝑥2 − 𝑥3

𝑥 − 216 + 108𝑥 − 18𝑥2 + 𝑥3 = 0

𝑥3 − 18𝑥2 + 109𝑥 − 216 = 0

𝐿𝑒𝑡 𝑥 𝑏𝑒 𝑡ℎ𝑒 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑡

𝑥 =
3

12 − 𝑥

𝑥3 = 12 − 𝑥

𝑥3 + 𝑥 − 12 = 0

𝟏𝟐. 𝑨 𝟏𝟐 𝒎𝒆𝒕𝒓𝒆 𝒕𝒂𝒍𝒍 𝒕𝒓𝒆𝒆 𝒘𝒂𝒔 𝒃𝒓𝒐𝒌𝒆𝒏 𝒊𝒏𝒕𝒐 𝒕𝒘𝒐 𝒑𝒂𝒓𝒕𝒔. 𝑰𝒕 𝒘𝒂𝒔 𝒇𝒐𝒖𝒏𝒅 𝒕𝒉𝒂𝒕
𝒕𝒉𝒆 𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇𝒕𝒉𝒆 𝒑𝒂𝒓𝒕 𝒘𝒉𝒊𝒄𝒉 𝒘𝒂𝒔 𝒍𝒆𝒇𝒕 𝒔𝒕𝒂𝒏𝒅𝒊𝒏𝒈 𝒘𝒂𝒔 𝒕𝒉𝒆 𝒄𝒖𝒃𝒆 𝒓𝒐𝒐𝒕 𝒐𝒇
𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕 𝒕𝒉𝒂𝒕 𝒘𝒂𝒔 𝒄𝒖𝒕 𝒂𝒘𝒂𝒚. 𝑭𝒐𝒓𝒎𝒖𝒍𝒂𝒕𝒆 𝒕𝒉𝒊𝒔 𝒊𝒏𝒕𝒐 𝒂
𝒎𝒂𝒕𝒉𝒆𝒎𝒂𝒕𝒊𝒄𝒂𝒍 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕 𝒘𝒉𝒊𝒄𝒉 𝒘𝒂𝒔
𝒄𝒖𝒕 𝒂𝒘𝒂𝒚.

𝑨

𝑩

𝑪

𝑥
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𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟗 𝑭𝒊𝒏𝒅 𝒂 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒅𝒆𝒈𝒓𝒆𝒆 𝒘𝒊𝒕𝒉

𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔, 𝒉𝒂𝒗𝒊𝒏𝒈 2 − 3 𝒂𝒔 𝒂 𝒓𝒐𝒐𝒕

𝐼𝑓 𝑜𝑛𝑒 𝑜𝑓 𝑖𝑡𝑠 𝑟𝑜𝑜𝑡 𝑖𝑠 2 − 3 . 𝑠𝑜 𝑜𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡 𝑖𝑠 2 + 3

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 2 − 3 + 2 + 3

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 4

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 2 − 3 2 + 3

= 2 2 − 3
2

= 4 − 3 = 1

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 1

𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 0

𝑥2 − 4𝑥 + 1 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟗 𝑭𝒊𝒏𝒅 𝒂 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔,

𝟐

𝟑
𝒂𝒔 𝒂 𝒓𝒐𝒐𝒕

𝑆𝑖𝑛𝑐𝑒
2

3
𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 𝐻𝑒𝑛𝑐𝑒 𝑥 −

2

3
𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟𝑠

𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒𝑖𝑟 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑥 −
2

3
𝑥 +

2

3
= 0

𝑤𝑒 𝑡𝑎𝑘𝑒 𝑥 +
2

3
𝑎𝑠 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟𝑇𝑜 𝑟𝑒𝑚𝑜𝑣𝑒 𝑡ℎ𝑒 𝑜𝑢𝑡𝑒𝑟𝑚𝑜𝑠𝑡 𝑠𝑞𝑢𝑎𝑟𝑒 𝑟𝑜𝑜𝑡.

𝑆𝑡𝑖𝑙𝑙 𝑤𝑒 𝑑𝑖𝑑𝑛’𝑡 𝑎𝑐ℎ𝑖𝑒𝑣𝑒 𝑜𝑢𝑟 𝑔𝑜𝑎𝑙. 𝑆𝑜 𝑤𝑒 𝑖𝑛𝑐𝑙𝑢𝑑𝑒 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟

𝑥2 −
2

3
= 0⟹

𝑥2 +
2

3

𝑥2 −
2

3
𝑥2 +

2

3
= 0𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑖𝑠 ⟹ 𝑥2 2 −

2

3

2

= 0

𝑥4 −
2

3
= 0 ⟹

3𝑥4 − 2

3
= 0

3𝑥4 − 2 = 0

𝑖𝑠 𝑎 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠.

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟑. 𝟐
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𝑬𝒈: 𝟑. 𝟏𝟏 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟐𝒙𝟐 − 𝟔𝒙 + 𝟕 = 𝟎 𝒄𝒂𝒏𝒏𝒐𝒕 𝒃𝒆 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅
𝒃𝒚 𝒂𝒏𝒚 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒙.

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 2𝑥2 − 6𝑥 + 7 = 0

𝑎 = 2, 𝑏 = −6, 𝑐 = 7

∆ = 𝑏2 −4𝑎𝑐

∆ = −6 2 − 4(2)(7)

= 36 − 56 = −20 < 0

∴ ∆ < 0, 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑛𝑢𝑚𝑏𝑒𝑟𝑠

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟐 ∶ 𝑰𝒇 𝒙𝟐 + 𝟐 𝒌 + 𝟐 𝒙 + 𝟗𝒌 = 𝟎 𝒉𝒂𝒔 𝒆𝒒𝒖𝒂𝒍 𝒓𝒐𝒐𝒕𝒔, 𝒇𝒊𝒏𝒅 𝑲.

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥2 + 2 𝑘 + 2 𝑥 + 9𝑘 = 0

𝑎 = 1, 𝑏 = 2 𝑘 + 2 , 𝑐 = 9𝑘

𝐺𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ℎ𝑎𝑠 𝑒𝑞𝑢𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 ∴ ∆ = 0

𝑏2 − 4𝑎𝑐 = 0

2(𝑘 + 2) 2 − 4 1 9𝑘 = 0 4 𝑘 + 2 2 − 36 𝑘 = 0

4 𝑘2 + 22 + 2(𝑘)(2) − 36𝑘 = 0

4𝑘2 + 16 + 16𝑘 − 36𝑘 = 0 4𝑘2 − 20𝑘 + 16 = 0

÷ 4
𝑘2 − 5𝑘 + 4 = 0

𝑘 − 1 𝑘 − 4 = 0 𝑘 = 1 = 0, 𝑘 − 4 = 0

𝑘 = 1, 𝑘 = 4

4 𝑘2 + 4 + 4𝑘 − 36𝑘 = 0

⟹

⟹

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟑: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒑, 𝒒, 𝒓 𝒂𝒓𝒆 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟐 − 𝟐𝒑𝒙 + 𝒑𝟐 − 𝒒𝟐 + 𝟐𝒒𝒓 − 𝒓𝟐 = 𝟎 𝒂𝒓𝒆 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥2 − 2𝑝𝑥 + 𝑝2 − 𝑞2 + 2𝑞𝑟 − 𝑟2 = 0

𝑎 = 1, 𝑏 = −2𝑝, 𝑐 = 𝑝2 − 𝑞2 + 2𝑞𝑟 − 𝑟2

∆ = 𝑏2 − 4𝑎𝑐

= −2𝑝 2 − 4 1 (𝑝2 − 𝑞2 + 2𝑞𝑟 − 𝑟2)

= 4𝑝2 − 4 (𝑝2 − 𝑞2 + 2𝑞𝑟 − 𝑟2)

= 4𝑝2 − 4𝑝2 + 4𝑞2 − 8𝑞𝑟 + 4𝑟2 = 4𝑞2 − 8𝑞𝑟 + 4𝑟2

= 4 𝑞2 − 2𝑞𝑟 + 𝑟2 = 4 𝑞 − 𝑟 2

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙.

> 0 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑓𝑒𝑐𝑡 𝑒𝑞𝑢𝑎𝑟𝑒.
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟓: 𝑰𝒇 𝟐 + 𝒊 𝒂𝒏𝒅 𝟑 − 𝟐 𝒂𝒓𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒙𝟔 − 𝟏𝟑𝒙𝟓 + 𝟔𝟐𝒙𝟒 − 𝟏𝟐𝟔𝒙𝟑 + 𝟔𝟓𝒙𝟐 + 𝟏𝟐𝟕𝒙 − 𝟏𝟒𝟎 = 𝟎. 𝒇𝒊𝒏𝒅 𝒂𝒍𝒍 𝒓𝒐𝒐𝒕𝒔

𝐺𝑖𝑣𝑒𝑛 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 2 + 𝑖 𝑎𝑛𝑑 3 − 2 ,

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒
𝑥 − 2 + 𝑖 , 𝑥 − 2 − 𝑖 , 𝑥 − 3 − 2 , 𝑥 − 3 + 2 𝑎𝑟𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑠

𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒𝑖𝑟 𝑓𝑎𝑐𝑡𝑜𝑟𝑠

𝑥 − 2 + 𝑖 𝑥 − 2 − 𝑖 𝑥 − 3 − 2 𝑥 − 3 + 2 = 0

𝑥2 − 3 + 2 𝑥 − 3 − 2 𝑥 + 3 − 2 3 + 2 = 0

𝑥2 − 2 − 𝑖 𝑥 − 2 + 𝑖 𝑥 + 2 + 𝑖 2 − 𝑖

𝑥2 − 2𝑥 + 𝑖𝑥 − 2𝑥 − 𝑖𝑥 + 22 + 12

𝑥2 − 3𝑥 − 2𝑥 − 3𝑥 + 2𝑥 + 32 − 2
2

= 0

𝑥2 − 4𝑥 + 5 𝑥2 − 6𝑥 + 9 − 2 = 0

𝑥2 − 4𝑥 + 5 𝑥2 − 6𝑥 + 7 = 0

2 − 𝑖 𝑎𝑛𝑑 3 + 2 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

𝑥4 − 6𝑥3 + 7𝑥2 − 4𝑥3 + 24𝑥2 − 28𝑥 + 5𝑥2 − 30𝑥 + 35 = 0

𝑥4 − 10𝑥3 + 36𝑥2 − 58𝑥 + 35 = 0

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑏𝑦 𝑡ℎ𝑖𝑠 𝑓𝑎𝑐𝑡𝑜𝑟

𝑥4 − 10𝑥3 + 36𝑥2 − 58𝑥 + 35 𝑥6 − 13𝑥5 + 62𝑥4 − 126𝑥3 + 65𝑥2 + 127𝑥 − 140

𝑥2

𝑥6 − 10𝑥5 + 36𝑥4 − 58𝑥3 + 35𝑥2
(−) (+)(+) (−)

−3𝑥5 + 26𝑥4 − 68𝑥3 + 30𝑥2 + 127𝑥

−3𝑥5 + 30𝑥4 − 108𝑥3 + 174𝑥2 − 105𝑥
(+) (−) (+) (−) (+)

− 4𝑥4 + 40𝑥3 − 144𝑥2 + 232𝑥 − 140

−4𝑥4 + 40𝑥3 − 144𝑥2 + 232𝑥 − 140
(+) (−) (+) (−) (+)

0

− 3𝑥 − 4

(−)

𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 𝑥2 − 3𝑥 − 4 = 0

𝑥 + 1 𝑥 − 4 = 0

𝑥 + 1 = 0, 𝑥 − 4 = 0

𝑥 = −1, 𝑥 = 4

𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 2 + 𝑖, 2 − 𝑖, 3 + 2, −1 𝑎𝑛𝑑 4
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2𝑥2 + 𝑘𝑥 + 𝑘 = 0

∆ = 𝑏2 − 4𝑎𝑐

= 𝑘2 − 4 2 (𝑘)

∆ = 𝑘2 − 8𝑘

𝑎 = 2, 𝑏 = 𝑘, 𝑐 = 𝑘

∆ = 𝑘(𝑘 − 8)

𝑊ℎ𝑒𝑛 𝑘 < 0, ∆ > 0 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 ℎ𝑎𝑠 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠

𝑊ℎ𝑒𝑛 𝑘 = 0, 𝑘 = 8, ∆ = 0 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 ℎ𝑎𝑠 𝑒𝑞𝑢𝑎𝑙

𝑊ℎ𝑒𝑛 0 < 𝑘 < 8, ∆ < 0 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 ℎ𝑎𝑠 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦

𝑊ℎ𝑒𝑛 𝑘 > 8, ∆ > 0 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 ℎ𝑎𝑠 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡.

𝟏. 𝑰𝒇 𝒌 𝒊𝒔 𝒓𝒆𝒂𝒍, 𝒅𝒊𝒔𝒄𝒖𝒔𝒔 𝒕𝒉𝒆 𝒏𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟐𝒙𝟐 + 𝒌𝒙 + 𝒌 = 𝟎 𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒌.

⟹

𝐼𝑓 𝑜𝑛𝑒 𝑜𝑓 𝑖𝑡𝑠 𝑟𝑜𝑜𝑡 𝑖𝑠 2 + 3 𝑖 . 𝑆𝑜 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡 𝑖𝑠 2 − 3 𝑖

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 2 + 3 𝑖 + 2 − 3 𝑖

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 4

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 2 + 3 𝑖 2 − 3 𝑖

𝟐. 𝑭𝒊𝒏𝒅 𝒂 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒅𝒆𝒈𝒓𝒆𝒆 𝒘𝒊𝒕𝒉 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍

𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔, 𝒉𝒂𝒗𝒊𝒏𝒈 𝟐 + 𝟑 𝒊 𝒂𝒔 𝒂 𝒓𝒐𝒐𝒕

𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 0

𝑥2 − 4𝑥 + 7 = 0

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛:

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 7

= 22 + 3
2

= 4 + 3 = 7

𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 0

𝑥2 − 6𝑥 + 13 = 0

𝐼𝑓 𝑜𝑛𝑒 𝑜𝑓 𝑖𝑡𝑠 𝑟𝑜𝑜𝑡 𝑖𝑠 3 + 2𝑖. 𝑆𝑜 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡𝑠 𝑖𝑠 3 − 2𝑖

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 3 + 2𝑖 + 3 − 2𝑖

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 6

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = (3 + 2𝑖)(3 − 2𝑖) = 32 + 22 = 9 + 4

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛:

𝟑. 𝑭𝒊𝒏𝒅 𝒂 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒅𝒆𝒈𝒓𝒆𝒆 𝒘𝒊𝒕𝒉 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍
𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔, 𝒉𝒂𝒗𝒊𝒏𝒈 𝟐𝒊 + 𝟑 𝒂𝒔 𝒂 𝒓𝒐𝒐𝒕

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 13
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𝟒. 𝑭𝒊𝒏𝒅 𝒂 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒅𝒆𝒈𝒓𝒆𝒆 𝒘𝒊𝒕𝒉 𝒓𝒂𝒕𝒊𝒐𝒏𝒂𝒍

𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔, 𝒉𝒂𝒗𝒊𝒏𝒈 5 − 3 𝒂𝒔 𝒂 𝒓𝒐𝒐𝒕

𝐼𝑓 𝑜𝑛𝑒 𝑜𝑓 𝑖𝑡𝑠 𝑟𝑜𝑜𝑡 𝑖𝑠 5 − 3 . 𝑠𝑜 𝑜𝑡ℎ𝑒𝑟 𝑟𝑜𝑜𝑡 𝑖𝑠 5 + 3

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 5 − 3 + 5 + 3

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 2 5

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 5 − 3 5 + 3

= 5
2

− 3
2

= 5 − 3 = 2

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 = 2

𝑥2 − 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 𝑥 + 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡 = 0

𝑥2 − 2 5 𝑥 + 2 = 0 𝑥2 + 2 = 2 5𝑥

𝑥2 + 2 2 = 2 5 𝑥
2

⟹

𝑥4 + 2𝑥2 2 + 22 = 4 5 𝑥2

𝑥4 + 4𝑥2 + 4 = 20𝑥2 𝑥4 + 4𝑥2 + 4 − 20𝑥2 = 0

𝑥4 − 16𝑥2 + 4 = 0

⟹
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟔: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒙𝟒 − 𝟗𝒙𝟐 + 𝟐𝟎 = 𝟎

𝑥4 − 9𝑥2 + 20 = 0

𝑥2 2 − 9𝑥2 + 20 = 0

𝐿𝑒𝑡

𝑦2 − 9𝑦 + 20 = 0 𝑦 − 4 𝑦 − 5 = 0

𝑦 − 4 = 0, 𝑦 − 5 = 0 𝑦 = 4, 𝑦 = 5

𝑁𝑜𝑤 𝑥2 = 5

𝑦 = 𝑥2

𝑥2 = 4,

+
−9

×
20

−4 −5

𝑥 = 4, 𝑥 = ± 5

𝑥 = ±2

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 2, −2, 5, − 5

⟹

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟏𝟖: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝟐𝒙𝟑 + 𝟏𝟏𝒙𝟐 − 𝟗𝒙 − 𝟏𝟖 = 𝟎

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑜𝑑𝑑 𝑡𝑒𝑟𝑚𝑠
= 𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑒𝑣𝑒𝑛 𝑡𝑒𝑟𝑚𝑠

−1 𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝐻𝑒𝑛𝑐𝑒 𝑥 + 1 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

𝐷𝑖𝑣𝑖𝑑𝑒 2𝑥3 + 11𝑥2 − 9𝑥 − 18 𝑏𝑦 𝑥 + 1

𝑥 + 1 2𝑥3 + 11𝑥2 − 9𝑥 − 18

2𝑥2

2𝑥3 + 2𝑥2
(−) (−)

9𝑥2 − 9𝑥

9𝑥2 + 9𝑥
(−) (−)

−18𝑥 − 18

−18𝑥 − 18
(+) (+)

+ 9𝑥 − 18

0

∴ 𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 2𝑥2 + 9𝑥 − 18 = 0

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟑. 𝟑

×
−36

+
9

12 −3𝑥𝑥

2𝑥22𝑥2

𝑥 𝑥

6

2𝑥2 + 9𝑥 − 18 = 0

𝑥 + 6 2𝑥 − 3 = 0 𝑥 + 6 = 0, 2𝑥 − 3 = 0

𝑥 = −6,

⟹

2𝑥 = 3

𝑥 =
3

2

∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 − 1, −6,
3

2
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐𝟐: 𝑰𝒕 𝒊𝒔 𝒌𝒏𝒐𝒘𝒏 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒙𝟑 − 𝟔𝒙𝟐 − 𝟒𝒙 + 𝟐𝟒 = 𝟎 𝒂𝒓𝒆 𝒊𝒏 𝒂𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝒑𝒓𝒐𝒈𝒓𝒆𝒔𝒔𝒊𝒐𝒏. 𝑭𝒊𝒏𝒅 𝒊𝒕𝒔 𝒓𝒐𝒐𝒕𝒔

Let 𝛼, 𝛽, 𝛾 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑚 𝑎𝑛 𝐴. 𝑃.
𝛼 = 𝑎 − 𝑑, 𝛽 = 𝑎, 𝛾 = 𝑎 + 𝑑

𝐺𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 𝑥3 − 6𝑥2 − 4𝑥 + 24 = 0

𝑎 = 1, 𝑏 = −6, 𝑐 = −4, 𝑑 = 24

𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠: 𝛴1 = −
𝑏

𝑎
=

6

1
= 6

𝛼 + 𝛽 + 𝛾 = 6

𝑎 − 𝑑 + 𝑎 + 𝑎 + 𝑑 = 6 ⟹

𝑎 = 2

3𝑎 = 6

𝐻𝑒𝑛𝑐𝑒 𝛽 = 2

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠: Σ3 = −
𝑑

𝑎

Σ3 =
−24

1
= −24 ⟹ 𝛼𝛽𝛾 = −24

𝛼 × 2 × 𝛾 = −24 𝛼𝛾 = −12

𝑎 − 𝑑 𝑎 + 𝑑 = −12 𝑎2 − 𝑑2 = −12 𝑤ℎ𝑒𝑟𝑒 𝑎 = 2

22 − 𝑑2 = −12 4 − 𝑑2 = −12 −𝑑2 = −12 − 4

−𝑑2 = −16 𝑑2 = 16 𝑑 = 16

⟹

𝑑 = ±4

⟹

⟹ ⟹

⟹ ⟹

𝛼 = 𝑎 − 𝑑 = 2 − 4 = −2

𝛾 = 𝑎 + 𝑑 = 2 + 4 = 6
𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 − 2, 2, 6

𝐺𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ 2𝑥3 − 𝑥2 − 18𝑥 + 9 = 0

𝐿𝑒𝑡 𝛼, 𝛽, 𝛾 𝑏𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.

𝐺𝑖𝑣𝑒𝑛 𝑠𝑢𝑚 𝑜𝑓 𝑡𝑤𝑜 𝑜𝑓 𝑖𝑡𝑠 𝑟𝑜𝑜𝑡𝑠 𝑣𝑎𝑛𝑖𝑠ℎ𝑒𝑠 ∶ α + β = 0

β = −α


1
α = α + β + γ =

1

2
𝑤ℎ𝑒𝑟𝑒 𝛽 = −𝛼

𝟏. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒄𝒖𝒃𝒊𝒄 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 ∶ 𝟐𝒙𝟑 − 𝒙𝟐 − 𝟏𝟖𝒙 + 𝟗 = 𝟎 𝒊𝒇 𝒔𝒖𝒎 𝒐𝒇 𝒕𝒘𝒐 𝒐𝒇
𝒊𝒕𝒔 𝒓𝒐𝒐𝒕𝒔 𝒗𝒂𝒏𝒊𝒔𝒉𝒆𝒔.

α + β + γ = −
b

𝑎

𝑎 = 2, 𝑏 = −1, 𝑐 = −18, 𝑑 = 9

⟹𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶

α − α + γ =
1

2
⟹ γ =

1

2


3
𝛼𝛽𝛾 = −

𝑑

𝑎
𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠:

116



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
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E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝛼𝛽𝛾 = −
9

2
𝑤ℎ𝑒𝑟𝑒 𝛽 = −𝛼 𝑎𝑛𝑑 γ =

1

2

𝛼 × −𝛼 ×
1

2
= −

9

2
⟹ 𝛼2 ×

1

2
=

9

2

α = 9

𝑠𝑢𝑏 𝛼 = 3 𝑖𝑛 𝛽 = −𝛼 β = −3

∴ α = 3, β = −3, γ = Τ1 2

⟹ α = ±3α2 = 9 ⟹

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 2𝑥3 − 6𝑥2 + 3𝑥 + 𝑘 = 0

𝐺𝑖𝑣𝑒𝑛: 𝑜𝑛𝑒 𝑟𝑜𝑜𝑡𝑠 = 2 × 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑡𝑤𝑜 𝑟𝑜𝑜𝑡𝑠

𝛼 =

∑1 =
6

2
= 3

2 𝛽 + 𝛾 + 𝛽 + 𝛾 = 3

𝛽 + 𝛾 = 1 … (2)

𝑙𝑒𝑡 𝛼, 𝛽, 𝛾 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

2 𝛽 + 𝛾

∑1 = 3⟹

𝛼 + 𝛽 + 𝛾 = 3

⟹
… (1)

3 𝛽 + 𝛾 = 3

∑1𝛼 =−
b

𝑎𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 ∶

𝟒. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒌 𝒂𝒏𝒅 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟐𝒙𝟑 − 𝟔𝒙𝟐 + 𝟑𝒙 + 𝒌 = 𝟎 𝒊𝒇 𝒐𝒏𝒆 𝒐𝒇
𝒊𝒕𝒔 𝒓𝒐𝒐𝒕𝒔 𝒊𝒔 𝒕𝒘𝒊𝒄𝒆 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒕𝒘𝒐 𝒓𝒐𝒐𝒕𝒔.

𝑎 = 2, 𝑏 = −6, 𝑐 = 3, 𝑑 = 𝑘

𝑆𝑢𝑏 𝛽 + 𝛾 = 1 𝑖𝑛 (1)

𝛼 = 3 − 1

𝛼 + 𝛽 + 𝛾 = 3

𝛼 + 1 = 3 ⟹

𝛼 = 2

∑2 =
𝑐

𝑎
=

3

2𝑇ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑟𝑜𝑜𝑡𝑠:

𝛼𝛽 + 𝛽𝛾 + 𝛾𝛼 =
3

2
𝑤ℎ𝑒𝑟𝑒 𝛼 = 2

2𝛽 + 𝛽𝛾 + 2𝛾 =
3

2
2𝛽 + 2𝛾 + 𝛽𝛾 =

3

2

2 𝛽 + 𝛾 + 𝛽𝛾 =
3

2

⟹

𝑤ℎ𝑒𝑟𝑒 𝛽 + 𝛾 = 1

2 1 + 𝛽𝛾 =
3

2
⟹ 𝛽𝛾 =

3

2
− 2 𝛽𝛾 =

2

3 − 4
𝛽𝛾 = −

1

2
⟹

𝛼𝛽𝛾 = −
𝑘

2

𝑇ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑟𝑜𝑜𝑡𝑠: ∑3 = −
𝑑

𝑎
= −

𝑘

2

𝑤ℎ𝑒𝑟𝑒 𝛼 = 2, 𝛽𝛾 = −
1

2
𝛼𝛽𝛾 = −

𝑘

2

⟹

⟹
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𝑶
𝑶

𝑳
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E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝛽 + 𝛾 = 1
𝛽 = 1 − 𝛾

𝛽𝛾 = −
1

2

1 − 𝛾 𝛾 = −
1

2
𝛾 − 𝛾2 = −

1

2
⟹

2𝛾 − 2𝛾2 = −1 2𝛾 − 2𝛾2 + 1 = 0⟹

−2𝛾2 + 2𝛾 + 1 = 0 2𝛾2 − 2𝛾 − 1 = 0

𝑎 = 2, 𝑏 = −2, 𝑐 = −1

𝛾 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

⟹

𝛾 =
2(2)

2 ± 4 − 4(2)(−1)
⟹

𝛾 =
2 ± 12

4

𝛾 =
2 ± 2 3

4
𝛾 =

2(1 ± 3)

4 2
𝛾 =

1 ± 3

2

𝛾 =
4

2 ± 4 + 8 𝛾 =
2 ± 4 × 3

4⟹ ⟹

⟹ ⟹

𝛽 = 1 −
1 ± 3

2
=

2 − 1 ± 3

2
=

2 − 1 ± 3

2
=

1 ± 3

2

𝛽 =
1 ± 3

2

𝛽 = 1 − 𝛾 ⟹

∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝛼 = 2, 𝛽 =
1 ± 3

2
, 𝛾 =

1 ± 3

2

𝐺𝑖𝑣𝑒𝑛 𝑧𝑒𝑟𝑜𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑎𝑟𝑒 1 + 2𝑖 𝑎𝑛𝑑 3

1 − 2𝑖 𝑎𝑛𝑑 − 3 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝑧𝑒𝑟𝑜𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙.

𝑇ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑥 − 1 + 2𝑖 , [𝑥 − 1 − 2𝑖 ] , 𝑥 − 3 , 𝑥 + 3

𝟓. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒛𝒆𝒓𝒐𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍
𝒙𝟔 − 𝟑𝒙𝟓 − 𝟓𝒙𝟒 + 𝟐𝟐𝒙𝟑 − 𝟑𝟗𝒙𝟐 − 𝟑𝟗𝒙 + 𝟏𝟑𝟓 𝒊𝒇 𝒊𝒕 𝒊𝒔 𝒌𝒏𝒐𝒘𝒏 𝒕𝒉𝒂𝒕 𝟏 + 𝟐𝒊 𝒂𝒏𝒅

𝟑 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒐𝒇 𝒊𝒕𝒔 𝒛𝒆𝒓𝒐𝒔.

2
−1

2
= −

𝑘

2
∴ 𝑘 = 2−1 =

−𝑘

2
⟹

𝑥 − 1 2 + 2 2

𝑥 − 1 − 2𝑖 𝑥 − 1 + 2𝑖 𝑥 − 3 𝑥 + 3

𝑎 𝑏 𝑎 𝑏

𝑥2 − 3
2

= 𝑥2 − 2𝑥 + 1 + 4 𝑥2 − 3

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑠

𝑥 − 1 + 2𝑖 𝑥 − 1 − 2𝑖 𝑥 − 3 𝑥 + 3

= 𝑥2 − 2𝑥 + 5 𝑥2 − 3 = 𝑥4 − 2𝑥3 + 5𝑥2 − 3𝑥2 + 6𝑥 − 15

= 𝑥4 − 2𝑥3 + 2𝑥2 + 6𝑥 − 15
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𝑪
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𝑶
𝑶

𝑳

B
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U
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S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑏𝑦 𝑡ℎ𝑖𝑠 𝑓𝑎𝑐𝑡𝑜𝑟: 𝑥4 − 2𝑥3 + 2𝑥2 + 6𝑥 − 15

𝑥4 − 2𝑥3 + 2𝑥2 + 6𝑥 − 15 𝑥6 − 3𝑥5 − 5𝑥4 + 22𝑥3 − 39𝑥2 − 39𝑥 + 135

𝑥2

𝑥6 − 2𝑥5 + 2𝑥4 + 6𝑥3 − 15𝑥2
(−) (−)(+) (−)

−𝑥5 − 7𝑥4 + 16𝑥3 − 24𝑥2

−𝑥5 + 2𝑥4 − 2𝑥3 − 6𝑥2 + 15𝑥
(+) (−) (+) (+) (−)

− 9𝑥4 + 18𝑥3 − 18𝑥2 − 54𝑥 + 135

−9𝑥4 + 18𝑥3 − 18𝑥2 − 54𝑥 + 135
(+) (−) (+) (+) (−)

0

− 𝑥 − 9

(+)

− 39𝑥

∴ 𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 𝑥2 − 𝑥 − 9 = 0

𝑎 = 1, 𝑏 = −1, 𝑐 = −9

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
𝑥 =

1 ± 12 − 4(1)(−9)

2(1)

𝑥 =
1 ± 1 + 36

2
=

1 ± 37

2

𝑥 =
1 + 37

2
,
1 − 37

2

⟹

𝟔. 𝑺𝒐𝒍𝒗𝒆: 𝒊 𝟐𝒙𝟑 − 𝟗𝒙𝟐 + 𝟏𝟎𝒙 − 𝟑 = 𝟎

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 = 2 − 9 + 10 − 3 = 12 − 12 = 0

∴ 𝑥 − 1 𝑖𝑠 𝑡ℎ𝑒 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙

𝐷𝑖𝑣𝑖𝑑𝑒: 2𝑥3 − 9𝑥2 + 10𝑥 − 3 𝑏𝑦 𝑥 − 1

𝑥 − 1 2𝑥3 − 9𝑥2 + 10𝑥 − 3

2𝑥2

2𝑥3 − 2𝑥2
(−) (+)

−7𝑥2 + 10𝑥

−7𝑥2 + 7𝑥
(+) (−)

3𝑥 − 3

3𝑥 − 3
(−) (+)

0

− 7𝑥 + 3

𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 2𝑥2 − 7𝑥 + 3 = 0
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

2𝑥 − 1 𝑥 − 3 = 0 2𝑥 − 1 = 0, 𝑥 − 3 = 0

2𝑥 = 1, 𝑥 = 3

𝑥 =
1

2

∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑎𝑟𝑒 1,
1

2
, 3

+
−7

×
6

−1 −6𝑥 𝑥

2𝑥2 2𝑥2

𝑥
(2𝑥 − 1)

𝑥
(𝑥 − 3)

−3

𝟔. 𝒊𝒊 𝟖𝒙𝟑 − 𝟐𝒙𝟐 − 𝟕𝒙 + 𝟑 = 𝟎

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜. 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑜𝑑𝑑 𝑡𝑒𝑟𝑚𝑠= 8 − 7 = 1

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜. 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑒𝑣𝑒𝑛 𝑡𝑒𝑟𝑚𝑠 = −2 + 3 = 1

𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜. 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑜𝑑𝑑 𝑡𝑒𝑟𝑚𝑠

= 𝑆𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑜. 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑒𝑣𝑒𝑛 𝑡𝑒𝑟𝑚𝑠

∴ 𝑥 + 1 𝑖𝑠 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙.
ℎ𝑒𝑛𝑐𝑒 𝑥 = −1 𝑖𝑠 𝑜𝑛𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡

𝐷𝑖𝑣𝑖𝑑𝑒: 8𝑥2 − 2𝑥2 − 7𝑥 + 3 𝑏𝑦 𝑥 + 1

𝑥 + 1 8𝑥3 − 2𝑥2 − 7𝑥 + 3

8𝑥2

8𝑥3 + 8𝑥2
(−) (−)

−10𝑥2 − 7𝑥

−10𝑥2 − 10𝑥
(+) (+)

3𝑥 + 3

3𝑥 + 3
(−) (−)

− 10𝑥 + 3

0

𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 8𝑥2 − 10𝑥 + 3 = 0

4𝑥 − 3 2𝑥 − 1 = 0 4𝑥 − 3 = 0, 2𝑥 − 1 = 0

4𝑥 = 3, 2𝑥 = 1

𝑥 =
3

4
, 𝑥 =

1

2

+
−10

×
24

−6 −4𝑥 𝑥

8𝑥2 8𝑥2

𝑥

(4𝑥 − 3)

𝑥

(2𝑥 − 1)

−1−3

4 2

∴ 𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑎𝑟𝑒 − 1,
1

2
,
3

4
𝟕. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒙𝟒 − 𝟏𝟒𝒙𝟐 + 𝟒𝟓 = 𝟎

𝑥4 − 14𝑥2 + 45 = 0 𝑥2 2 − 14𝑥2 + 45 = 0

𝑦2 − 14𝑦 + 45 = 0 𝑦 − 9 𝑦 − 5 = 0 𝑦 − 9 = 0, 𝑦 − 5 = 0
𝐿𝑒𝑡 𝑦 = 𝑥2

⟹ ⟹

⟹

⟹

𝑦 = 9, 𝑦 = 5

𝑥2 = 9, 𝑥2 = 5 𝑥 = 9, 𝑥 = ± 5

𝑥 = ±3

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 3, −3, 5, − 5

𝑁𝑜𝑤

⟹

⟹
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆: 𝟑. 𝟓
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐𝟓: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒙𝟑 − 𝟓𝒙𝟐 − 𝟒𝒙 + 𝟐𝟎 = 𝟎

𝐻𝑒𝑟𝑒 2 𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.

Divide 𝑥3 − 5𝑥2 − 4𝑥 + 20 by 𝑥 − 2

𝑥 − 2 𝑥3 − 5𝑥2 − 4𝑥 + 20

𝑥2

𝑥3 − 2𝑥2
(−) (+)

−3𝑥2 − 4𝑥

−3𝑥2 + 6𝑥

(+) (−)

−10𝑥 + 20

−10𝑥 + 20
(+) (−)

− 3𝑥 − 10

0

𝐻𝑒𝑛𝑐𝑒 𝑥 − 2 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙

∴ 𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 𝑥2 − 3𝑥 − 10 = 0

𝑥 − 5 𝑥 + 2 = 0

𝑥 − 5 = 0, 𝑥 + 2 = 0

𝑥 = 5, 𝑥 = −2

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 2, −2, 5

+
−3

×
−10

−5 2

𝑹𝒂𝒕𝒊𝒐𝒏𝒂𝒍 𝒕𝒉𝒆𝒐𝒓𝒆𝒎:

𝐿𝑒𝑡 𝑎𝑛𝑥𝑛 + ⋯ + 𝑎1𝑥 + 𝑎0 𝑤𝑖𝑡ℎ 𝑎𝑛 ≠ 0 𝑎0 ≠ 0. 𝐼𝑓
𝑝

𝑞
𝑤𝑖𝑡ℎ 𝐺. 𝑐. 𝑑 𝑝, 𝑞 = 1

𝑝

𝑞
=

± 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑎0

± 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑎𝑛

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐𝟔: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝟐𝒙𝟑 + 𝟑𝒙𝟐 + 𝟐𝒙 + 𝟑

𝑎𝑛 = 2 ∶ ± 1, 2

𝑎0 = 3 ∶ ± 1, 3
𝑝

𝑞
=

± 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑎0

± 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑎𝑛
𝑝

𝑞
=

± 1, 3

± 1, 2
= ±

1

1
, ±

3

1
, ±

1

2
, ±

3

2

𝑎𝑟𝑒 𝑡ℎ𝑒 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑅𝑎𝑡𝑖𝑜𝑛𝑎𝑙
𝑟𝑜𝑜𝑡𝑠

𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙
𝑃 𝑥 = 2𝑥3 + 3𝑥2 + 2𝑥 + 3 𝑃 𝑥 𝑅𝑜𝑜𝑡/𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

1 2 + 3 + 2 + 3 ≠ 0 𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

−1 −2 + 3 − 2 + 3 ≠ 0 𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

3 2 27 + 3 9 + 2 3 + 3 ≠ 0 𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

−3 2 −27 + 3 9 − 6 + 3
= −54 + 27 − 6 + 3

≠ 0 𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

𝑅𝑎𝑡𝑖𝑜𝑛𝑎𝑙
𝑟𝑜𝑜𝑡𝑠

𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙
𝑃 𝑥 = 2𝑥3 + 3𝑥2 + 2𝑥 + 3 𝑃 𝑥 𝑅𝑜𝑜𝑡/𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

1

2
= 2

1

8
+ 3

1

4
+ 2

1

2
+ 3 ≠ 0 𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

−
1

2

= 2 −
1

8
+ 3

1

4
+ 2 −

1

2
+ 3

= −
1

4
+

3

4
− 1 + 3

≠ 0 𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

3

2 = 2
3

2

3

+ 3
3

2

2

+ 2
3

2
+ 3 ≠ 0 𝑛𝑜𝑡 𝑎 𝑟𝑜𝑜𝑡

−
3

2
= 2 −

3

2

3

+ 3 −
3

2

2

+ 2 −
3

2
+ 3

= 2 −
27

8
+ 3

9

4
− 3 + 3

= 0 𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡

∴ −
3

2
𝑖𝑠 𝑎 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑜𝑜𝑡

𝑥 = −
3

2
⟹ 2𝑥 = −3

2𝑥 + 3 = 0 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝐷𝑖𝑣𝑖𝑑𝑒: 2𝑥3 + 3𝑥2 + 2𝑥 + 3 𝑏𝑦 2𝑥 + 3

2𝑥 + 3 2𝑥3 + 3𝑥2 + 2𝑥 + 3

𝑥2

2𝑥3 + 3𝑥2
(−) (−)

2𝑥 + 3

2𝑥 + 3
(−) (−)

0

+ 1
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B
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A
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐𝟕: 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟕𝒙𝟑 − 𝟒𝟑𝒙𝟐 = 𝟒𝟑𝒙 − 𝟕

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 7𝑥3 − 43𝑥2 − 43𝑥 + 7 = 0
𝑇ℎ𝑖𝑠 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑑𝑒𝑔𝑟𝑒𝑒 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑇𝑦𝑝𝑒 𝐼.

−1 𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 ℎ𝑎𝑣𝑒 𝑥 + 1 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟.

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 7𝑥3 − 43𝑥2 − 43𝑥 + 7 𝑏𝑦 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 𝑥 + 1

𝑥 + 1 7𝑥3 − 43𝑥2 − 43𝑥 + 7

7𝑥2

7𝑥3 + 7𝑥2
(−) (−)

−50𝑥2 − 43𝑥

−50𝑥2 − 50𝑥

(+) (+)

7𝑥 + 7

7𝑥 + 7
(−) (−)

0

− 50𝑥 + 7

∴ 𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 7𝑥2 − 50𝑥 + 7 = 0

+
−50

×
49

−1 −49𝑥 𝑥

7𝑥2 7𝑥2𝑥
(7𝑥 − 1) (𝑥 − 7)

−7

𝑥

7𝑥 − 1 𝑥 − 7 = 0 7𝑥 − 1 = 0,
7𝑥 = 1,

𝑥 =
1

7
𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 − 1,

1

7
, 7.

𝑥 − 7 = 0

𝑥 = 7

𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒙𝟒 − 𝟏𝟎𝒙𝟑 + 𝟐𝟔𝒙𝟐 − 𝟏𝟎𝒙 + 𝟏 = 𝟎

𝑥4 − 10𝑥3 + 26𝑥2 − 10𝑥 + 1 = 0

÷ 𝑥2

𝑥2 − 10𝑥 + 26 −
10

𝑥
+

1

𝑥2
= 0

𝑥2 +
1

𝑥2
− 10 𝑥 +

1

𝑥
+ 26 = 0

𝐿𝑒𝑡 𝑦 = 𝑥 +
1

𝑥
𝑡ℎ𝑒𝑛 𝑥2 +

1

𝑥2
= 𝑦2 − 2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟐𝟖:

⟹ 𝑥2 +
1

𝑥2
− 10𝑥 −

10

𝑥
+ 26 = 0

𝑦2 = 𝑥 +
1

𝑥

2

⟹ 𝑦2 = 𝑥2 +
1

𝑥2
+ 2 𝑥

1

𝑥

𝑦2 = 𝑥2 +
1

𝑥2
+ 2 𝑦2 − 2 = 𝑥2 +

1

𝑥2
⟹

𝑦2 − 2 − 10𝑦 + 26 = 0 ⟹ 𝑦2 − 10𝑦 + 24 = 0

𝑦 − 6 𝑦 − 4 = 0 𝑦 − 6 = 0,

𝑦 = 6,

𝑦 − 4 = 0

𝑦 = 4

⟹

⟹

123



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥 +
1

𝑥
= 6 ⟹

𝑥2 + 1

𝑥
= 6 𝑥2 + 1 = 6𝑥⟹

𝑥2 − 6𝑥 + 1 = 0

𝑎 = 1, 𝑏 = −6, 𝑐 = 1

𝐶𝑎𝑠𝑒 𝑖 𝑦 = 6

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
⟹ 𝑥 =

6 ± −6 2 − 4 1 1

2 1

𝑥 =
6 ± 32

2
⟹ 𝑥 =

6 ± 16 × 2

2

𝑥 =
6 ± 4 2

2
⟹ 𝑥 = 3 ± 2 2

𝑥 = 3 + 2 2, 3 − 2 2

𝐶𝑎𝑠𝑒 𝑖𝑖 𝑦 = 4

𝑥 +
1

𝑥
= 4 𝑥2 + 1

𝑥
= 4 ⟹ 𝑥2 + 1 = 4𝑥

𝑥2 − 4𝑥 + 1 = 0

𝑎 = 1, 𝑏 = −4, 𝑐 = 1

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
𝑥 =

4 ± 16 − 4 1 1

2 1

𝑥 =
4 ± 12

2
=

4 ± 2 3

2

⟹

⟹

𝑥 = 2 ± 3 ⟹ 𝑥 = 2 + 3, 2 − 3

𝟑. 𝑺𝒐𝒍𝒗𝒆: 𝟖𝒙
𝟑

𝟐𝒏 − 𝟖𝒙−
𝟑

𝟐𝒏 = 𝟔𝟑

8𝑥
3

2𝑛 −
8

𝑥
3

2𝑛

= 63 8 𝑥
3

2𝑛 −
1

𝑥
3

2𝑛

= 63

𝐿𝑒𝑡

8 𝑦 −
1

𝑦
= 63

8 𝑦2 − 1

𝑦
= 63

8𝑦2 − 8 = 63𝑦 8𝑦2 − 63𝑦 − 8 = 0

𝑦 = 𝑥
3

2𝑛

8𝑦 + 1 𝑦 − 8 = 0 8𝑦 = −1, 𝑦 = 8

+
−63

×
−64

1 −64𝑦 𝑦

8𝑦2 8𝑦2

𝑦

(8𝑦 + 1)

𝑦

(𝑦 − 8)

−8

⟹

⟹

⟹

⟹

𝑦 = −
1

8
,

Now 𝑦 = 𝑥
3

2𝑛

𝑥
3

2𝑛 = −
1

8
, 𝑥

3
2𝑛 = 8 124



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥
1

2𝑛 = −
1

8

ൗ1
3

, 𝑥
1

2𝑛 = 8 ൗ1
3 𝑥

1
2𝑛 = −

1

2
,

𝑥 = −
1

2

2𝑛

,

𝑥
1

2𝑛 = 2

𝑥 = 2 2𝑛 𝑥 =
1

4

𝑛

, 𝑥 = 4𝑛

𝑥 = 4−𝑛

⟹

⟹

𝟒. 𝑺𝒐𝒍𝒗𝒆: 𝟐
𝒙

𝒂
+ 𝟑

𝒂

𝒙
=

𝒃

𝒂
+

𝟔𝒂

𝒃

2
𝑥

𝑎
+ 3

𝑎

𝑥
=

𝑏2 + 6𝑎2

𝑎𝑏

2
𝑥

𝑎

𝐿𝑒𝑡

2𝑦 +
3

𝑦
=

𝑏2 + 6𝑎2

𝑎𝑏

3

𝑥
𝑎

=
𝑏2 + 6𝑎2

𝑎𝑏

𝑦 =
𝑥

𝑎

2
𝑥

𝑎
+ 3

𝑎

𝑥
=

𝑏

𝑎
+

6𝑎

𝑏
⟹

+

⟹
2𝑦2 + 3

𝑦
=

𝑏2 + 6𝑎2

𝑎𝑏

2𝑎𝑏𝑦2 + 3𝑎𝑏 = 𝑏2𝑦 + 6𝑎2𝑦 ⟹ 2𝑎𝑏𝑦2 − 𝑏2𝑦 − 6𝑎2𝑦 + 3𝑎𝑏 = 0

2𝑎𝑏𝑦2 − 𝑏2𝑦 − 6𝑎2𝑦 + 3𝑎𝑏 = 0 ⟹ 𝑏𝑦 2𝑎𝑦 − 𝑏 − 3𝑎 2𝑎𝑦 − 𝑏 = 0

2𝑎𝑦 − 𝑏 𝑏𝑦 − 3𝑎 = 0 ⟹ 2𝑎𝑦 − 𝑏 = 0, 𝑏𝑦 − 3𝑎 = 0

2𝑎𝑦 = 𝑏, 𝑦 =
𝑏

2𝑎
,𝑏𝑦 = 3𝑎 𝑦 =

3𝑎

𝑏

𝐶𝑎𝑠𝑒 𝑖 𝑦 =
𝑏

2𝑎

𝑥

𝑎
=

𝑏

2𝑎
𝑠𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒

𝑥

𝑎
=

𝑏2

4𝑎2 𝑥 =
𝑏2

4𝑎

𝐶𝑎𝑠𝑒 𝑖𝑖

𝑥

𝑎
=

3𝑎

𝑏
𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒

𝑥

𝑎
=

9𝑎2

𝑏2
𝑥 =

9𝑎3

𝑏2

⟹

⟹

⟹

⟹

𝑦 =
3𝑎

𝑏

⟹

𝑇ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶6𝑥6 − 35𝑥5 + 56𝑥4 − 56𝑥2 + 35𝑥 − 6 = 0
𝑀𝑖𝑑𝑑𝑙𝑒 𝑖𝑠 𝑧𝑒𝑟𝑜

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑑𝑒𝑔𝑟𝑒𝑒 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑇𝑦𝑝𝑒 𝐼𝐼.

𝟓. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒊 𝟔𝒙𝟔 − 𝟑𝟓𝒙𝟓 + 𝟓𝟔𝒙𝟒 − 𝟓𝟔𝒙𝟐 + 𝟑𝟓𝒙 − 𝟔 = 𝟎

𝑆𝑜 1 𝑎𝑛𝑑 − 1 𝑎𝑟𝑒 𝑡𝑤𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 125



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥2 − 1 6𝑥6 − 35𝑥5 + 56𝑥4 − 56𝑥2 + 35𝑥 − 6

6𝑥4

6𝑥6 − 6𝑥4
(−) (+)

−35𝑥5 + 62𝑥4

−35𝑥5 + 35𝑥3

(+) (−)

62𝑥4 − 35𝑥3 − 56𝑥2

62𝑥4 − 62𝑥2

(−) (+)

− 35𝑥3 + 62𝑥2

− 35𝑥3 + 6𝑥2 + 35𝑥

− 35𝑥

− 35𝑥3 + 35𝑥

(+) (−)

6𝑥2 − 6

+ 6

6𝑥2 − 6

(−) (+)

0

6𝑥4 − 35𝑥3 + 62𝑥2 − 35𝑥 + 6 𝑎𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡ℎ𝑖𝑠 𝑓𝑎𝑐𝑡𝑜𝑟 𝑏𝑦 𝑥2

𝑎𝑛𝑑 𝑟𝑒𝑎𝑟𝑟𝑎𝑛𝑔𝑖𝑛𝑔 𝑡ℎ𝑒 𝑡𝑒𝑟𝑚𝑠 𝑤𝑒 𝑔𝑒𝑡

6𝑥4 − 35𝑥3 + 62𝑥2 − 35𝑥
+ 6 𝑥2

= 0

6𝑥2 − 35𝑥 + 62 −
35

𝑥
+

6

𝑥2
= 0 6𝑥2 +

6

𝑥2
− 35𝑥 −

35

𝑥
+ 62 = 0

6 𝑥2 +
1

𝑥2
− 35 𝑥 +

1

𝑥
+ 62 = 0

⟹

𝐿𝑒𝑡 𝑦 = 𝑥 +
1

𝑥

𝑦2 = 𝑥 +
1

𝑥

2

⟹ 𝑦2 = 𝑥2 +
1

𝑥2
+ 2 𝑥

1

𝑥

𝑦2 = 𝑥2 +
1

𝑥2
+ 2 𝑦2 − 2 = 𝑥2 +

1

𝑥2⟹

𝟓. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒊 𝟔𝒙𝟒 − 𝟑𝟓𝒙𝟑 + 𝟔𝟐𝒙𝟐 − 𝟑𝟓𝒙 + 𝟔 = 𝟎

6 𝑦2 − 2 − 35𝑦 + 62 = 0 6𝑦2 − 12 − 35𝑦 + 62 = 0

6𝑦2 − 35𝑦 + 50 = 0 2𝑦 − 5 3𝑦 − 10 = 0

+
−35

×
300

−15 −20𝑦 𝑦
6𝑦2

6𝑦2𝑦

(2𝑦 − 4)
3

(3𝑦 − 10)

−10

2

−5

𝑦

⟹

⟹

𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 = 𝑥 − 1 𝑥 + 1 = 𝑥2 − 1

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑏𝑦 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 𝑥2 − 1

𝐻𝑒𝑛𝑐𝑒 𝑥 − 1 𝑎𝑛𝑑 𝑥 + 1 𝑖𝑠 𝑎 𝑓𝑎𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙.
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

2𝑦 = 5,

𝑦 =
5

2
, 𝑦 =

10

3

𝑇𝑎𝑘𝑒 ∶ 𝑦 =
5

2

𝑥 +
1

𝑥
=

5

2
𝑥2 + 1

𝑥
=

5

2

2𝑦 = 10

⟹ ⟹ 2𝑥2 + 2 = 5𝑥

2𝑥2 − 5𝑥 + 2 = 0

+
−5

×
4

−1 −4𝑥 𝑥

2𝑥2 2𝑥2

𝑥
(2𝑥 − 1) (𝑥 − 2)

−2

𝑥

⟹ 2𝑥 − 1 𝑥 − 2 = 0 2𝑥 − 1 = 0, 𝑥 − 2 = 0

2𝑥 = 1,

𝑥 =
1

2

𝑇𝑎𝑘𝑖𝑛𝑔 𝑦 =
10

3

𝑥 +
1

𝑥
=

10

3
𝑥2 + 1

𝑥 =
10

3
3𝑥2 + 3 = 10𝑥

𝑥 = 2

3𝑥2 − 10𝑥 + 3 = 0

+
−10

×
9

−1 −9𝑥 𝑥
3𝑥2 3𝑥2

𝑥
(3𝑥 − 1) (𝑥 − 3)

−3

𝑥

3𝑥 − 1 𝑥 − 3 = 0

⟹

⟹

3𝑥 − 1 = 0,

3𝑥 = 1,

𝑥 =
1

3

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 1, −1, 2,
1

2
, 3,

1

3

𝑥 − 3 = 0

𝑥 = 3

𝟓. 𝒊𝒊 𝒙𝟒 + 𝟑𝒙𝟑 − 𝟑𝒙 − 𝟏 = 𝟎

𝑇ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑑𝑒𝑔𝑟𝑒𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑦𝑝𝑒 𝐼𝐼
𝑎𝑛𝑑 𝑡ℎ𝑒 𝑚𝑖𝑑𝑑𝑙𝑒 𝑡𝑒𝑟𝑚 𝑖𝑠 𝑧𝑒𝑟𝑜
∴ 𝑥 = 1 𝑎𝑛𝑑 𝑥 = −1 𝑎𝑟𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛
𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 = (𝑥 − 1)(𝑥 + 1) = 𝑥2 − 1

𝐷𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑏𝑦 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 𝑥2 − 1

⟹

⟹

𝑥2 − 1 𝑥4 + 3𝑥3 − 3𝑥 − 1

𝑥2

𝑥4 − 𝑥2
(−) (+)

3𝑥3 + 𝑥2 − 3𝑥

3𝑥3 − 3𝑥
(−) (+)

𝑥2 − 1

𝑥2 − 1
(−) (+)

0

+ 3𝑥 + 1
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𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

∴ 𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 𝑥2 + 3𝑥 + 1 = 0

𝑎 = 1, 𝑏 = 3, 𝑐 = 1

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎

𝑥 =
−3 ± 32 − 4(1)(1)

2(1)
=

−3 ± 9 − 4

2

𝑥 =
−3 ± 5

2
⟹ 𝑥 =

−3 + 5

2
,
−3 − 5

2

𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 1, −1,
−3 + 5

2
,
−3 − 5

2

𝟔. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 𝒔𝒂𝒕𝒊𝒔𝒇𝒚𝒊𝒏𝒈 𝟒𝒙 − 𝟑 𝟐𝒙+𝟐 + 𝟐𝟓 = 𝟎

4𝑥 − 3 2𝑥+2 + 25 = 0

22 𝑥 − 3 2𝑥 22 + 25 = 0

2𝑥 2 − 12 2𝑥 + 32 = 0

𝐿𝑒𝑡

𝑦2 − 12𝑦 + 32 = 0 𝑦 − 8 𝑦 − 4 = 0

𝑦 − 8 = 0,

𝑦 = 8,

𝑦 = 2𝑥

𝑦 − 4 = 0

𝑦 = 4

⟹

𝑇𝑎𝑘𝑒: 𝑦 = 4

2𝑥 = 4 ⟹ 2𝑥 = 22

𝑥 = 2

𝑇𝑎𝑘𝑒: 𝑦 = 8

2𝑥 = 8 ⟹ 2𝑥 = 23

𝑥 = 3

𝟕. 𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝟔𝒙𝟒 − 𝟓𝒙𝟑 − 𝟑𝟖𝒙𝟐 − 𝟓𝒙 + 𝟔 = 𝟎

𝑖𝑓 𝑖𝑡 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 𝑡ℎ𝑎𝑡
1

3
𝑖𝑠 𝑎 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 6𝑥4 − 5𝑥3 − 38𝑥2 − 5𝑥 + 6 = 0

𝐺𝑖𝑣𝑒𝑛
1

3
𝑖𝑠 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 3 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛.

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒

𝑃𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡𝑜𝑟𝑠 : 3𝑥 − 1 𝑥 − 3

3𝑥2

3𝑥 − 1 , 𝑥 − 3

= 0

− 9𝑥

− 𝑥

+ 3 = 0

3𝑥2 − 10𝑥 + 3 = 0

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑏𝑦 3𝑥2 − 10𝑥 + 3 = 0
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𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

3𝑥2 − 10𝑥 + 3 6𝑥4 − 5𝑥3 − 38𝑥2 − 5𝑥 + 6

2𝑥2

6𝑥4 − 20𝑥3 + 6𝑥2
(−) (+)

15𝑥3 − 44𝑥2 − 5𝑥

15𝑥3 − 50𝑥2 + 15𝑥

(−) (+)

6𝑥2 − 20𝑥 + 6

6𝑥2 − 20𝑥 + 6
(−) (+)

0

+ 5𝑥 + 2

(−)

(−)

(−)

𝑇ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑓𝑎𝑐𝑡𝑜𝑟 𝑖𝑠 2𝑥2 + 5𝑥 + 2 = 0

2𝑥 + 1 𝑥 + 2 = 0

2𝑥 + 1 = 0,

2𝑥 = −1,

𝑥 = −
1

2
,

∴ 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 − 2, −
1

2
, 3,

1

3

𝑥 = −2

+
5

×
4

1 4𝑥 𝑥

2𝑥2 2𝑥2

𝑥
(2𝑥 + 1)

(𝑥 + 2)

2

𝑥

𝑥 + 2 = 0
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𝑶
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𝑺
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𝑶
𝑶

𝑳

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆: 𝟑. 𝟔
𝑫𝒆𝒔𝒄𝒂𝒓𝒕𝒆𝒔 𝑹𝒖𝒍𝒆

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡𝑠, 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑛𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓
𝑛𝑜𝑛 𝑟𝑒𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠 𝑓𝑜𝑟 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑜𝑣𝑒𝑟 ℝ

𝑺𝒕𝒂𝒕𝒆𝒎𝒆𝒏𝒕 𝒐𝒇 𝑫𝒆𝒔𝒄𝒂𝒓𝒕𝒆𝒔 𝑹𝒖𝒍𝒆
𝑇ℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑝𝑡 𝑜𝑓 𝑐ℎ𝑎𝑛𝑔𝑒 𝑜𝑓 𝑠𝑖𝑔𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙

𝑇ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 ∶2𝑥7 − 3𝑥6 − 4𝑥5 + 6𝑥3 − 7𝑥 + 8

𝑆𝑖𝑔𝑛 𝑜𝑓 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 ∶ +, −, −, +, +, −, +

𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 ∶ 𝟑. 𝟐

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠, 𝑤𝑒 𝑔𝑒𝑡 𝑠𝑜𝑚𝑒 𝑖𝑛𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 𝑎𝑏𝑜𝑢𝑡 𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠
𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑢𝑠𝑖𝑛𝑔 𝑫𝒆𝒔𝒄𝒂𝒓𝒕𝒆𝒔 𝑹𝒖𝒍𝒆.

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 ∶ 𝟑. 𝟕
𝐼𝑓 𝑃 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑧𝑒𝑟𝑜 𝑜𝑓 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑝 𝑥 𝑤𝑖𝑡ℎ 𝑟𝑒𝑎𝑙
𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑎𝑛𝑑 𝑆 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑖𝑠 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑃 𝑥
𝑡ℎ𝑒𝑛 𝑆 − 𝑃 𝑖𝑠 𝑛𝑜𝑛 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟.

𝑇ℎ𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑠𝑡𝑎𝑡𝑒 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡 𝑜𝑓 𝑎 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑃 𝑥
𝑐𝑎𝑛𝑛𝑜𝑡 𝑏𝑒 𝑚𝑜𝑟𝑒 𝑡ℎ𝑎𝑛 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑃 𝑥 .

𝑇ℎ𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓
𝑃 𝑥 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑝 𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛.

𝐴𝑡𝑡𝑎𝑖𝑛𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐵𝑜𝑢𝑛𝑑𝑠

𝑎 𝐵𝑜𝑢𝑛𝑑𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑎𝑙 𝑟𝑜𝑜𝑡𝑠

𝑇ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 ∶ 𝑝 𝑥 = 𝑥5 − 2𝑥4 − 𝑥 + 2
+, −, −, +

1 0 1

∴ 𝑝 𝑥 ℎ𝑎𝑠 2 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑘 = 1

𝑝 −𝑥 = (−𝑥)5−2 −𝑥 4 − −𝑥 + 2

𝑝 −𝑥 = −𝑥5 − 2𝑥4 + 𝑥 + 2
−, −, +, +

0 1 0

∴ 𝑝 −𝑥 ℎ𝑎𝑠 1 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 2 𝑜𝑟 0

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 1

𝑚 = 2

𝑇ℎ𝑒 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙 𝑝 𝑥 = 𝑥4 + 5𝑥3 + 7𝑥2 + 5𝑥 + 6

𝑝 𝑥 ℎ𝑎𝑠 𝑛𝑜 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑚 = 0
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𝐵𝑦 𝐷𝑒𝑠𝑐𝑟𝑎𝑡𝑒𝑠 𝑟𝑢𝑙𝑒

𝑝 −𝑥 ℎ𝑎𝑠 4 𝑜𝑟 2 𝑜𝑟 0 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡𝑠.

𝑝 𝑥 ℎ𝑎𝑠 𝑛𝑜 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑟𝑜𝑜𝑡𝑠

𝐵𝑜𝑢𝑛𝑑𝑠 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑁𝑜𝑛 𝑟𝑒𝑎𝑙 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑟𝑜𝑜𝑡𝑠

𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝐷𝑒𝑠𝑐𝑎𝑟𝑡𝑒𝑠 𝑟𝑢𝑙𝑒,

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑟𝑜𝑜𝑡𝑠.

𝐿𝑒𝑡 𝑚 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑝(𝑥)

𝑝 −𝑥 = 𝑥4 − 5𝑥3 + 7𝑥2 − 5𝑥 + 6
+, −, +, −, +

1 1 1 1
𝑝 −𝑥 ℎ𝑎𝑠 4 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝐿𝑒𝑡 𝑘 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑖𝑛 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑝(−𝑥)

𝐿𝑒𝑡 𝑝 𝑥 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 𝑛

∴ 𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑟𝑜𝑜𝑡𝑠 = 𝑛 − 𝑚 + 𝑘

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟎: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝟗𝒙𝟗 + 𝟐𝒙𝟓 − 𝒙𝟒 − 𝟕𝒙𝟐 + 𝟐

𝑝 𝑥 = 9𝑥9 + 2𝑥5 − 𝑥4 − 7𝑥2 + 2

+, +, −, +, +

1 1

𝑝 −𝑥 = −9𝑥9 − 2𝑥5 − 𝑥4 − 7𝑥2 + 2
−, −, −, −, +

1
𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒

𝑟𝑜𝑜𝑡𝑠
𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒

𝑟𝑜𝑜𝑡𝑠
𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓

𝑟𝑜𝑜𝑡𝑠
𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦

𝑟𝑜𝑜𝑡𝑠

2 1 9 9 − 3 = 6

0 1 9 9 − 1 = 8

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟑. 𝟑𝟏: 𝑫𝒊𝒔𝒄𝒖𝒔𝒔 𝒕𝒉𝒆 𝒏𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈
𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍

𝒊 𝒙𝟐𝟎𝟏𝟖 + 𝟏𝟗𝟒𝟕𝒙𝟏𝟗𝟓𝟎 + 𝟏𝟓𝒙𝟖 + 𝟐𝟔𝒙𝟔 + 𝟐𝟎𝟏𝟗

𝑝 𝑥 = 𝑥2018 + 1947𝑥1950 + 15𝑥8 + 26𝑥6 + 2019

+, +, +, +, +

𝑝 −𝑥 = 𝑥2018 + 1947𝑥1950 + 15𝑥8 + 26𝑥6 + 2019

+, +, +, +, +

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠
(𝑚)

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

(𝑘)

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

0 0 2018 2018
131



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝒊𝒊 𝒙𝟓 − 𝟏𝟗𝒙𝟒 + 𝟐𝒙𝟑 + 𝟓𝒙𝟐 + 𝟏𝟏

𝐿𝑒𝑡 𝑝 𝑥 = 𝑥5 − 19𝑥4 + 2𝑥3 + 5𝑥2 + 11
+, −, +, +, +

1 2

𝑝 −𝑥 = −𝑥5 − 19𝑥4 − 2𝑥3 + 5𝑥2 + 11

−, −, −, +, +

1𝑁𝑜. 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑀

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑘

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

2 1 5 5 − 3 = 2

0 1 5 5 − 1 = 4

𝟏. 𝑫𝒊𝒔𝒄𝒖𝒔𝒔 𝒕𝒉𝒆 𝑴𝒂𝒙𝒊𝒎𝒖𝒎 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒂𝒏𝒅 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆
𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝟗𝒙𝟗 − 𝟒𝒙𝟖 + 𝟒𝒙𝟕 − 𝟑𝒙𝟔 + 𝟐𝒙𝟓 + 𝒙𝟑 + 𝟕𝒙𝟐 + 𝟕𝒙 + 𝟐 = 𝟎

𝐿𝑒𝑡 𝑝 𝑥 = 9𝑥9 − 4𝑥8 + 4𝑥7 − 3𝑥6 + 2𝑥5 + 𝑥3 + 7𝑥2 + 7𝑥 + 2
+, −, +, −, +, +, +, +, +

1 2 3 4

𝑝 −𝑥 = −9𝑥9 − 4𝑥8 − 4𝑥7 − 3𝑥6 − 2𝑥5 − 𝑥3 + 7𝑥2 − 7𝑥 + 2

−, −, −, −, −, −, +, −, +

1 2 3𝑁𝑜. 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑚

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑘

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

4 3 9 2

2 1 9 6

0 1 9 8

𝟐. 𝑫𝒊𝒔𝒄𝒖𝒔𝒔 𝒕𝒉𝒆 𝑴𝒂𝒙𝒊𝒎𝒖𝒎 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒂𝒏𝒅 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆
𝒛𝒆𝒓𝒐 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒍𝒚𝒏𝒐𝒎𝒊𝒂𝒍𝒔 𝒙𝟐 − 𝟓𝒙 + 𝟔 𝒂𝒏𝒅 𝒙𝟐 − 𝟓𝒙 + 𝟏𝟔. 𝑨𝒍𝒔𝒐 𝒅𝒓𝒂𝒘
𝒓𝒐𝒖𝒈𝒉 𝒔𝒌𝒆𝒕𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒈𝒓𝒂𝒑𝒉.

𝐿𝑒𝑡 𝑝 𝑥 = 𝑥2 − 5𝑥 + 6
+, −, +

1 2

𝑝 𝑥 ℎ𝑎𝑠 2 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑝 −𝑥 = 𝑥2 + 5𝑥 + 6
+, +, +

+
−5

×
6

−3 −2

132
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𝑪
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𝑶
𝑶

𝑳

𝑝 −𝑥 ℎ𝑎𝑠 𝑛𝑜 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑥2 − 5𝑥 + 6 = 0

𝑥 − 3 𝑥 − 2 = 0
𝑥 − 3 = 0, 𝑥 − 2 = 0

𝑥 = 3, 𝑥 = 2
𝑁𝑜. 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑀

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑘

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

2 0 2 0

0 0 2 2

𝑥

𝑦

2 3

𝑄 𝑥 = 𝑥2 − 5𝑥 + 16
+, −, +

1 2
𝑄 𝑥 ℎ𝑎𝑠 2 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑄 −𝑥 = 𝑥2 + 5𝑥 + 16
+, +, +

𝑄 −𝑥 ℎ𝑎𝑠 𝑛𝑜 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑁𝑜. 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑀

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑘

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

2 0 2 0

0 0 2 2

𝑥2 − 5𝑥 + 16 = 0

𝑎 = 1, 𝑏 = −5, 𝑐 = 16

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
133
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𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥 =
5 ± (−5)2−4(1)(16)

2
=

5 ± 25 − 64

2

𝑥 =
5 ± −39

2
=

5 ± 𝑖 39

2

𝑥

𝑦

16

𝑇ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑎𝑟𝑒 𝑖𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑥 − 𝑎𝑥𝑖𝑠

𝟑. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟗 − 𝟓𝒙𝟓 + 𝟒𝒙𝟒 + 𝟐𝒙𝟐 + 𝟏 = 𝟎 𝒉𝒂𝒔 𝒂𝒕𝒍𝒆𝒂𝒔𝒕 𝟔
𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏.

Let 𝑝 𝑥 = 𝑥9 − 5𝑥5 + 4𝑥4 + 2𝑥2 + 1
+, −, +, +, +

1 2

𝑝 𝑥 ℎ𝑎𝑠 2 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠.

𝑝 −𝑥 = −𝑥9 + 5𝑥5 + 4𝑥4 + 2𝑥2 + 1

−, +, +, +, +

1
𝑝 −𝑥 ℎ𝑎𝑠 1 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠.

𝑁𝑜. 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑀

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

𝑘

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

2 1 9 6

0 1 9 8

𝟒. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒂𝒏𝒅 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟗 − 𝟓𝒙𝟖 − 𝟏𝟒𝒙𝟕 = 𝟎

𝐿𝑒𝑡 𝑝 𝑥 = 𝑥9 − 5𝑥8 − 14𝑥7

+, −, −

1

𝑝 −𝑥 = −𝑥9 − 5𝑥8 + 14𝑥7

−, −, +

1

𝑝 𝑥 ℎ𝑎𝑠 1 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠
(𝑚)

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

(𝑘)

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

1 1 9 7 134
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𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒙𝒂𝒄𝒕 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕𝒔 𝒂𝒏𝒅 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏

𝒙𝟗 + 𝟗𝒙𝟕 + 𝟕𝒙𝟓 + 𝟓𝒙𝟑 + 𝟑𝒙

𝐿𝑒𝑡 𝑝 𝑥 = 𝑥9 + 9𝑥7 + 7𝑥5 + 5𝑥3 + 3𝑥
+, +, +, +, +

𝑝 𝑥 ℎ𝑎𝑠 𝑛𝑜 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠.

𝑝 −𝑥 = −𝑥9 − 9𝑥7 − 7𝑥5 − 5𝑥3 − 3𝑥
−, −, −, −, −

𝑝 −𝑥 ℎ𝑎𝑠 𝑛𝑜 𝑠𝑖𝑔𝑛 𝑐ℎ𝑎𝑛𝑔𝑒𝑠.

𝑇ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑜𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠
(𝑚)

𝑁𝑒𝑔𝑎𝑡𝑖𝑣𝑒
𝑟𝑜𝑜𝑡𝑠

(𝑘)

𝑇𝑜𝑡𝑎𝑙 𝑁𝑜. 𝑜𝑓
𝑟𝑜𝑜𝑡𝑠

𝑛

𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦
𝑟𝑜𝑜𝑡𝑠

0 0 9 9

135



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑇ℎ𝑒 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒔𝒊𝒏𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦

𝑦 = 𝑠𝑖𝑛−1𝑥 𝑜𝑟 arcsin 𝑥 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 sin 𝑦 = 𝑥.

The inverse sine function and its properties 

𝑇ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑦 = arcsin 𝑥 𝑖𝑠 [– 1, 1].

𝑇ℎ𝑒 𝑟𝑎𝑛𝑔𝑒 𝑜𝑓 𝑦 = ar𝑐sin 𝑥 𝑖𝑠 −
𝜋

2
,
𝜋

2

𝑠𝑖𝑛: −
𝜋

2
,
𝜋

2
⟶ [– 1, 1]

𝑠𝑖𝑛−1: [– 1, 1] ⟶ −
𝜋

2
,
𝜋

2

𝑇ℎ𝑒 𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑 𝑑𝑜𝑚𝑎𝑖𝑛 −
𝜋

2
,
𝜋

2
𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒅𝒐𝒎𝒂𝒊𝒏

𝑜𝑓 𝑠𝑖𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑦 = 𝑠𝑖𝑛−1𝑥

– 1, 1 𝑎𝑟𝑒 𝑘𝑛𝑜𝑤𝑛 𝑎𝑠 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑦 = 𝑠𝑖𝑛−1𝑥

Amplitude and Period of a graph 
𝑇ℎ𝑒 𝒂𝒎𝒑𝒍𝒊𝒕𝒖𝒅𝒆 𝑜𝑓 𝑦 = 𝑎 sin 𝑥

𝒂𝒎𝒑𝒍𝒊𝒕𝒖𝒅𝒆 = |𝒂|

𝑇ℎ𝑒 𝒑𝒆𝒓𝒊𝒐𝒅 𝑜𝑓 𝑦 = 𝑎 𝑠𝑖𝑛 𝑏𝑥 𝑖𝑠
2𝜋

𝑏

𝐄𝐱𝐞𝐫𝐜𝐢𝐬𝐞: 𝟒. 𝟏

𝑇𝑜 𝑠𝑜𝑙𝑣𝑒 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑠𝑖𝑛𝑥 =
1

2

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑥 ∶ 𝑥 = 𝑠𝑖𝑛−1
1

2

𝑜𝑛𝑒 ℎ𝑎𝑠 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 −∞, ∞

𝑜𝑛𝑒 ℎ𝑎𝑠 𝑡𝑜 𝑓𝑖𝑛𝑑 𝑢𝑛𝑖𝑞𝑢𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑥 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 −
𝜋

2
,
𝜋

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟒. 𝟏 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒔𝒊𝒏−𝟏 −
𝟏

𝟐
𝒊𝒏 𝒓𝒂𝒅𝒊𝒂𝒏

𝒂𝒏𝒅 𝒅𝒆𝒈𝒓𝒆𝒆

Let 𝑦 = sin−1 −
1

2
𝑠𝑖𝑛 𝑦 = −

1

2

𝑠𝑖𝑛 𝑦 = 𝑠𝑖𝑛 −30°

30° = 30 ×
𝜋

180
6

=
𝜋

6

Inverse Trigonometric Functions 
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𝑶
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𝑳

𝑆𝑖𝑛𝑐𝑒 𝑦 ∈ −
𝜋

2
,
𝜋

2
𝑦 = −30°= −

𝜋

6

𝑇ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑠𝑖𝑛−1 −
1

2
𝑖𝑠 −

𝜋

6
𝑟𝑎𝑑𝑖𝑢𝑠 𝑡ℎ𝑖𝑠 𝑐𝑜𝑟𝑟𝑒𝑠𝑝𝑜𝑛𝑑𝑠

𝑡𝑜 − 30°

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑦 = 𝑠𝑖𝑛−1 𝑥 𝑖𝑠 −1,1 𝑎𝑛𝑑 2 ∉ −1,1

∴ 𝑠𝑖𝑛−1 2 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟒. 𝟐 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒔𝒊𝒏−𝟏 𝟐 . 𝒊𝒇 𝒊𝒕 𝒆𝒙𝒊𝒔𝒕

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟒. 𝟑

𝑖 𝑠𝑖𝑛−1
1

2

𝐿𝑒𝑡 𝑦 = 𝑠𝑖𝑛−1
1

2
𝑆𝑖𝑛𝑐𝑒

1

2
∈ −1,1

𝑠𝑖𝑛 𝑦 =
1

2

𝑠𝑖𝑛 𝑦 = 𝑠𝑖𝑛 45°

𝑦 = 45° =
𝜋

4
𝑆𝑖𝑛𝑐𝑒

𝜋

4
∈ −

𝜋

2
,
𝜋

2

𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒔𝒊𝒏−𝟏
𝟏

𝟐

𝒊𝒊 𝒔𝒊𝒏−𝟏 𝑠𝑖𝑛 −
𝜋

3

𝑠𝑖𝑛−1 𝑠𝑖𝑛 −
𝜋

3
= −

𝜋

3
𝑆𝑖𝑛𝑐𝑒 −

𝜋

3
∈ −

𝜋

2
,
𝜋

2

𝒊𝒊𝒊 𝒔𝒊𝒏−𝟏 𝒔𝒊𝒏
𝟓𝝅

𝟔

Since
5𝜋

6
∉ −

𝜋

2
,
𝜋

2

5𝜋

6
=

5 × 180°

6
= 150°

𝑠𝑖𝑛 150° = 𝑠𝑖𝑛 180° − 30°

= 𝑠𝑖𝑛 30° = 𝑠𝑖𝑛
𝜋

6
𝑠𝑖𝑛−1 𝑠𝑖𝑛

5𝜋

6
= 𝑠𝑖𝑛−1 𝑠𝑖𝑛 𝜋 −

𝜋

6

= 𝑠𝑖𝑛−1 𝑠𝑖𝑛
𝜋

6

=
𝜋

6
𝑆𝑖𝑛𝑐𝑒

𝜋

6
∈ −

𝜋

2
,
𝜋

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟒. 𝟒

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑠𝑖𝑛−1 𝑥 𝑖𝑠 −1,1

𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒔𝒊𝒏−𝟏 𝟐 − 𝟑𝒙𝟐

−1 ≤ 2 − 3𝑥2 ≤ 1

−1 − 2 ≤ 2 − 3𝑥2 − 2 ≤ 1 − 2
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𝑶

𝑳

B
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E
 
S

T
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

−3 ≤ −3𝑥2 ≤ −1

−3

−3
≤

−3𝑥2

−3
≤

−1

−3

𝑥 ∈ −1, −
1

3
∪

1

3
, 1

⟹ 1 ≥ 𝑥2 ≥
1

3

1

3
≤ 𝑥2 ≤ 1 ⟹

1

3
≤ 𝑥 ≤ 1

𝑎 ≤ 𝑥 ≤ 𝑏

𝑥 ∈ −𝑏, −𝑎 ∪ 𝑎, 𝑏

𝟏. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒙 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒊 − 𝟏𝟎𝝅 ≤ 𝒙 ≤ 𝟏𝟎𝝅 𝒂𝒏𝒅 𝒔𝒊𝒏𝒙 = 𝟎

𝑖𝑖 − 8𝜋 ≤ 𝑥 ≤ 8𝜋 𝑎𝑛𝑑 𝑠𝑖𝑛𝑥 = −1

𝑠𝑖𝑛𝑥 = 0 ⟹ 𝑥 = 𝑛𝜋, 𝑛 ∈ 𝐼

𝑛 ∈ [−10,10] ⟹ 𝑛 = 0, ±1, ±2, ±3, … ± 10

𝒊𝒊 𝒔𝒊𝒏𝒙 = −𝟏

𝑠𝑖𝑛𝑥 = −1 ⟹ 𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 −90°

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 −
𝜋

2

𝐷𝑜𝑚𝑎𝑖𝑛 𝑓𝑜𝑟 𝑠𝑖𝑛: −
𝜋

2
,
𝜋

2

𝑠𝑖𝑛𝜃 = 𝑠𝑖𝑛𝛼

𝐻𝑒𝑟𝑒 𝜃 = 𝑥, 𝛼 = −
𝜋

2

𝑠𝑖𝑛𝜃 = 𝑠𝑖𝑛𝛼

𝜃 = 𝑛𝜋 + −1 𝑛𝛼, 𝑛 ∈ 𝑍

𝑥 = 𝑛𝜋 + (−1)𝑛 −
𝜋

2
⟹ 𝑥 = 𝑛𝜋 + (−1)𝑛 −1

𝜋

2

𝑥 = 𝑛𝜋 + (−1)𝑛+1
𝜋

2
, 𝑛 ∈ 𝐼

𝑥 = 𝑛𝜋 + (−1)𝑛+1
𝜋

2
, 𝑛 ∈ 𝐼

𝑥 = 0 𝜋 + (−1)0+1
𝜋

2
= 0 + (−1)1

𝜋

2
𝑥 = −

𝜋

2

𝑥 = 1𝜋 + (−1)1+1
𝜋

2
= 𝜋 + (−1)2

𝜋

2

= 𝜋 +
𝜋

2 =
2𝜋 + 𝜋

2

𝑥 =
3𝜋

2

𝑥 = 2𝜋 + (−1)2+1
𝜋

2
= 2𝜋 + (−1)3

𝜋

2

= 2𝜋 −
𝜋

2
=

4𝜋 − 𝜋

2

𝑛 = 0

𝑛 = 1

𝑛 = 2
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𝑯
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.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥 =
3𝜋

2

𝑥 =
7𝜋

2
𝑛 = 3 ⟹

𝑥 =
7𝜋

2
𝑛 = 4 ⟹

𝑥 =
11𝜋

2
𝑛 = 5 ⟹

𝑥 =
11𝜋

2
𝑛 = 6 ⟹

𝑥 = 4𝑛 − 1
𝜋

2
, 𝑛 = 0, ±1, ±2, ±3, 4

𝑬𝒙: 𝟐 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒆𝒓𝒊𝒐𝒅 𝒂𝒏𝒅 𝒂𝒎𝒑𝒍𝒊𝒕𝒖𝒅𝒆 𝒐𝒇

𝑖 𝑦 = 𝑠𝑖𝑛 7𝑥

𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = 𝑎 = 1 = 1

𝑝𝑒𝑟𝑖𝑜𝑑 =
2𝜋

𝑏
=

2𝜋

7
=

2𝜋

7

𝑦 = 𝑎 𝑠𝑖𝑛𝑏𝑥
𝐻𝑒𝑟𝑒 𝑎 = 1 𝑎𝑛𝑑 𝑏 = 7

𝒊𝒊 𝒚 = − 𝒔𝒊𝒏
𝟏

𝟑
𝒙

𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = −1 = 1

𝑝𝑒𝑟𝑖𝑜𝑑

𝑦 = 𝑎 𝑠𝑖𝑛𝑏𝑥

𝐻𝑒𝑟𝑒 𝑎 = −1 𝑎𝑛𝑑 𝑏 =
1

3

=
2𝜋

𝑏
=

2𝜋

1
3

=
2𝜋

1
3

= 2𝜋 ×
3

1

= 6𝜋

= 𝑎

𝒊𝒊𝒊 𝒚 = 𝟒 𝒔𝒊𝒏 −𝟐𝒙

𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = 4 = 4

𝑝𝑒𝑟𝑖𝑜𝑑𝑠 =
2𝜋

−2
=

2𝜋

2
= 𝜋

𝑦 = 𝑎 𝑠𝑖𝑛𝑏𝑥
𝐻𝑒𝑟𝑒 𝑎 = 4 𝑎𝑛𝑑 𝑏 = −2

=
2𝜋

𝑏

= 𝑎

𝟑. 𝑺𝒌𝒆𝒕𝒄𝒉 𝒕𝒉𝒆 𝒈𝒓𝒂𝒑𝒉 𝒐𝒇 𝒚 = 𝒔𝒊𝒏
𝟏

𝟑
𝒙

𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = 1 = 1= 𝑎
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𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑝𝑒𝑟𝑖𝑜𝑑 =
2𝜋

𝑏
=

2𝜋

1
3

=
2𝜋

1
3

= 2𝜋 ×
3

1

= 6𝜋

𝑦 = 𝑠𝑖𝑛
1

3
𝑥

𝑤ℎ𝑒𝑛 𝑥 = 0, 𝑦 = 𝑠𝑖𝑛 0
𝑦 = 0

𝑤ℎ𝑒𝑛 𝑥 = 3𝜋, 𝑦 = 𝑠𝑖𝑛
1

3
× 3𝜋

𝑦 = 𝑠𝑖𝑛 𝜋
𝑦 = 0

𝑬𝒙: 𝟒 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 (𝒊) 𝒔𝒊𝒏−𝟏 𝒔𝒊𝒏
𝟐𝝅

𝟑

𝑆𝑖𝑛𝑐𝑒
2𝜋

3
∉ −

𝜋

2
,
𝜋

2
2𝜋

3
=

2 × 180°

3
= 120°

𝐿𝑒𝑡 𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛
2𝜋

3

𝑠𝑖𝑛 120° = 𝑠𝑖𝑛 180° − 60°

= 𝑠𝑖𝑛 60° = 𝑠𝑖𝑛
𝜋

3
𝑠𝑖𝑛

2𝜋

3

𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛
𝜋

3

𝑦 =
𝜋

3
∈ −

𝜋

2
,
𝜋

2

𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛 𝜋 −
𝜋

3

(𝒊𝒊) 𝒔𝒊𝒏−𝟏 𝒔𝒊𝒏
𝟓𝝅

𝟒

𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛 𝜋 +
𝜋

4

𝑆𝑖𝑛𝑐𝑒
5𝜋

4
∉ −

𝜋

2
,
𝜋

2
𝐿𝑒𝑡 𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛

5𝜋

4

𝑦 = 𝑠𝑖𝑛−1 − 𝑠𝑖𝑛
𝜋

4

𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛 −
𝜋

4

𝑦 = −
𝜋

4
∈ −

𝜋

2
,
𝜋

2

5𝜋

4
=

5 × 180°

4
= 5 × 45°

𝑠𝑖𝑛 225° = 𝑠𝑖𝑛 180° + 45°

= − 𝑠𝑖𝑛 45° = − 𝑠𝑖𝑛
𝜋

4

= 225°

𝑠𝑖𝑛 −𝜃 = −𝑠𝑖𝑛𝜃

𝑇ℎ𝑒 𝑜𝑛𝑙𝑦 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠

𝟓. 𝑭𝒐𝒓 𝒘𝒉𝒂𝒕 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒙 𝒅𝒐𝒆𝒔 𝒔𝒊𝒏 𝒙 = 𝒔𝒊𝒏−𝟏 𝒙 ?

𝑠𝑖𝑛 0 = 0 𝑎𝑛𝑑 𝑠𝑖𝑛−1 0 = 0

∴ 𝑠𝑖𝑛 0 = 𝑠𝑖𝑛−1 0

𝐻𝑒𝑛𝑐𝑒 𝑥 = 0 140
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𝑺

𝑪
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𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑇ℎ𝑒 𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑠𝑖𝑛−1 𝑥 𝑖𝑠 −1,1

−1 ≤
𝑥2 + 1

2𝑥
≤ 1

−1 ≤
𝑥2 + 1

2𝑥
,

𝑥2 + 1

2𝑥
≤ 1

−2𝑥 ≤ 𝑥2 + 1, 𝑥2 + 1 ≤ 2𝑥

0 ≤ 𝑥2 + 1 + 2𝑥, 𝑥2 + 1 − 2𝑥 ≤ 0

𝑥2 + 2𝑥 + 1 ≥ 0,

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒇 𝒙 = 𝒔𝒊𝒏−𝟏
𝒙𝟐 + 𝟏

𝟐𝒙

𝑥2 − 2𝑥 + 1 ≤ 0

𝑥 + 1 2 ≥ 0, 𝑥 − 1 2 ≤ 0

𝑥 + 1 ≥ 0, 𝑥 − 1 ≤ 0

𝑥 ≥ −1, 𝑥 ≤ 1… 1 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2 𝐷𝑜𝑚𝑎𝑖𝑛 = −1,1

𝒊𝒊 𝒈 𝒙 = 𝟐 𝒔𝒊𝒏−𝟏 𝟐𝒙 − 𝟏 −
𝝅

𝟒

−1 + 1 ≤ 2𝑥 − 1 + 1 ≤ 1 + 1

0 ≤ 2𝑥 ≤ 2
÷ 2

0 ≤ 𝑥 ≤ 1
𝐷𝑜𝑚𝑎𝑖𝑛 = 0,1

−1 ≤ 2𝑥 − 1 ≤ 1

𝐿𝑒𝑡 𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛
5𝜋

9
𝑐𝑜𝑠

𝜋

9
+ 𝑐𝑜𝑠

5𝜋

9
𝑠𝑖𝑛

𝜋

9
𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

𝑠𝑖𝑛 𝐴 + 𝐵 = 𝑠𝑖𝑛 𝐴 𝑐𝑜𝑠 𝐵 + 𝑐𝑜𝑠 𝐴 𝑠𝑖𝑛 𝐵

𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛
5𝜋

9
+

𝜋

9
= 𝑠𝑖𝑛−1 𝑠𝑖𝑛

6𝜋

9

𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛
2𝜋

3 𝑆𝑖𝑛𝑐𝑒
2𝜋

3
∉ −

𝜋

2
,
𝜋

2

2𝜋

3
=

2 × 180°

3
= 2 × 60°

𝑠𝑖𝑛 120° = 𝑠𝑖𝑛 180° − 60°

= 𝑠𝑖𝑛 60°= 𝑠𝑖𝑛
𝜋

3

= 120°

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒔𝒊𝒏−𝟏 𝒔𝒊𝒏
𝟓𝝅

𝟗
𝒄𝒐𝒔

𝝅

𝟗
+ 𝒄𝒐𝒔

𝟓𝝅

𝟗
𝒔𝒊𝒏

𝝅

𝟗

∴ 𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛 𝜋 −
𝜋

3
∴ 𝑦 = 𝑠𝑖𝑛−1 𝑠𝑖𝑛

𝜋

3

𝑦 =
𝜋

3
∈ −

𝜋

2
,
𝜋

2
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟓: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒄𝒐𝒔−𝟏
𝟑

𝟐
.

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠−1
3

2
⟹ cos 𝑦 =

3

2

cos 𝑦 = 𝑐𝑜𝑠30° ⟹ cos 𝑦 = 𝑐𝑜𝑠
𝜋

6

Since
3

2
∈ −1,1

𝑠𝑖𝑛𝑐𝑒
𝜋

6
∈ 0, 𝜋 .∴ 𝑦 =

𝜋

6

𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑐𝑜𝑠−1
3

2
𝑖𝑠

𝜋

6

𝐄𝐱𝐞𝐫𝐜𝐢𝐬𝐞: 𝟒. 𝟐

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟔: 𝑭𝒊𝒏𝒅 𝒊 𝒄𝒐𝒔−𝟏 −
𝟏

𝟐
𝒊𝒊 𝒄𝒐𝒔−𝟏 𝒄𝒐𝒔 −

𝝅

𝟑

𝒊𝒊𝒊 𝒄𝒐𝒔−𝟏 𝒄𝒐𝒔
𝟕𝝅

𝟔

𝑐𝑜𝑠−1 𝑥 ∶ −1, 1 → 0, 𝜋

𝑖 𝑐𝑜𝑠−1 −
1

2

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠−1 −
1

2
⟹ cos 𝑦 = −

1

2

𝑐𝑜𝑠 180° − 𝜃 = −𝑐𝑜𝑠𝜃

𝑐𝑜𝑠45° =
1

2

𝑐𝑜𝑠 180 − 45° = −
1

2

𝑐𝑜𝑠 135° = −
1

2

135° ×
𝜋

180°

27

36

3

4

=
3𝜋

4
cos 𝑦 = 𝑐𝑜𝑠

3𝜋

4

𝑦 =
3𝜋

4
𝑠𝑖𝑛𝑐𝑒

3𝜋

4
∈ 0, 𝜋

𝑖𝑖 𝑐𝑜𝑠−1 𝑐𝑜𝑠 −
𝜋

3

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠−1 𝑐𝑜𝑠
𝜋

3

𝑦 =
𝜋

3
, 𝑠𝑖𝑛𝑐𝑒

𝜋

3
∈ 0, 𝜋

𝑖𝑖𝑖 𝑐𝑜𝑠−1 𝑐𝑜𝑠
7𝜋

6

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠−1 𝑐𝑜𝑠
7𝜋

6
𝑠𝑖𝑛𝑐𝑒

7𝜋

6
∉ 0, 𝜋

7𝜋

6
=

7 × 180°

6
= 7 × 30° = 210°

𝑐𝑜𝑠 210° = 𝑐𝑜𝑠 360° − 150°

= 𝑐𝑜𝑠 150°= 𝑐𝑜𝑠
5𝜋

6

𝑦 = 𝑐𝑜𝑠−1 𝑐𝑜𝑠 2𝜋 −
5𝜋

6
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

150° ×
𝜋

180°

30

36

5

6

=
5𝜋

6

𝑦 = 𝑐𝑜𝑠−1 𝑐𝑜𝑠
5𝜋

6 𝑠𝑖𝑛𝑐𝑒
5𝜋

6
∈ 0, 𝜋

𝑦 =
5𝜋

6

𝑠𝑖𝑛𝑐𝑒 𝑐𝑜𝑠
7𝜋

6
= 𝑐𝑜𝑠 𝜋 +

𝜋

6
= −

3

2

= 𝑐𝑜𝑠
5𝜋

6
𝑎𝑛𝑑

5𝜋

6
∈ 0, 𝜋

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒄𝒐𝒔−𝟏
𝟐 + 𝒔𝒊𝒏 𝒙

𝟑
.

𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛,

𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑦 = 𝑐𝑜𝑠−1 𝑥 𝑖𝑠 − 1 ≤ 𝑥 ≤ 1 𝑜𝑟 𝑥 ≤ 1. 𝑇ℎ𝑖𝑠 𝑙𝑒𝑎𝑑𝑠 𝑡𝑜

−1 ≤
2 + 𝑠𝑖𝑛 𝑥

3
≤ 1 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑠𝑎𝑚𝑒 𝑎𝑠 − 3 ≤ 2 + 𝑠𝑖𝑛 𝑥 ≤ 3.

𝑆𝑜, −5 ≤ 𝑠𝑖𝑛 𝑥 ≤ 1 𝑟𝑒𝑑𝑢𝑐𝑒𝑠 𝑡𝑜 − 1 ≤ 𝑠𝑖𝑛 𝑥 ≤ 1, 𝑤ℎ𝑖𝑐ℎ 𝑔𝑖𝑣𝑒𝑠

− 𝑠𝑖𝑛−1 1 ≤ 𝑥 ≤ 𝑠𝑖𝑛−1 1 𝑜𝑟 −
𝜋

2
≤ 𝑥 ≤

𝜋

2
.

𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑐𝑜𝑠−1
2 + 𝑠𝑖𝑛 𝑥

3
𝑖𝑠 −

𝜋

2
,
𝜋

2

𝟏. 𝑭𝒊𝒏𝒅 𝒂𝒍𝒍 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒙 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒊 − 𝟔𝝅 ≤ 𝒙 ≤ 𝟔𝝅 𝒂𝒏𝒅 𝒄𝒐𝒔𝒙 = 𝟎

𝑖 − 5𝜋 ≤ 𝑥 ≤ 5𝜋 𝑎𝑛𝑑 𝑐𝑜𝑠𝑥 = 1

𝑐𝑜𝑠𝑥 = 0 ⟹

𝑛 = 0, ±1, ±2, ±3, ±4, ±5

𝑥 = 2𝑛 + 1
𝜋

2

𝑥 = 𝑐𝑜𝑠−1 0

, 𝑛 ∈ 𝐼

𝑖𝑖 𝑐𝑜𝑠𝑥 = 1

𝑐𝑜𝑠𝑥 = 1 ⟹ 𝑐𝑜𝑠 𝑥 = 𝑐𝑜𝑠0°
𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝛼

𝑐𝑜𝑠𝜃 = 𝑐𝑜𝑠𝛼

𝜃 = 2𝑛𝜋 ± 𝛼 , 𝑛 ∈ ℤ

𝐻𝑒𝑟𝑒 𝜃 = 𝑥, 𝛼 = 0
𝑥 = 2𝑛𝜋 ± 0

𝑥 = 2𝑛𝜋

𝑠𝑖𝑛𝑐𝑒 − 6𝜋 ≤ 𝑥 ≤ 6𝜋

, 𝑛 ∈ 𝐼

𝑠𝑖𝑛𝑐𝑒 − 5𝜋 ≤ 𝑥 ≤ 5𝜋
𝑛 = 0, ±1, ±2
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𝑯
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.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑆𝑖𝑛𝑐𝑒 −
𝜋

6
∉ 0, 𝜋

𝟐. 𝑺𝒕𝒂𝒕𝒆 𝒕𝒉𝒆 𝒓𝒆𝒂𝒔𝒐𝒏 𝒇𝒐𝒓 𝒄𝒐𝒔−𝟏 𝒄𝒐𝒔 −
𝝅

𝟔
≠ −

𝝅

𝟔

𝑐𝑜𝑠−1 𝑐𝑜𝑠 −
𝜋

6
≠ −

𝜋

6
𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓𝑐𝑜𝑠 𝑥 = 0, 𝜋

Let 𝑦 = cos−1 −𝑥

𝟑. 𝑰𝒔 𝒄𝒐𝒔−𝟏 −𝒙 = 𝝅 − 𝒄𝒐𝒔−𝟏 𝒙 𝒕𝒓𝒖𝒆? 𝑱𝒖𝒔𝒕𝒊𝒇𝒚 𝒚𝒐𝒖𝒓 𝒂𝒏𝒔𝒘𝒆𝒓.

cos 𝑦 = −𝑥 ⟹ 𝑥 = − cos 𝑦

𝑥 = cos 𝜋 − 𝑦 ⟹ cos−1 𝑥 = 𝜋 − 𝑦

𝑦 = 𝜋 − cos−1 𝑥

cos−1 −𝑥 = 𝜋 − cos−1 𝑥

𝑐𝑜𝑠 180° − 𝜃 = −𝑐𝑜𝑠𝜃

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠−1
1

2

𝑐𝑜𝑠 𝑦 =
1

2

𝑐𝑜𝑠 𝑦 = 𝑐𝑜𝑠 60°

𝑦 = 60° =
𝜋

3
∈ 0, 𝜋

𝑃𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑐𝑜𝑠−1
1

2
𝑖𝑠

𝜋

3

𝑬𝒙: 𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒄𝒐𝒔−𝟏
𝟏

𝟐
.

Since
1

2
∈ −1,1

2 𝑐𝑜𝑠−1
1

2
+ 𝑠𝑖𝑛−1

1

2

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝟐 𝒄𝒐𝒔−𝟏
𝟏

𝟐
+ 𝒔𝒊𝒏−𝟏

𝟏

𝟐

= 2 𝑐𝑜𝑠−1 𝑐𝑜𝑠 60° + 𝑠𝑖𝑛−1 𝑠𝑖𝑛 30°

= 2 𝑐𝑜𝑠−1 𝑐𝑜𝑠
𝜋

3
+ 𝑠𝑖𝑛−1 𝑠𝑖𝑛

𝜋

6

= 2 ×
𝜋

3
+

𝜋

6 =
2𝜋

3
+

𝜋

6

=
4𝜋 + 𝜋

6
=

5𝜋

6
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝒊𝒊 𝒄𝒐𝒔−𝟏
𝟏

𝟐
+ 𝒔𝒊𝒏−𝟏 −𝟏

𝑠𝑖𝑛 90° = 1

𝑠𝑖𝑛 −90° = −1

𝑠𝑖𝑛 −
𝜋

2
= −1

𝑐𝑜𝑠−1
1

2
+ 𝑠𝑖𝑛−1 −1

= 𝑐𝑜𝑠−1 𝑐𝑜𝑠
𝜋

3

=
𝜋

3
−

𝜋

2 =
2𝜋 − 3𝜋

6
= −

𝜋

6

+ 𝑠𝑖𝑛−1 𝑠𝑖𝑛 −
𝜋

2

(𝒊𝒊𝒊) 𝒄𝒐𝒔−𝟏 𝒄𝒐𝒔
𝝅

𝟕
𝒄𝒐𝒔

𝝅

𝟏𝟕
− 𝒔𝒊𝒏

𝝅

𝟕
𝒔𝒊𝒏

𝝅

𝟏𝟕

𝑐𝑜𝑠 𝐴 𝑐𝑜𝑠 𝐵 𝑠𝑖𝑛 𝐴 𝑠𝑖𝑛 𝐵

cos 𝐴 + 𝐵 = cos 𝐴 cos 𝐵 − sin 𝐴 sin 𝐵

= 𝑐𝑜𝑠−1 𝑐𝑜𝑠
𝜋

7
+

𝜋

17
= 𝑐𝑜𝑠−1 𝑐𝑜𝑠

17𝜋 + 7𝜋

119

𝑦 =
24𝜋

119

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠−1 𝑐𝑜𝑠
𝜋

7
𝑐𝑜𝑠

𝜋

17
− 𝑠𝑖𝑛

𝜋

7
𝑠𝑖𝑛

𝜋

17

𝑓 𝑥 = 𝑠𝑖𝑛−1
𝑥 − 2

3
+ 𝑐𝑜𝑠−1

1 − 𝑥

4

𝑇𝑎𝑘𝑒: 𝑠𝑖𝑛−1
𝑥 − 2

3

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑠𝑖𝑛−1 𝑥 𝑖𝑠 −1,1

−1 ≤
𝑥 − 2

3
≤ 1

−3 + 2 ≤ 𝑥 − 2 + 2 ≤ 3 + 2

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒊 𝒇 𝒙 = 𝒔𝒊𝒏−𝟏
𝒙 − 𝟐

𝟑
+ 𝒄𝒐𝒔−𝟏

𝟏 − 𝒙

𝟒

−1 ≤ 𝑥 ≤ 5 ⟹ 𝑥 ≥ −1, 𝑥 ≤ 5

𝑥 ≥ −1

𝑥 ≥ −1 𝑜𝑟 − 𝑥 ≥ −1

𝑥 ≥ −1 𝑜𝑟 𝑥 ≤ 1

𝑥 ≤ 5

𝑥 ≤ 5 𝑜𝑟 − 𝑥 ≤ 5

𝑥 ≤ 5 𝑜𝑟 𝑥 ≥ −5
−5 ≤ 𝑥 ≤ 5

−1 ≤ 𝑥 ≤ 1, −5 ≤ 𝑥 ≤ 5

⟹ −3 ≤ 𝑥 − 2 ≤ 3

−1 ≤ 𝑥 ≤ 1

𝑇𝑎𝑘𝑒: cos−1
1 − 𝑥

4

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑐𝑜𝑠−1 𝑥 𝑖𝑠 −1,1

−1 ≤
1 − 𝑥

4
≤ 1

−4 ≤ 1 − 𝑥 ≤ 4
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𝑶
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E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

−3 ≤ 𝑥 ≤ 5

𝑥 ≥ −3, 𝑥 ≤ 5

−5 ≤ − 𝑥 ≤ 3 5 ≥ 𝑥 ≥ −3⟹

𝑥 ≥ −3 𝑜𝑟 − 𝑥 ≥ −3,

𝑥 ≥ −3 𝑜𝑟 𝑥 ≤ 3

𝑥 ≤ 5 𝑜𝑟 − 𝑥 ≤ 5

𝑥 ≤ 5 𝑜𝑟 𝑥 ≥ −5

−3 ≤ 𝑥 ≤ 3 −5 ≤ 𝑥 ≤ 5

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝐷𝑜𝑚𝑎𝑖𝑛 𝑖𝑠 −5,5

−4 − 1 ≤ 1 − 𝑥 − 1 ≤ 4 − 1

𝑖𝑖 𝑔 𝑥 = 𝑠𝑖𝑛−1 𝑥 + 𝑐𝑜𝑠−1 𝑥

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑠𝑖𝑛−1 𝑥 −1,1

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑐𝑜𝑠−1 𝑥 −1,1

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝐷𝑜𝑚𝑎𝑖𝑛 𝑖𝑠 −1,1

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒊𝒊 𝒈 𝒙 = 𝒔𝒊𝒏−𝟏 𝒙 + 𝒄𝒐𝒔−𝟏 𝒙

𝜋

2
< cos−1 3𝑥 − 1 < 𝜋

cos
𝜋

2
< 3𝑥 − 1 < cos 𝜋

0 < 3𝑥 − 1 < −1

0 + 1 < 3𝑥 − 1 + 1 < −1 + 1

1 < 3𝑥 < 0

÷ 3

1

3
< 𝑥 < 0

𝟕. 𝑭𝒐𝒓 𝒘𝒉𝒂𝒕 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒙 , 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚
𝝅

𝟐
< 𝒄𝒐𝒔−𝟏 𝟑𝒙 − 𝟏 < 𝝅 𝒉𝒐𝒍𝒅𝒔?

𝑐𝑜𝑠 𝑐𝑜𝑠−1
4

5
+ 𝑠𝑖𝑛−1

4

5

𝐿𝑒𝑡 𝑦 = cos−1
4

5
cos 𝑦 =

4

5
cos 𝜃 = sin 90° − 𝜃

= 𝑐𝑜𝑠 𝑦 + 𝑠𝑖𝑛−1 𝑐𝑜𝑠 𝑦

= 𝑐𝑜𝑠 𝑦 + 𝑠𝑖𝑛−1 𝑠𝑖𝑛
𝜋

2
− 𝑦

= 𝑐𝑜𝑠 𝑦 +
𝜋

2
− 𝑦 = 𝑐𝑜𝑠

𝜋

2
= 0

𝟖. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒄𝒐𝒔 𝒄𝒐𝒔−𝟏
𝟒

𝟓
+ 𝒔𝒊𝒏−𝟏

𝟒

𝟓

⟹
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.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝒊𝒊 𝒄𝒐𝒔−𝟏 𝒄𝒐𝒔
𝟒𝝅

𝟑
+ 𝒄𝒐𝒔−𝟏 𝒄𝒐𝒔

𝟓𝝅

𝟒

4𝜋

3
∉ 0, 𝜋 𝑎𝑛𝑑

5𝜋

4
∉ 0, 𝜋

4𝜋

3
=

4 × 180°

3
= 4 × 60° = 240°

𝑐𝑜𝑠 240° = 𝑐𝑜𝑠 360° − 120°

= 𝑐𝑜𝑠 120°= 𝑐𝑜𝑠
2𝜋

3

5𝜋

4
=

5 × 180°

4
= 5 × 45° = 225°

𝑐𝑜𝑠 225° = 𝑐𝑜𝑠 360° − 135°

= 𝑐𝑜𝑠 135°= 𝑐𝑜𝑠
3𝜋

4
135° ×

𝜋

180°

27

38

3

4

= 𝑐𝑜𝑠−1 𝑐𝑜𝑠
2𝜋

3

=
2𝜋

3
+

3𝜋

4
=

8𝜋 + 9𝜋

12
=

17𝜋

12

+ 𝑐𝑜𝑠−1 𝑐𝑜𝑠
3𝜋

4

=
3𝜋

4

𝑐𝑜𝑠−1 𝑐𝑜𝑠
4𝜋

3
+ 𝑐𝑜𝑠−1 𝑐𝑜𝑠

5𝜋

4
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𝑶
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T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒂𝒏−𝟏 𝟑

𝐿𝑒𝑡 𝑦 = 𝑡𝑎𝑛−1 3

𝑡𝑎𝑛𝑦 = 3

𝑡𝑎𝑛𝑦 = 𝑡𝑎𝑛60°

𝑡𝑎𝑛𝑦 = 𝑡𝑎𝑛
𝜋

3

𝑦 =
𝜋

3
∈ −

𝜋

2
,
𝜋

2

𝐿𝑒𝑡 𝑦 = 𝑡𝑎𝑛−1 − 3

𝑡𝑎𝑛𝑦 = − 3

𝑦 = −60°

𝑦 = −
𝜋

3
∈ −

𝜋

2
,
𝜋

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟗: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒕𝒂𝒏−𝟏 − 𝟑

𝑡𝑎𝑛𝑦 = tan −60°

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒂𝒏−𝟏 𝒕𝒂𝒏 𝟔𝟎°

𝐿𝑒𝑡 𝑦 = tan−1 tan 60°

𝑦 =
𝜋

3
∈ −

𝜋

2
,
𝜋

2

𝑦 = 60°

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟒. 𝟑

𝒊𝒊 𝒕𝒂𝒏−𝟏 𝒕𝒂𝒏
𝟑𝝅

𝟓

𝑙𝑒𝑡 𝑦 = 𝑡𝑎𝑛−1 𝑡𝑎𝑛
3𝜋

5

𝑦 = 𝑡𝑎𝑛−1 𝑡𝑎𝑛 𝜋 −
2𝜋

5
3𝜋

5
=

3 × 180°

5

36°

= 3 × 36 = 108°

𝑡𝑎𝑛 108°= 𝑡𝑎𝑛 180° − 72°

= − 𝑡𝑎𝑛 72°

𝑠𝑖𝑛𝑐𝑒
3𝜋

5
∉ −

𝜋

2
,
𝜋

2

𝑦 = 𝑡𝑎𝑛−1 − 𝑡𝑎𝑛
2𝜋

5

= − 𝑡𝑎𝑛
2𝜋

5𝑦 = 𝑡𝑎𝑛−1 𝑡𝑎𝑛 −
2𝜋

5

72 ×
𝜋

180°

8

20 5

2

=
2𝜋

5𝑦 = −
2𝜋

5
𝑠𝑖𝑛𝑐𝑒

3𝜋

5
∈ −

𝜋

2
,
𝜋

2

148



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝒊𝒊𝒊 𝒕𝒂𝒏−𝟏 𝒕𝒂𝒏 𝟐𝟎𝟏𝟗

𝑙𝑒𝑡 𝑦 = 𝑡𝑎𝑛−1 𝑡𝑎𝑛 2019 𝑠𝑖𝑛𝑐𝑒 2019 ∈ ℝ

𝑦 = 2019 𝑡𝑎𝑛 45 ° = 1

𝑡𝑎𝑛 −45° = −1𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟏𝟎: 𝒕𝒂𝒏−𝟏 −𝟏 + 𝒄𝒐𝒔−𝟏
𝟏

𝟐
+ 𝒔𝒊𝒏−𝟏

−𝟏

𝟐

= 𝑡𝑎𝑛−1 𝑡𝑎𝑛 −
𝜋

4

= −
𝜋

4
+

𝜋

3
−

𝜋

6

𝑡𝑎𝑛 −
𝜋

4
= −1

+ 𝑐𝑜𝑠−1 𝑐𝑜𝑠
𝜋

3
+ 𝑠𝑖𝑛−1 𝑠𝑖𝑛 −

𝜋

6
𝑠𝑖𝑛 −

𝜋

6
= −

1

2

𝑠𝑖𝑛 −30° = −
1

2

𝑡𝑎𝑛−1 −1 + 𝑐𝑜𝑠−1
1

2
+ 𝑠𝑖𝑛−1

−1

2

=
12

−3𝜋 + 4𝜋 −2𝜋 = −
𝜋

12

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟒. 𝟏𝟏: 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒂𝒏 𝒔𝒊𝒏−𝟏 𝒙 =
𝒙

𝟏 − 𝒙𝟐
, −𝟏 < 𝒙 < 𝟏

𝐴𝑠𝑠𝑢𝑚𝑒: 0 < 𝑥 < 1

𝐿𝑒𝑡 𝜃 = 𝑠𝑖𝑛−1 𝑥 𝑡ℎ𝑒𝑛 𝑡𝑎𝑛 𝜃 =
𝑥

1 − 𝑥2

𝜃 = 𝑠𝑖𝑛−1 𝑥

𝑤ℎ𝑒𝑛 𝑥 = 0 , 𝜃 = 0

𝑤ℎ𝑒𝑛 𝑥 = 1 , 𝜃 =
𝜋

2

⟹ 𝐷𝑜𝑚𝑎𝑖𝑛: 0 < 𝜃 <
𝜋

2

𝑡𝑎𝑛 𝜃 =
𝑥

1 − 𝑥2

𝑤ℎ𝑒𝑛 𝜃 = 0 , 𝑥 = 0

𝑤ℎ𝑒𝑛 𝜃 =
𝜋

2
, 𝑥 = ∞

⟹ 𝑅𝑎𝑛𝑔𝑒: 0 < 𝑥 < ∞

𝑥 = 𝑠𝑖𝑛𝜃 ⟹ 𝑡𝑎𝑛 𝜃 =
𝑥

1 − 𝑥2

𝐴𝑠𝑠𝑢𝑚𝑒: −1 < 𝑥 < 0

𝐿𝑒𝑡 𝜃 = 𝑠𝑖𝑛−1 𝑥 𝑡ℎ𝑒𝑛 𝑡𝑎𝑛 𝜃 =
𝑥

1 − 𝑥2

𝜃 = 𝑠𝑖𝑛−1 𝑥

𝑤ℎ𝑒𝑛 𝑥 = 0 , 𝜃 = 0

𝑤ℎ𝑒𝑛 𝑥 = −1 , 𝜃 = −
𝜋

2

⟹ 𝐷𝑜𝑚𝑎𝑖𝑛: −
𝜋

2
< 𝜃 < 0

𝑡𝑎𝑛 𝜃 =
𝑥

1 − 𝑥2

𝑤ℎ𝑒𝑛 𝜃 = 0 , 𝑥 = 0

𝑤ℎ𝑒𝑛 𝜃 = −
𝜋

2
, 𝑥 = −∞

⟹ 𝑅𝑎𝑛𝑔𝑒: −∞ < 𝑥 < 0
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥 = 𝑠𝑖𝑛𝜃 ⟹ 𝑡𝑎𝑛 𝜃 =
𝑥

1 − 𝑥2

−1 < 𝑥 < 1

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑡𝑎𝑛: −
𝜋

2
< 𝜃 <

𝜋

2

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑡𝑎𝑛: −∞, ∞

𝑡𝑎𝑛 𝑠𝑖𝑛−1 𝑥 =
𝑥

1 − 𝑥2

𝑡𝑎𝑛 𝑠𝑖𝑛−1 𝑥 =
𝑥

1 − 𝑥2
, −1 < 𝑥 < 1

𝟏 𝒊 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝒕𝒂𝒏−𝟏 𝟗 − 𝒙𝟐

𝑖 𝑡𝑎𝑛−1 9 − 𝑥2

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑡𝑎𝑛−1𝑥 ∶ ℝ 𝑜𝑟 −∞, ∞

𝐻𝑒𝑛𝑐𝑒 𝑥 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥

𝑇ℎ𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 9 − 𝑥2 𝑖𝑠 𝑟𝑒𝑎𝑙

9 − 𝑥2 ≥ 0 9 − 𝑥2 ≥ 0

32 − 𝑥2 ≥ 0

⟹

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 −3, 3

𝑥 ≤ 3

−3 ≤ 𝑥 ≤ 3

𝑥 ≥ −3 ,

3 + 𝑥 3 − 𝑥 ≥ 0 3 + 𝑥 ≥ 0,⟹ 3 − 𝑥 ≥ 0

−𝑥 ≥ −3

𝟏 𝒊𝒊 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒐𝒎𝒂𝒊𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔
𝟏

𝟐
𝒕𝒂𝒏−𝟏 𝟏 − 𝒙𝟐 −

𝝅

𝟒
1

2
𝑡𝑎𝑛−1 1 − 𝑥2 −

𝜋

4
𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑡𝑎𝑛−1𝑥 ∶ ℝ 𝑜𝑟 −∞, ∞

𝐻𝑒𝑛𝑐𝑒 𝑥 𝑚𝑢𝑠𝑡 𝑏𝑒 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟. 𝐻𝑒𝑟𝑒 1 − 𝑥2 𝑖𝑠 𝑟𝑒𝑎𝑙 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 ℝ

𝟐 𝒊 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒂𝒏−𝟏 𝒕𝒂𝒏
𝟓𝝅

𝟒

𝐿𝑒𝑡 𝑦 = 𝑡𝑎𝑛−1 𝑡𝑎𝑛
5𝜋

4
𝑠𝑖𝑛𝑐𝑒

5𝜋

4
∉ −

𝜋

2
,
𝜋

2 𝑡𝑎𝑛 180° + 𝜃 = 𝑡𝑎𝑛𝜃
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟐 𝒊𝒊 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒕𝒂𝒏−𝟏 𝒕𝒂𝒏 −
𝝅

𝟔

𝐿𝑒𝑡 𝑦 = 𝑡𝑎𝑛−1 𝑡𝑎𝑛 −
𝜋

6

= −
𝜋

6
∈ −

𝜋

2
,
𝜋

2

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒕𝒂𝒏 𝒕𝒂𝒏−𝟏
𝟕𝝅

𝟒

𝐿𝑒𝑡 𝑦 = 𝑡𝑎𝑛 𝑡𝑎𝑛−1
7𝜋

4

𝑦 =
7𝜋

4
∈ ℝ

𝑖𝑖 𝑡𝑎𝑛 𝑡𝑎𝑛−1 1947

𝐿𝑒𝑡 𝑦 = 𝑡𝑎𝑛 𝑡𝑎𝑛−1 1947

= 𝑡𝑎𝑛−1 𝑡𝑎𝑛 𝜋 +
𝜋

4
= 𝑡𝑎𝑛−1 𝑡𝑎𝑛

𝜋

4

=
𝜋

4
∈ −

𝜋

2
,
𝜋

2

𝑖𝑖 𝑡𝑎𝑛 𝑡𝑎𝑛−1 −0.2021

𝐿𝑒𝑡 𝑦 = 𝑡𝑎𝑛 𝑡𝑎𝑛−1 −0.2021

𝑦 = −0.2021

𝑦 = 1947

= 𝑡𝑎𝑛 𝑐𝑜𝑠−1
1

2
− 𝑠𝑖𝑛−1 −

1

2

= 𝑡𝑎𝑛 𝑐𝑜𝑠−1 𝑐𝑜𝑠
𝜋

3
− 𝑠𝑖𝑛−1 𝑠𝑖𝑛 −

𝜋

6

= 𝑡𝑎𝑛
𝜋

3
+

𝜋

6
= 𝑡𝑎𝑛

𝜋

2
= ∞

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒕𝒂𝒏 𝒄𝒐𝒔−𝟏
𝟏

𝟐
− 𝒔𝒊𝒏−𝟏 −

𝟏

𝟐

𝑠𝑖𝑛 −
𝜋

6
= −

1

2

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊𝒊 𝒔𝒊𝒏 𝒕𝒂𝒏−𝟏
𝟏

𝟐
− 𝒄𝒐𝒔−𝟏

𝟒

𝟓

𝑠𝑖𝑛 𝑡𝑎𝑛−1
1

2
− 𝑐𝑜𝑠−1

4

5

𝐿𝑒𝑡 𝑥 = 𝑡𝑎𝑛−1
1

2
, 𝑦 = 𝑐𝑜𝑠−1

4

5
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑠𝑖𝑛 𝑥 − 𝑦 = 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑦 − 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 𝑦

𝑠𝑖𝑛 𝜃 = 1 − 𝑐𝑜𝑠2 𝜃

1 + 𝑡𝑎𝑛2𝑥 = 𝑠𝑒𝑐2𝑥

1 +
1

2

2

= 𝑠𝑒𝑐2𝑥

1 +
1

4
= 𝑠𝑒𝑐2𝑥

5

4
= 𝑠𝑒𝑐2𝑥 ⟹ 𝑠𝑒𝑐2𝑥 =

5

4

𝑠𝑒𝑐𝑥 =
5

4
⟹ 𝑠𝑒𝑐𝑥 =

5

2

𝑐𝑜𝑠𝑥 =
2

5
𝑠𝑖𝑛 𝑥 = 1 − 𝑐𝑜𝑠2 𝑥⟹

𝑠𝑖𝑛 𝑥 = 1 −
2

5

2

⟹ 𝑠𝑖𝑛 𝑥 = 1 −
4

5

𝑠𝑖𝑛 𝑥 =
1

5
⟹ 𝑠𝑖𝑛 𝑥 =

1

5

𝑡𝑎𝑛 𝑥 =
1

2
, 𝑐𝑜𝑠 𝑦 =

4

5

𝑠𝑖𝑛 𝑦 = 1 −
4

5

2

𝑠𝑖𝑛 𝑦 = 1 −
16

25
=

25 − 16

25

𝑠𝑖𝑛 𝑦 =
9

25
𝑠𝑖𝑛 𝑦 =

3

5
⟹

𝑠𝑖𝑛 𝑥 − 𝑦 = 𝑠𝑖𝑛 𝑥 𝑐𝑜𝑠 𝑦 − 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 𝑦

⟹
𝑠𝑖𝑛 𝑦 = 1 − 𝑐𝑜𝑠2 𝑦

𝑠𝑖𝑛 𝑥 − 𝑦 =
1

5
×

4

5
−

2

5
×

3

5
=

4

5 5
−

6

5 5

=
−2

5 5
=

−2 5

5 × 5
=

4 − 6

5 5
= −

2 × 5

5 5 × 5

𝑠𝑖𝑛 𝑥 − 𝑦 =
−2 5

25

𝑤ℎ𝑒𝑟𝑒 𝑥 = 𝑡𝑎𝑛−1
1

2
, 𝑦 = 𝑐𝑜𝑠−1

4

5

𝑠𝑖𝑛 𝑡𝑎𝑛−1
1

2
− 𝑐𝑜𝑠−1

4

5
=

−2 5

25

𝒊𝒊𝒊 𝒄𝒐𝒔 𝒔𝒊𝒏−𝟏
𝟒

𝟓
− 𝒕𝒂𝒏−𝟏

𝟑

𝟒

𝐿𝑒𝑡 𝑥 = 𝑠𝑖𝑛−1
4

5
, 𝑦 = 𝑡𝑎𝑛−1

3

4

𝑠𝑖𝑛 𝑥 =
4

5
, 𝑡𝑎𝑛 𝑦 =

3

4

𝑐𝑜𝑠(𝑥 − 𝑦) = 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 + 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑐𝑜𝑠 𝑥 = 1 −
4

5

2

𝑐𝑜𝑠 𝑥 = 1 −
16

25

⟹𝑐𝑜𝑠 𝑥 =
9

25
𝑐𝑜𝑠 𝑥 =

3

5

⟹ 1 + 𝑡𝑎𝑛2𝑦 = 𝑠𝑒𝑐2𝑦

1 +
3

4

2

= 𝑠𝑒𝑐2𝑦

1 +
9

16
= 𝑠𝑒𝑐2𝑦

16 + 9

16
= 𝑠𝑒𝑐2𝑦 ⟹ 𝑠𝑒𝑐2𝑦 =

25

16

𝑠𝑒𝑐𝑦 =
25

16
⟹ 𝑠𝑒𝑐𝑦 =

5

4

𝑐𝑜𝑠𝑦 =
4

5

𝑐𝑜𝑠𝑦 =
4

5

𝑠𝑖𝑛 𝑦 = 1 − 𝑐𝑜𝑠2 𝑦

𝑠𝑖𝑛 𝑦 = 1 −
4

5

2

𝑠𝑖𝑛 𝑦 = 1 −
16

25
=

25 − 16

25

𝑠𝑖𝑛 𝑦 =
9

25
𝑠𝑖𝑛 𝑦 =

3

5
⟹

𝑐𝑜𝑠(𝑥 − 𝑦) = 𝑐𝑜𝑠 𝑥 𝑐𝑜𝑠 𝑦 + 𝑠𝑖𝑛 𝑥 𝑠𝑖𝑛 𝑦

=
3

5
×

4

5
+

4

5
×

3

5
=

12

25
+

12

25
=

24

25

𝑐𝑜𝑠 𝑠𝑖𝑛−1
4

5
− 𝑡𝑎𝑛−1

3

4
=

24

25

𝑐𝑜𝑠 𝑥 = 1 − 𝑠𝑖𝑛2 𝑥
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𝑺
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𝑶

𝑳

The Cosecant Function and the Inverse     
Cosecant Function 

𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑐𝑜𝑠𝑒𝑐𝑎𝑛𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓
𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠, 𝑒𝑥𝑐𝑒𝑝𝑡 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒𝑠 𝑜𝑓 𝜋

ℝ − 𝑛𝜋, 𝑛 ∈ ℤ −
𝜋

2
,
𝜋

2
− 0⟹

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑐𝑜𝑠𝑒𝑐𝑎𝑛𝑡 𝑖𝑠 −∞, −1
∪ [1, ∞)

𝑦 = 𝑐𝑜𝑠𝑒𝑐𝑥 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑡𝑎𝑘𝑒 𝑎𝑛𝑦 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛
𝑏𝑒𝑡𝑤𝑒𝑒𝑛 − 1 𝑎𝑛𝑑 1.

Periodic Properties:

𝑝𝑒𝑟𝑖𝑜𝑑 = 2𝜋

𝑐𝑜𝑠𝑒𝑐 𝑥 + 2𝜋 = 𝑐𝑜𝑠𝑒𝑐𝑥

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑐𝑜𝑠𝑒𝑐𝑎𝑛𝑡: ℝ − −1,1

odd functions: 𝑐𝑜𝑠𝑒𝑐 −𝑥 = −𝑐𝑜𝑠𝑒𝑐𝑥

Inverse Cosecant Function 
𝐷𝑜𝑚𝑎𝑖𝑛 ∶ ℝ − −1,1

𝑅𝑎𝑛𝑔𝑒 ∶ −
𝜋

2
,
𝜋

2
− 0

𝑦 = 𝑐𝑜𝑠𝑒𝑐𝑥 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑡𝑎𝑘𝑒 𝑎𝑛𝑦 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛
𝑏𝑒𝑡𝑤𝑒𝑒𝑛 − 1 𝑎𝑛𝑑 1.

𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑐𝑜𝑠𝑒𝑐𝑎𝑛𝑡: ℝ − −1,1

The secant Function and the Inverse secant Function 
➢𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑠𝑒𝑐𝑎𝑛𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓

𝑎𝑙𝑙 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟𝑠, 𝑒𝑥𝑐𝑒𝑝𝑡 𝑜𝑑𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒𝑠 𝑜𝑓
𝜋

2

ℝ − 2𝑛 + 1
𝜋

2
, 𝑛 ∈ ℤ ⟹ 0, 𝜋 −

𝜋

2
𝑅𝑎𝑛𝑔𝑒 𝑜𝑓 𝑠𝑒𝑐𝑎𝑛𝑡: ℝ − −1,1

𝑠𝑒𝑐𝑎𝑛𝑡 ℎ𝑎𝑣𝑒 𝑝𝑒𝑟𝑖𝑜𝑑 2𝜋

𝑠𝑒𝑐 𝑥 + 2𝜋 = 𝑠𝑒𝑐𝑥

secant are even functions

𝑠𝑒𝑐 −𝑥 = 𝑠𝑒𝑐𝑥
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Inverse secant Function 

𝐷𝑜𝑚𝑎𝑖𝑛 ∶ ℝ − −1,1

𝑅𝑎𝑛𝑔𝑒 ∶ 0, 𝜋 −
𝜋

2

The cotangent function
𝐷𝑜𝑚𝑎𝑖𝑛 ∶ 0, 𝜋

𝑅𝑎𝑛𝑔𝑒 ∶ ℝ

𝑐𝑜𝑡𝑎𝑛𝑔𝑒𝑛𝑡 ℎ𝑎𝑣𝑒 𝑝𝑒𝑟𝑖𝑜𝑑 𝜋

𝑐𝑜𝑡 𝑥 + 𝜋 = 𝑐𝑜𝑡𝑥

odd functions : 𝑐𝑜𝑡 −𝑥 = −𝑐𝑜𝑡𝑥

Inverse cotangent Function 
𝐷𝑜𝑚𝑎𝑖𝑛 ∶ ℝ

𝑅𝑎𝑛𝑔𝑒 ∶ 0, 𝜋

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠𝑒𝑐−1(−1)

𝑐𝑜𝑠𝑒𝑐 𝑦 = −1
1

cosec 𝑦
= −1

𝑠𝑖𝑛 𝑦 = −1

𝑠𝑖𝑛𝑦 = 𝑠𝑖𝑛 −
𝜋

2

𝑦 = −
𝜋

2
∈ −

𝜋

2
,
𝜋

2
− 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟒. 𝟏𝟐 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑖 𝑐𝑜𝑠𝑒𝑐−1 −1

⟹

𝑖𝑖 𝑠𝑒𝑐−1 −2
𝑐𝑜𝑠 𝑥 =

1

𝑠𝑒𝑐 𝑥

𝐿𝑒𝑡 𝑦 = 𝑠𝑒𝑐−1 −2

𝑠𝑒𝑐 𝑦 = −2
𝑐𝑜𝑠 60° =

1

2

1

𝑠𝑒𝑐 𝑦
=

1

−2
𝑐𝑜𝑠 180 − 60° = −

1

2𝑐𝑜𝑠 𝑦 = −
1

2

𝑐𝑜𝑠 120° = −
1

2

𝐷𝑜𝑚𝑎𝑖𝑛
∶ ℝ − −1,1

=
2𝜋

3
×

𝜋

180°120°

𝑐𝑜𝑠 𝑦 = 𝑐𝑜𝑠
2𝜋

3

⟹

𝑦 =
2𝜋

3
∈ 0, 𝜋 −

𝜋

2

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟒. 𝟒
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𝑺

𝑪
𝑯

𝑶
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𝑳

𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒔𝒆𝒄−𝟏
−𝟐 𝟑

𝟑
𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟒. 𝟏𝟑:

𝐿𝑒𝑡 𝑦 = 𝑠𝑒𝑐−1
−2 3

3
= 𝑠𝑒𝑐−1

−2 3

3 × 3

𝑦 = 𝑠𝑒𝑐−1 −
2

3
𝑠𝑒𝑐 𝑦 = −

2

3

𝑐𝑜𝑠 30° =
3

2

𝑐𝑜𝑠 180° − 30° = −
3

2

𝑐𝑜𝑠 150° = −
3

2

150° ×
𝜋

180°

30

36

5

6

=
5𝜋

6

⟹

1

𝑠𝑒𝑐 𝑦
= −

3

2
⟹ 𝑐𝑜𝑠 𝑦 = −

3

2

𝑐𝑜𝑠 𝑦 = 𝑐𝑜𝑠
5𝜋

6

𝑦 =
5𝜋

6
∈ 0, 𝜋 −

𝜋

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟒. 𝟏𝟑 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄𝒐𝒕−𝟏
𝟏

𝒙𝟐 − 𝟏
= 𝒔𝒆𝒄−𝟏 𝒙 , 𝒙 > 𝟏

𝐿𝑒𝑡 𝛼 = 𝑐𝑜𝑡−1
1

𝑥2 − 1

𝑐𝑜𝑡𝛼 =
1

𝑥2 − 1
⟹ 𝑡𝑎𝑛𝛼 =

𝑥2 − 1

1
𝛼

𝑥2 − 1

1

𝐴

𝐵 𝐶

𝐴𝐵2 = 𝐵𝐶2 + 𝐴𝐶2

𝐴𝐵2 = 12 + 𝑥2 − 1
2

𝐴𝐵2 = 1 + 𝑥2 − 1

𝐴𝐵2 = 𝑥2 ⟹ 𝐴𝐵 = 𝑥2

𝐴𝐵 = 𝑥

𝑥

𝑠𝑒𝑐𝛼 =
ℎ𝑦𝑝

𝑎𝑑𝑗
⟹ 𝑠𝑒𝑐𝛼 =

𝑥

1

𝑠𝑒𝑐𝛼 = 𝑥 ⟹ 𝛼 = sec−1𝑥

𝑐𝑜𝑡−1
1

𝑥2 − 1
= sec−1𝑥

𝐿𝑒𝑡 𝑦 = 𝑠𝑒𝑐−1
2

3

𝑠𝑒𝑐 𝑦 =
2

3

1

𝑠𝑒𝑐 𝑦
=

3

2

𝑐𝑜𝑠 𝑦 =
3

2
𝑐𝑜𝑠 𝑦 = 𝑐𝑜𝑠 30°

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝐬𝐞𝐜−𝟏
𝟐

𝟑

⟹

⟹

𝑐𝑜𝑠 𝑦 = 𝑐𝑜𝑠
𝜋

6

𝑦 =
𝜋

6
∈ 0, 𝜋 −

𝜋
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𝑳

𝒊𝒊) 𝐜𝐨𝐬𝐞𝐜−𝟏 − 𝟐

Let 𝑦 = cosec−1 − 2

cosec 𝑦 = − 2
1

𝑐𝑜𝑠𝑒𝑐 𝑦
= −

1

2
𝑠𝑖𝑛 −45° =

1

2

𝑠𝑖𝑛 45° =
1

2

𝑠𝑖𝑛 𝑦 =
−1

2

⟹

⟹ 𝑠𝑖𝑛 𝑦 = 𝑠𝑖𝑛 −45°

𝑠𝑖𝑛 𝑦 = 𝑠𝑖𝑛 −
𝜋

4

𝑦 = −
𝜋

4
∈ −

𝜋

2
,
𝜋

2
− 0

𝒊𝒊𝒊 𝒄𝒐𝒕−𝟏 𝟑

𝑦 = 𝑐𝑜𝑡−1 3

𝑐𝑜𝑡 𝑦 = 3
1

cot 𝑦
=

1

3
𝑡𝑎𝑛 𝑦 =

1

3
⟹ ⟹

𝑡𝑎𝑛 𝑦 = 𝑡𝑎𝑛30°

𝑡𝑎𝑛 𝑦 = 𝑡𝑎𝑛
𝜋

6

𝑦 =
𝜋

6
∈ 0, 𝜋

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒊 𝒕𝒂𝒏−𝟏 𝟑 − 𝒔𝒆𝒄−𝟏 −𝟐

𝒊 𝒕𝒂𝒏−𝟏 𝟑 − 𝒔𝒆𝒄−𝟏 −𝟐

𝐿𝑒𝑡 𝑥 = 𝑡𝑎𝑛−1 3 ⟹ 𝑡𝑎𝑛 𝑥 = 3

𝑡𝑎𝑛 𝑥 = 𝑡𝑎𝑛60° ⟹ 𝑡𝑎𝑛 𝑥 = 𝑡𝑎𝑛
𝜋

3

𝑥 =
𝜋

3

𝐿𝑒𝑡 𝑦 = 𝑠𝑒𝑐−1 −2

𝑠𝑒𝑐 𝑦 = −2
1

𝑠𝑒𝑐 𝑦
=

−1

2

𝑐𝑜𝑠 𝑦 = −
1

2

⟹

cos 60° =
1

2

cos 180° − 60 = −
1

2

cos 120° = −
1

2

120° ×
𝜋

180°
=

2𝜋

3

⟹ 𝑐𝑜𝑠 𝑦 = 𝑐𝑜𝑠
2𝜋

3

𝑦 =
2𝜋

3

𝑡𝑎𝑛−1 3 − 𝑠𝑒𝑐−1 −2 = 𝑥 − 𝑦

=
𝜋 − 2𝜋

3
=

𝜋

3
−

2𝜋

3
= −

𝜋

3
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𝑶
𝑶

𝑳

𝒊𝒊 𝒔𝒊𝒏−𝟏 −𝟏 + 𝒄𝒐𝒔−𝟏
𝟏

𝟐
+ 𝒄𝒐𝒕−𝟏 𝟐

𝐿𝑒𝑡 𝑥 = 𝑠𝑖𝑛−1 −1 𝑠𝑖𝑛 𝑥 = −1

𝑥 = −
𝜋

2

𝐿𝑒𝑡 𝑦 = 𝑐𝑜𝑠−1
1

2

−90° + 60° = −30°

= −
𝜋

6

⟹

𝑠𝑖𝑛 𝑥 = 𝑠𝑖𝑛 −
𝜋

2
⟹

⟹ cos 𝑦 =
1

2

cos 𝑦 = 𝑐𝑜𝑠
𝜋

3
⟹ 𝑦 =

𝜋

3

𝑠𝑖𝑛−1 −1 + 𝑐𝑜𝑠−1
1

2
+ 𝑐𝑜𝑡−1 2

= −
𝜋

2
+

𝜋

3
+ cot−1 2

= cot−1 2 −
𝜋

6

= 𝑥 + 𝑦 + cot−1 2

𝒊𝒊𝒊) 𝒄𝒐𝒕−𝟏 𝟏 + 𝒔𝒊𝒏−𝟏
− 𝟑

𝟐
− 𝒔𝒆𝒄−𝟏 − 𝟐

𝐿𝑒𝑡 𝑥 = 𝑐𝑜𝑡−1 1 𝑐𝑜𝑡 𝑥 = 1

1

𝑐𝑜𝑡 𝑥
= 1

𝑥 =
𝜋

4

⟹

⟹ 𝑡𝑎𝑛𝑥 = 1

𝑡𝑎𝑛𝑥 = 𝑡𝑎𝑛
𝜋

4
⟹

𝑦 = 𝑠𝑖𝑛−1 −
3

2
𝑠𝑖𝑛 𝑦 = −

3

2
⟹

𝑦 = −
𝜋

3
𝑠𝑖𝑛 𝑦 = 𝑠𝑖𝑛 −

𝜋

3
⟹

𝑧 = 𝑠𝑒𝑐−1 − 2 𝑠𝑒𝑐 𝑧 = − 2⟹

1

𝑠𝑒𝑐 𝑧
= −

1

2
⟹ 𝑐𝑜𝑠 𝑧 = −

1

2

𝑐𝑜𝑠 𝑧 = −
1

2
⟹ 𝑐𝑜𝑠 𝑧 = 𝑐𝑜𝑠

3𝜋

4

𝑧 =
3𝜋

4
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𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

cos 45° =
1

2

𝑐𝑜𝑠 180° − 45° = −
1

2

cos 135° = −
1

2

138° ×
𝜋

180°

3

4

=
3𝜋

4

𝑐𝑜𝑡−1 1 + 𝑠𝑖𝑛−1
− 3

2
− 𝑠𝑒𝑐−1 − 2 = 𝑥 + 𝑦 − 𝑧

=
𝜋

4
+ −

𝜋

3
−

3𝜋

4

=
𝜋

4
−

𝜋

3
−

3𝜋

4

=
3𝜋 − 4𝜋 − 9𝜋

12

=
−𝜋 − 9𝜋

12
= −

10𝜋

12
= −

5𝜋

6
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S
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𝑺
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𝑶
𝑶

𝑳

Circle

A circle is the locus of a point which moves in such a way that its distance 
from a fixed point is always constant. The fixed point is called the centre 
of the circle and the constant distance is called the radius of the circle.

Definition:

The equation of circle 𝒙 − 𝒉 𝟐 + 𝒚 − 𝒌 𝟐 = 𝒓𝟐

𝒙𝟐 + 𝒚𝟐 = 𝒓𝟐 passing through the origin.

𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒄𝒊𝒓𝒄𝒍𝒆 ∶ 𝒙𝟐 + 𝒚𝟐 + 𝟐𝒈𝒙 + 𝟐𝒇𝒚 + 𝒄 = 𝟎

𝑪𝒆𝒏𝒕𝒓𝒆 ∶ −𝒈, −𝒇

Radius : 𝒓 = 𝒈𝟐 + 𝒇𝟐 − 𝒄

𝑻𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒆𝒄𝒐𝒏𝒅 𝒅𝒆𝒈𝒓𝒆𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏

𝒂𝒙𝟐 + 𝒃𝒚𝟐 + 𝟐𝒉𝒙𝒚 + 𝟐𝒈𝒙 + 𝟐𝒇𝒚 + 𝒄 = 𝟎 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆

𝒊𝒇 (𝒊) 𝒂 = 𝒃 𝒊. 𝒆. 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒙𝟐 = 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒚𝟐

(𝒊𝒊) 𝒉 = 𝟎 𝒊. 𝒆. 𝒏𝒐 𝒙𝒚 𝒕𝒆𝒓𝒎

P

𝐴 𝐵𝑥1, 𝑦1 𝑥2, 𝑦2

𝑥, 𝑦

𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒙𝟏, 𝒚𝟏 𝒂𝒏𝒅 𝒙𝟐, 𝒚𝟐 𝒂𝒔 𝒆𝒙𝒕𝒓𝒆𝒎𝒊𝒕𝒊𝒆𝒔
𝒐𝒇 𝒕𝒉𝒆 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓𝒔 𝒊𝒔 𝒙 − 𝒙𝟏 𝒙 − 𝒙𝟐 + 𝒚 − 𝒚𝟏 𝒚 − 𝒚𝟐 = 𝟎

𝑪𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒚 = 𝒎𝒙 + 𝒄 𝒕𝒐 𝒃𝒆 𝒂 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆
𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅𝒊𝒏𝒈 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒄𝒐𝒏𝒕𝒂𝒄𝒕

𝒄 = ± 𝒂 𝒎𝟐 + 𝟏

𝑷𝒐𝒊𝒏𝒕 𝒐𝒇 𝒄𝒐𝒏𝒕𝒂𝒄𝒕
−𝒂𝒎

𝒎𝟐 + 𝟏
,

𝒂

𝒎𝟐 + 𝟏
𝒐𝒓

𝒂𝒎

𝒎𝟐 + 𝟏
,

−𝒂

𝒎𝟐 + 𝟏

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒚 = 𝒎𝒙 ± 𝒂 𝒎𝟐 + 𝟏

𝑻𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒏𝒅 𝑵𝒐𝒓𝒎𝒂𝒍

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑥1, 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝒙𝒙𝟏 + 𝒚𝒚𝟏 + 𝒈 𝒙 + 𝒙𝟏 + 𝒇 𝒚 + 𝒚𝟏 + 𝒄 = 𝟎

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑡 𝑥1, 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝒚𝒙𝟏 − 𝒙𝒚𝟏 + 𝒈 𝒚 − 𝒚𝟏 − 𝒇 𝒙 − 𝒙𝟏 = 𝟎
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𝑖) 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑥1, 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑥2 + 𝑦2 = 𝑟2

𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒 0, 0

𝒙𝒙𝟏 + 𝒚𝒚𝟏 = 𝒓𝟐

𝑖𝑖) 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑡 𝑥1, 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒 0, 0

𝒚𝒙𝟏 − 𝒙𝒚𝟏 = 𝟎

Note :

𝐶𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 = −3, −4 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 ∶ 𝑟 = 3

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 ∶ 𝑥 − ℎ 2 + 𝑦 − 𝑘 2 = 𝑟2

𝑥 + 3 2 + 𝑦 + 4 2 = 32

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒄𝒆𝒏𝒕𝒓𝒆
−𝟑, −𝟒 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔 𝒊𝒔 𝟑 𝒖𝒏𝒊𝒕𝒔.

⟹ 𝑥2 +2 𝑥 3 + 32 + 𝑦2 + 2 𝑦 4 + 42 = 9

𝑥2 + 6𝑥 + 9 + 𝑦2 + 8𝑦 + 16 = 9 ⟹ 𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 + 25 − 9 = 0

𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 + 16 = 0

𝑂𝑅

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝐶𝑒𝑛𝑡𝑟𝑒 𝑖𝑠 −𝑔 , −𝑓 = 3, 4 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 ∶ 𝑟 = 4

Radius: 𝑟 = 𝑔2 + 𝑓2 − 𝑐

32 = 32 + 42 − 𝑐 ⟹ 9 = 9 + 16 − 𝑐 ⟹ 0 = 16 − c ⟹ c = 16
𝑥2 + 𝑦2 + 2 3 𝑥 + 2 4 𝑦 + 16 = 0

𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 + 16 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒅𝒆𝒔𝒄𝒓𝒊𝒃𝒆𝒅 𝒐𝒏 𝒕𝒉𝒆 𝒄𝒉𝒐𝒓𝒅
𝟑𝒙 + 𝒚 + 𝟓 = 𝟎 𝒐𝒇 𝒄𝒊𝒓𝒄𝒍𝒆 𝒙𝟐 + 𝒚𝟐 = 𝟏𝟔 𝒂𝒔 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓

𝐶𝑖𝑟𝑐𝑙𝑒: 𝑥2 + 𝑦2 − 16 = 0 𝑎𝑛𝑑 𝐿𝑖𝑛𝑒: 3𝑥 + 𝑦 + 5 = 0

𝑥2 + 𝑦2 − 16 + 𝜆 3𝑥 + 𝑦 + 5 = 0

𝑥2 + 𝑦2 + 3𝜆𝑥 + 𝑦𝜆 + 5𝜆 − 16 = 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒 ∶ 𝑥2 + 𝑦2 + 3𝜆𝑥 + 𝜆𝑦 + 5𝜆 − 16 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

2𝑔 = 3𝜆, 2𝑓 = 𝜆, 𝑐 = 5𝜆 − 16

𝑔 =
3𝜆

2
, 𝑓 =

𝜆

2

𝐶𝑒𝑛𝑡𝑟𝑒 = −𝑔, −𝑓 ⟹ 𝐶𝑒𝑛𝑡𝑟𝑒 = −
3𝜆

2
, −

𝜆

2

−3𝜆

2
,
−𝜆

2
𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 3𝑥 + 𝑦 + 5 = 0 ⟹ 3

−3𝜆

2
−

𝜆

2
+ 5 = 0
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−9𝜆

2
−

𝜆

2
+ 5 = 0

−10𝜆

2
+ 5 = 0⟹ ⟹ −10𝜆

2
= −5

−10𝜆 = −10 𝜆 = 1

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒 𝑖𝑠 𝑥2 + 𝑦2 − 16 + 1 3𝑥 + 𝑦 + 5 = 0

𝑥2 + 𝑦2 − 16 + 3𝑥 + 𝑦 + 5 = 0

⟹

⟹ 𝑥2 + 𝑦2 + 3𝑥 + 𝑦 − 11 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑: 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒙 + 𝒚 − 𝟏 = 𝟎 𝒊𝒔 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂
𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒙2 + 𝒚𝟐 − 𝟔𝒙 + 𝟒𝒚 + 𝒄 = 𝟎 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆

𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒄.

𝑥2 + 𝑦2 − 6𝑥 + 4𝑦 + 𝑐 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

2𝑔 = −6,

𝑔 = −3,

2𝑓 = 4, 𝑐 = 𝑐

𝑓 = 2
−3 2

𝐶𝑒𝑛𝑡𝑟𝑒 = −𝑔, −𝑓 𝐶𝑒𝑛𝑡𝑟𝑒 = 3, −2⟹

𝐶𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑖𝑠 3, −2 𝑤ℎ𝑖𝑐ℎ 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑥 + 𝑦 − 1 = 0.
3 − 2 − 1 = 0 ⟹ 0 = 0

𝑆𝑜 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 + 𝑦 − 1 = 0 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒

∴ 𝑥 + 𝑦 − 1 = 0 𝑖𝑠 𝑎 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑐.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒉𝒐𝒔𝒆 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓
𝒊𝒔 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒔𝒆𝒈𝒎𝒆𝒏𝒕 𝒋𝒐𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 −𝟒, −𝟐 𝒂𝒏𝒅 𝟏, 𝟏

𝐿𝑒𝑡 𝐴 −4, −2 𝑎𝑛𝑑 𝐵 1, 1
𝑥1 𝑦1 𝑥2 𝑦2

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒: 𝑥 − 𝑥1 𝑥 − 𝑥2 + 𝑦 − 𝑦1 𝑦 − 𝑦2

𝑥 + 4 𝑥 − 1 + 𝑦 + 2 𝑦 − 1 = 0

𝑥2− 𝑥 + 4𝑥− 4 + 𝑦2 − 𝑦 + 2𝑦 − 2 = 0

𝑥2 + 3𝑥 + 𝑦2 + 𝑦 − 6 = 0

𝑥2 + 𝑦2 + 3𝑥 + 𝑦 − 6 = 0
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟓: 𝑬𝒙𝒂𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟐, 𝟑 𝒘. 𝒓. 𝒕𝒐 𝒕𝒉𝒆
𝒄𝒊𝒓𝒄𝒍𝒆 𝒙𝟐 + 𝒚𝟐 − 𝟔𝒙 − 𝟖𝒚 + 𝟏𝟐 = 𝟎

𝐺𝑖𝑣𝑒𝑛: 𝑥2 + 𝑦2 − 6𝑥 − 8𝑦 + 12 = 0

2, 3 𝑥 = 2, 𝑦 = 3

𝑥2 + 𝑦2 − 6𝑥 − 8𝑦 + 12 = 22 + 32 − 6 2 − 8 3 + 12

= 4 + 9 − 12 − 24 + 12= 13 − 24

= −11 < 0

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 2, 3 𝑙𝑖𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒.

⟹
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𝑺
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𝑯
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𝑶
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟔 𝑻𝒉𝒆 𝒍𝒊𝒏𝒆 𝟑𝒙 + 𝟒𝒚 − 𝟏𝟐 = 𝟎 𝒎𝒆𝒆𝒕𝒔 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔 𝒂𝒕
𝑨 𝒂𝒏𝒅 𝑩. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒅𝒓𝒂𝒘𝒏 𝒐𝒏 𝑨𝑩 𝒂𝒔 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓.

𝑇ℎ𝑒 𝑙𝑖𝑛𝑒 3𝑥 + 4𝑦 = 12

3𝑥 + 4𝑦 = 12
÷ 12

⟹
3𝑥

12
+

4𝑦

12
= 1

4 3

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑓𝑜𝑟𝑚 ∶
𝑥

4
+

𝑦

3
= 1.

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 4, 0 𝑎𝑛𝑑 0, 3 . 𝑥

𝑦

𝐴

(4, 0)𝑂

𝐵(0, 3)

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑖𝑛 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑓𝑜𝑟𝑚 𝑖𝑠

𝑥 − 𝑥1 𝑥 − 𝑥2 + 𝑦 − 𝑦1 𝑦 − 𝑦2 = 0

𝑥 − 4 𝑥 − 0 + 𝑦 − 0 𝑦 − 3 = 0

𝑥 − 4 𝑥 + 𝑦 𝑦 − 3 = 0

𝑥2 − 4𝑥 + 𝑦2 − 3𝑦 = 0 ⟹ 𝑥2 + 𝑦2 − 4𝑥 − 3𝑦 = 0

C

𝐴 𝐵𝑀

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟕: 𝑨 𝒍𝒊𝒏𝒆 𝟑𝒙 + 𝟒𝒚 + 𝟏𝟎 = 𝟎 𝒄𝒖𝒕𝒔 𝒂 𝒄𝒉𝒐𝒓𝒅 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 𝟔𝒖𝒏𝒊𝒕𝒔 𝒐𝒏
𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒄𝒆𝒏𝒕𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝟐, 𝟏 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆

𝒊𝒏 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒇𝒐𝒓𝒎.

2, 1

𝐶 2, 1 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒 𝑎𝑛𝑑 3𝑥 + 4𝑦 + 10 = 0 𝑐𝑢𝑡𝑠 𝑎 𝑐ℎ𝑜𝑟𝑑 𝐴𝐵 𝑜𝑛 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒.

6 𝑢𝑛𝑖𝑡𝑠

𝐿𝑒𝑛𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑐ℎ𝑜𝑟𝑑 𝐴𝐵 = 6.

𝐿𝑒𝑡 𝑀 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝐴𝐵, 𝑡ℎ𝑒𝑛 𝐴𝑀 = 𝐵𝑀 = 3.

𝐶𝑀 =
𝑎𝑥1 + 𝑏𝑦1 + 𝑐

𝑎2 + 𝑏2
=

6 + 4 + 10

9 + 16
=

20

25
=

20

5

𝐶𝑀 = 4

𝐴𝐶2 = 𝐴𝑀2 + 𝐶𝑀2

𝐴𝐶2 = 9 + 16 𝐴𝐶2 = 25

𝐴𝐶 = 25

𝑟𝑎𝑑𝑖𝑢𝑠 = 5

⟹ 𝐴𝐶2 = 32 + 42

⟹

⟹ 𝐴𝐶 = 5

𝐶𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 = 2, 1 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 ∶ 𝑟 = 5

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 ∶ 𝒙 − 𝒉 𝟐 + 𝒚 − 𝒌 𝟐 = 𝒓𝟐

=
3 2 + 4 1 + 10

32 + 42

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑐𝑖𝑟𝑐𝑙𝑒 𝑖𝑠 𝑥 − 2 2 + 𝑦 − 1 2 = 52

𝑥2 − 2 2 𝑥 + 22 + 𝑦2 − 2𝑦 + 12 = 25

𝑥2 − 4𝑥 + 4 + 𝑦2 − 2𝑦 + 1 − 25 = 0

𝑥2 + 𝑦2 − 4𝑥 − 2𝑦 − 20 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟖: 𝑨 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 𝒓𝒂𝒅𝒊𝒖𝒔 𝟑 𝒖𝒏𝒊𝒕𝒔 𝒕𝒐𝒖𝒄𝒉𝒆𝒔 𝒃𝒐𝒕𝒉 𝒂𝒙𝒆𝒔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂𝒍𝒍 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒄𝒊𝒓𝒄𝒍𝒆𝒔 𝒇𝒐𝒓𝒎𝒆𝒅 𝒊𝒏 𝒕𝒉𝒆 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒇𝒐𝒓𝒎
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𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠: 𝑟 = 3𝐶𝑒𝑛𝑡𝑟𝑒 = ± 3, ± 3

𝑥

𝑦

3, 3
𝐶1

−3, 3

𝐶2

3, −3

𝐶4

−3, −3

𝐶3

3

3

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 ∶ 𝒙 − 𝒉 𝟐 + 𝒚 − 𝒌 𝟐 = 𝒓𝟐

ℎ, 𝑘 = ± 3, ± 3

𝑥 ± 3 2+ 𝑦 ± 3 2 = 32

𝑥2 + 2 ±3 𝑥 + 32 + 𝑦2 + 2 ± 3 𝑦 + 32 = 32

𝑥2 + ±6𝑥 + 32 + 𝑦2 ± 6𝑦 = 0
𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑖𝑟𝑐𝑙𝑒𝑠

𝑥2 + 𝑦2 ± 6𝑥 ± 6𝑦 + 9 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟗: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆
𝟑𝒙𝟐 + 𝒂 + 𝟏 𝒚𝟐 + 𝟔𝒙 − 𝟗𝒚 + 𝒂 + 𝟒 = 𝟎

𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 = 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑦2

3 = 𝑎 + 1 𝑎 + 1 = 3

𝑎 = 3 − 1 𝑎 = 2

3𝑥2 + 2 + 1 𝑦2 + 6𝑥 − 9𝑦 + 2 + 4 = 0

3𝑥2 + 3𝑦2 + 6𝑥 − 9𝑦 + 6 = 0
÷ 3

𝑥2 + 𝑦2 + 2𝑥 − 3𝑦 + 2 = 0

⟹

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

2𝑔 = 2,

𝑔 = 1,

2𝑓 = −3, 𝑐 = 2

𝑓 = −
3

2

⟹

𝐶𝑒𝑛𝑡𝑟𝑒 = −𝑔, −𝑓 𝐶𝑒𝑛𝑡𝑟𝑒 = −1,
3

2
⟹

𝑹𝒂𝒅𝒊𝒖𝒔: 𝒓 = 𝒈𝟐 + 𝒇𝟐 − 𝒄

𝑟 = 1 2 + −
3

2

2

− 2 𝑟 = 1 +
9

4
− 2

𝑟 =
9

4
− 1 =

9 − 4

4
=

5

4
𝑅𝑎𝑑𝑖𝑢𝑠 𝑖𝑠

5

2

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟎: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆
𝒑𝒐𝒊𝒏𝒕𝒔 𝟏, −𝟏 , 𝟐, −𝟏 𝒂𝒏𝒅 𝟑, 𝟐 .

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒: 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑥 + 𝑐 = 0

1, 1 : 1 2 + 1 2 + 2𝑔 1 + 2𝑓 1 + 𝑐 = 0

1 + 1 + 2𝑔 + 2𝑓 + 𝑐 = 0 2 + 2𝑔 + 2𝑓 + 𝑐 = 0
𝑥, 𝑦

⟹
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𝑳

2𝑔 + 2𝑓 + 𝑐 = −2

2, −1 : 2 2 + −1 2 + 2𝑔 2 + 2𝑓 −1 + 𝑐 = 0

4 + 1 + 4𝑔 − 2𝑓 + 𝑐 = 0 5 + 4𝑔 − 2𝑔 + 𝑐 = 0

4𝑔 − 2𝑓 + 𝑐 = −5

… (1)

… (2)

𝑥, 𝑦
⟹

3, 2 : 3 2 + 2 2 + 2𝑔 3 + 2𝑓 2 + 𝑐 = 0

9 + 4 + 6𝑔 + 4𝑓 + 𝑐 = 0
𝑥, 𝑦

⟹ 13 + 6𝑔 + 4𝑓 + 𝑐 = 0

6𝑔 + 4𝑓 + 𝑐 = −13 … (3)

𝑺𝒐𝒍𝒗𝒆 𝟏 𝒂𝒏𝒅 (𝟐)

2𝑔 + 2𝑓 + 𝑐 = −2

4𝑔 − 2𝑓 + 𝑐 = −5

6𝑔 + 2𝑐 = −7 … (4)

𝑺𝒐𝒍𝒗𝒆 𝟐 𝒂𝒏𝒅 (𝟑)

2 × 2 ⟹ 8𝑔 − 4𝑓 + 2𝑐 = −10

3 ⟹ 6𝑔 + 4𝑓 + 𝑐 = −13

14𝑔 + 3𝑐 = −23 … (5)

𝑺𝒐𝒍𝒗𝒆 𝟒 𝒂𝒏𝒅 (𝟓)

4 × 3 ⟹ 18𝑔 + 6𝑐 = −21

5 × 2 ⟹ 28𝑔 + 6𝑐 = −46
− − +

−10𝑔 = 25
−2

𝑔 = −
5

2

5

𝑆𝑢𝑏 𝑔 =
−5

2
𝑖𝑛 4 6𝑔 + 2𝑐 = −7

6
−5

2
+ 2𝑐 = −7 −15 + 2𝑐 = −7

2𝑐 = −7 + 15 2𝑐 = 8 4

𝑐 = 4

⟹

⟹

3

𝑆𝑢𝑏 𝑔 = −
5

2
𝑎𝑛𝑑 𝑐 = 4 𝑖𝑛 (1) 2𝑔 + 2𝑓 + 𝑐 = −2

2
−5

2
+ 2𝑓 + 4 = −2 −5 + 2𝑓 + 4 = −2

2𝑓 − 1 = −2 2𝑓 = −2 + 1

2𝑓 = −1 𝑓 =
−1

2

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

⟹

⟹

⟹

𝑤ℎ𝑒𝑟𝑒 𝑔 = −
5

2
, 𝑓 =

−1

2
𝑎𝑛𝑑 𝑐 = 4

𝑥2 + 𝑦2 + 2
−5

2
𝑥 + 2

−1

2
𝑦 + 4 = 0

𝑥2 + 𝑦2 − 5𝑥 − 2𝑦 + 4 = 0
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𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒏𝒅 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆
𝒄𝒊𝒓𝒄𝒍𝒆 𝒙𝟐 + 𝒚𝟐 = 𝟐𝟓 𝒂𝒕 𝒑 −𝟑, 𝟒

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑥1, 𝑦1 𝑖𝑛 𝑥𝑥1 + 𝑦𝑦1 = 25

𝑥1, 𝑦1 = −3, 4

𝑥 −3 + 𝑦 4 = 25 −3𝑥 + 4𝑦 = 25

3𝑥 − 4𝑦 = −25 3𝑥 − 4𝑦 + 25 = 0

⟹

⟹

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒏𝒐𝒓𝒎𝒂𝒍 𝒂𝒕 𝒙𝟏, 𝒚𝟏 𝒊𝒔 𝒚𝒙𝟏 − 𝒙𝒚𝟏 = 𝟎

𝑥1, 𝑦1 = −3, 4

𝑦 −3 − 𝑥 4 = 0 −3𝑦 − 4𝑥 = 0⟹

4𝑥 + 3𝑦 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟐: 𝑰𝒇 𝒚 = 𝟒𝒙 + 𝒄 𝒊𝒔 𝒂 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒙𝟐 + 𝒚𝟐 = 𝟗,
𝒇𝒊𝒏𝒅 𝒄.
𝑇𝑎𝑛𝑔𝑒𝑛𝑡 ∶ 𝑦 = 4𝑥 + 𝑐

𝑐𝑜𝑚𝑝𝑎𝑟𝑒 𝑦 = 𝑚𝑥 + 𝑐

𝑚 = 4

𝑐𝑜𝑚𝑝𝑎𝑟𝑒 ∶ 𝑥2 + 𝑦2 = 𝑎2
𝑐𝑖𝑟𝑐𝑙𝑒 ∶ 𝑥2 + 𝑦2 = 9

𝑎2 = 9

𝑐 = ±𝑎 1 + 𝑚2

𝑐 = ± 3 1 + 42 ⟹ 𝑐 = ± 3 1 + 16

𝑐 = ± 3 17

⟹ 𝑎 = 3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟑: 𝑨 𝒓𝒐𝒂𝒅 𝒃𝒓𝒊𝒅𝒈𝒆 𝒐𝒗𝒆𝒓 𝒂𝒏 𝒊𝒓𝒓𝒊𝒈𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏𝒂𝒍 𝒉𝒂𝒗𝒆 𝒕𝒘𝒐
𝒔𝒆𝒎𝒊 𝒄𝒊𝒓𝒄𝒖𝒍𝒂𝒓 𝒗𝒆𝒏𝒕𝒔 𝒆𝒂𝒄𝒉 𝒘𝒊𝒕𝒉 𝒂 𝒔𝒑𝒂𝒏 𝒐𝒇 𝟐𝟎𝒎 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒖𝒑𝒑𝒐𝒓𝒕𝒊𝒏𝒈
𝒑𝒊𝒍𝒍𝒂𝒓𝒔 𝒐𝒇 𝒘𝒊𝒅𝒕𝒉 𝟐𝒎. 𝒘𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒕𝒉𝒂𝒕 𝒎𝒐𝒅𝒆𝒍 𝒕𝒉𝒆 𝒂𝒓𝒄𝒉𝒆𝒔.

𝐿𝑒𝑡 𝑂1, 𝑂2 𝑏𝑒 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑒𝑚𝑖 𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑣𝑒𝑛𝑡𝑠.

𝑭𝒊𝒓𝒔𝒕 𝒗𝒆𝒏𝒕 ∶ 𝑐𝑒𝑛𝑡𝑟𝑒 𝑂1 12, 0 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 𝑟 = 10

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝑭𝒊𝒓𝒔𝒕 𝒗𝒆𝒏𝒕: 𝒙 − 𝒉 𝟐 + 𝒚 − 𝒌 𝟐 = 𝒓𝟐

𝑥 − 12 2 + 𝑦 − 0 2 = 102

𝑥2 − 2 12 𝑥 + 122 + 𝑦2 = 100

𝑥2 + 𝑦2 − 24𝑥 + 44 = 0

𝑥2 − 24𝑥 + 144 + 𝑦2 − 100 = 0

𝑥

𝑦

𝑂1
𝑂22𝑚 2𝑚

20𝑚 20𝑚

10𝑚
12, 0

10𝑚

34𝑚

34, 0
𝑺𝒆𝒄𝒐𝒏𝒅 𝒗𝒆𝒏𝒕 ∶

𝑐𝑒𝑛𝑡𝑟𝑒 𝑂2 34, 0 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 𝑟 = 10

𝑥 − 34 2 + 𝑦2 = 102 ⟹ 𝑥2 − 2 34 𝑥 + 342 + 𝑦2 = 100

𝑥2 + 𝑦2 − 68𝑥 + 1156 − 100 = 0 ⟹ 𝑥2 + 𝑦2 − 68𝑥 + 1056 = 0
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𝟏. 𝑶𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒓𝒂𝒅𝒊𝒖𝒔 𝟓𝒄𝒎 𝒂𝒏𝒅 𝒕𝒐𝒖𝒄𝒉𝒊𝒏𝒈
𝒙 − 𝒂𝒙𝒊𝒔 𝒂𝒕 𝒕𝒉𝒆 𝑶𝒓𝒊𝒈𝒊𝒏 𝒊𝒏 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒇𝒐𝒓𝒎.

𝑥

𝑦

0, 5𝐶1

0, −5

𝐶2

5

𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠: 𝑟 = 5𝐶𝑒𝑛𝑡𝑟𝑒 = 0, ± 5

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 ∶ 𝑥 − ℎ 2 + 𝑦 − 𝑘 2 = 𝑟2

ℎ, 𝑘 = 0, ± 5

𝑥 + 0 2+ 𝑦 ± 5 2 = 52

𝑥2 + 𝑦2 ± 2 𝑦 5 + 52 = 52

𝑥2 + 𝑦2 ± 10𝑦 + 52 = 52

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑖𝑟𝑐𝑙𝑒𝑠 𝑥2 + 𝑦2 ± 10𝑦 = 0

𝑐𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 = 2, −1

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 ∶ 𝒙 − 𝒉 𝟐 + 𝒚 − 𝒌 𝟐 = 𝒓𝟐

𝑥 + 3 2 + 𝑦 + 4 2 = 𝑟2

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒄𝒆𝒏𝒕𝒓𝒆 𝟐, −𝟏 𝒂𝒏𝒅 𝒑𝒂𝒔𝒔𝒊𝒏𝒈
𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟑, 𝟔 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒇𝒐𝒓𝒎

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 3, 6

3 − 2 2 + 6 + 1 2 = 𝑟2 ⟹ 12 + 72 = 𝑟2 ⟹ 1 + 49 = 𝑟2

𝑟2 = 50

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝑥 − 2 2 + 𝑦 + 1 2 = 50

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒄𝒊𝒓𝒄𝒍𝒆 𝒕𝒐𝒖𝒄𝒉𝒆𝒔 𝒃𝒐𝒕𝒉 𝒕𝒉𝒆 𝒂𝒙𝒆𝒔 𝒂𝒏𝒅 𝒑𝒂𝒔𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉
𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 −𝟒, −𝟐 𝒊𝒏 𝒈𝒆𝒏𝒆𝒓𝒂𝒍 𝒇𝒐𝒓𝒎.

𝑥

𝑦

−𝑟, −𝑟

𝑟
𝑟

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒: 𝑥 − ℎ 2 + 𝑦 − 𝑘 2 = 𝑟2

𝐶𝑒𝑛𝑡𝑟𝑒: ℎ, 𝑘 = (−𝑟, −𝑟)

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ −4, −2

−4 + 𝑟 2 𝑟 − 4 2 + 𝑟 − 2 2 = 𝑟2

𝑟2 − 2 𝑟 4 + 42

𝑟2 − 8𝑟 + 16 + 𝑟2 − 4𝑟 + 4 − 𝑟2 = 0

𝑟2 − 12𝑟 + 20 = 0 𝑟 − 10 𝑟 − 2 = 0

𝑟 − 10 = 0

𝑟 = 10 𝑟 = 2

; 𝑟 − 2 = 0

+ −2 + 𝑟 2 = 𝑟2

+ 𝑟2 − 2 𝑟 2 + 22 = 𝑟2

⟹

𝑥 + 𝑟 2 + 𝑦 + 𝑟 2 = 𝑟2… 1

⟹

−4, −2

𝑥 + 𝑟 2 + 𝑦 + 𝑟 2 = 𝑟2

𝐼𝑓 𝑟 = 10: 𝑥 + 10 2 + 𝑦 + 10 2 = 10 2

𝑥2 + 100 + 20𝑥 + 𝑦2 + 100 + 20𝑦 − 100 = 0
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𝑥2 + 𝑦2 + 20𝑥 + 20𝑦 + 100 = 0

𝐼𝑓 𝑟 = 2:

𝑥2 + 4 + 4𝑥 + 𝑦2 + 4 + 4𝑦 = 4

𝑥2 + 𝑦2 + 4𝑥 + 4𝑦 + 4 = 0

𝑥 + 2 2 + 𝑦 + 2 2 = 2 2

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒘𝒊𝒕𝒉 𝒄𝒆𝒏𝒕𝒓𝒆 𝟐, 𝟑 𝒂𝒏𝒅 𝒑𝒂𝒔𝒔𝒊𝒏𝒈
𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒐𝒇 𝟑𝒙 − 𝟐𝒚 − 𝟏 = 𝟎
𝒂𝒏𝒅 𝟒𝒙 + 𝒚 − 𝟐𝟕 = 𝟎

𝐺𝑖𝑣𝑒𝑛 ∶ 𝐶𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 = 2,3

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑠𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

𝑆𝑢𝑏𝑠 𝑥 = 5 𝑖𝑛 (1)

3𝑥 − 2𝑦 = 1

4𝑥 + 𝑦 = 27

(1) ⟹

(2) × 2 ⟹

3𝑥 − 2𝑦 = 1

8𝑥 + 2𝑦 = 54

11𝑥 = 55

𝑥 = 5

3 5 − 2𝑦 = 1
15 − 2𝑦 = 1 −2𝑦 = −14

𝑦 = 7

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 5, 7

… (1)

… (2)

5

3𝑥 − 2𝑦 = 1

⟹
7

⟹ −2𝑦 = 1 − 15

2, 3

5, 7

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 ∶ 𝑥 − ℎ 2 + 𝑦 − 𝑘 2 = 𝑟2

ℎ, 𝑘 = (2, 3)

𝑥 − 2 2 + 𝑦 − 3 2 = 𝑟2

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 5, 7

5 − 2 2 + 7 − 3 2 = 𝑟2 ⟹ 32 + 42 = 𝑟2

9 + 16 = 𝑟2 ⟹ 𝑟2 = 25
𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑥 − 2 2 + 𝑦 − 3 2 = 25

𝑥2 − 2 𝑥 2 + 22 + 𝑦2 −2 𝑦 3 + 32 = 25

𝑥2 − 4𝑥 + 4 + 𝑦2 − 6𝑦 + 9 = 25 ⟹ 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 + 13 − 25 = 0

𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 − 12 = 0

𝟓. 𝑶𝒃𝒕𝒂𝒊𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝟑, 𝟒 𝒂𝒏𝒅 𝟐, −𝟕 𝒂𝒓𝒆 𝒕𝒉𝒆
𝒆𝒏𝒅𝒔 𝒐𝒇 𝒂 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓.

𝐿𝑒𝑡 𝐴 3, 4 𝑎𝑛𝑑 𝐵 2, −7
𝑥1 𝑦1 𝑥2 𝑦2
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𝑶
𝑶

𝑳

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒: 𝑥 − 𝑥1 𝑥 − 𝑥2 + 𝑦 − 𝑦1 𝑦 − 𝑦2

𝑥 − 3

𝑥2 − 5𝑥 + 𝑦2 + 3𝑦 − 22 = 0

𝑥2 + 𝑦2 − 5𝑥 + 3𝑦 − 22 = 0

𝑥 − 2 + 𝑦 − 4 𝑦 + 7 = 0

𝑥2 − 2𝑥 − 3𝑥 + 6 + 𝑦2 + 7𝑦 − 4𝑦 − 28 = 0

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒕𝒉𝒓𝒐𝒖𝒈𝒉𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟏, 𝟎 , −𝟏, 𝟎
𝒂𝒏𝒅 𝟎, 𝟏

𝐺𝑒𝑛𝑒𝑟𝑎𝑙 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒: 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

1, 0 : 12 + 02 + 2𝑔 1 + 2𝑓 0 + 𝑐 = 0 1 + 2𝑔 + 𝑐 = 0

2𝑔 + 𝑐 = −1

−1, 0 :

… (1)

−1 2 + 02 + 2𝑔 −1 + 2𝑓 0 + 𝑐 = 0 1 − 2𝑔 + 𝑐 = 0

−2𝑔 + 𝑐 = −1

0, 1 : 02 + 12 + 2𝑔 0 + 2𝑓 1 + 𝑐 = 0

… (2)

1 + 2𝑓 + 𝑐 = 0

2𝑓 + 𝑐 = −1 … (3)

𝑥, 𝑦

𝑥, 𝑦

𝑥, 𝑦

𝑆𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

1 ⟹

2 ⟹

2𝑔 + 𝑐 = −1

−2𝑔 + 𝑐 = −1

2𝑐 = −2

⟹

⟹

⟹

𝑐 = −
2

2 𝑐 = −1⟹

𝑆𝑢𝑏 𝑐 = −1 𝑖𝑛 (1) 2𝑔 + 𝑐 = −1

2𝑔 − 1 = −1 2𝑔 = −1 + 1 2𝑔 = 0⟹ ⟹ 𝑔 = 0⟹

𝑆𝑢𝑏 𝑐 = −1 𝑖𝑛 (3)

2𝑓 − 1 = −1 2𝑓 = −1 + 1 2𝑓 = 0 𝑓 = 0

𝑔 = 0, 𝑓 = 0, 𝑐 = −1

2𝑓 + 𝑐 = −1

⟹ ⟹⟹

𝑖𝑛 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

𝑥2 + 𝑦2 + 2 0 𝑥 + 2 0 𝑦 − 1 = 0 ⟹ 𝑥2 + 𝑦2 − 1 = 0

𝑥2 + 𝑦2 = 1

𝟕. 𝑨 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 𝒂𝒓𝒆𝒂 𝟗𝝅 𝒔𝒒𝒖𝒂𝒓𝒆 𝒖𝒏𝒊𝒕 𝒉𝒂𝒔 𝒕𝒘𝒐 𝒐𝒇 𝒊𝒕𝒔 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓 𝒂𝒍𝒐𝒏𝒈 𝒕𝒉𝒆
𝒍𝒊𝒏𝒆𝒔 𝒙 + 𝒚 = 𝟓 𝒂𝒏𝒅 𝒙 − 𝒚 = 𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆.

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 = 9𝜋

𝜋𝑟2 = 9𝜋 𝑟2 = 9 𝑟 = 9 𝑟 = 3⟹⟹ ⟹

𝑃𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑤𝑜 𝑙𝑖𝑛𝑒 = 𝑐𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 169
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.𝑺
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𝑪
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𝑶
𝑶

𝑳

𝑥 + 𝑦 = 5 𝑎𝑛𝑑 𝑥 − 𝑦 = 1… (1) … (2)

1 ⟹

(2) ⟹

𝑥 + 𝑦 = 5

𝑥 − 𝑦 = 1

2𝑥 = 6

𝑥 = 3
3

𝑆𝑢𝑏𝑠 𝑥 = 3 𝑖𝑛 (1)

3 + 𝑦 = 5

𝑥 + 𝑦 = 5

⟹ 𝑦 = 5 − 3 ⟹ 𝑦 = 2

𝐶𝑒𝑛𝑡𝑟𝑒 𝑖𝑠 3, 2

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒: 𝑥 − ℎ 2 + 𝑦 − 𝑘 2 = 𝑟2

𝐶𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 = 3, 2 𝑎𝑛𝑑 𝑟 = 3

𝑥 − 3 2 + 𝑦 − 2 2 = 32

𝑥2 − 2 3 𝑥 + 32 + 𝑦2 − 2 2 𝑦 + 22 = 9

𝑥2 − 6𝑥 + 9 + 𝑦2 − 4𝑦 + 4 = 9

𝑥2 + 𝑦2 − 6𝑥 − 4𝑦 + 4 = 0

𝑬𝒙: 𝟖. 𝑰𝒇 𝒚 = 𝟐 𝟐𝒙 + 𝒄 𝒊𝒔 𝒂 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒙𝟐 + 𝒚𝟐 = 𝟏𝟔, 𝒇𝒊𝒏𝒅 𝒄.

𝑇𝑎𝑛𝑔𝑒𝑛𝑡 ∶ 𝑦 = 2 2𝑥 + 𝑐
𝑐𝑜𝑚𝑝𝑎𝑟𝑒 𝑦 = 𝑚𝑥 + 𝑐

𝑚 = 2 2

𝑐𝑜𝑚𝑝𝑎𝑟𝑒 ∶ 𝑥2 + 𝑦2 = 𝑎2
𝑐𝑖𝑟𝑐𝑙𝑒 ∶ 𝑥2 + 𝑦2 = 16

𝑎2 = 16

𝑐 = ± 4 1 + 2 2
2 ⟹ 𝑐 = ± 4 1 + 8

𝑐 = ± 4 9 ⟹ 𝑐 = ± 4 3

𝑐 = ± 12

𝑐 = ± 𝑎 1 + 𝑚2

⟹ 𝑎 = 4

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑥1, 𝑦1 𝑖𝑠

𝑥𝑥1 + 𝑦𝑦1 + 2𝑔
𝑥 + 𝑥1

2
+ 2𝑓

𝑦 + 𝑦1

2
+ 𝑐 = 0

𝑥𝑥1 + 𝑦𝑦1 − 6
𝑥 + 𝑥1

2
+ 6

𝑦 + 𝑦1

2
− 8 = 0

𝑥𝑥1 + 𝑦𝑦1 −

𝑥1, 𝑦1 = 2, 2

𝟗. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒏𝒅 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆
𝒙𝟐 + 𝒚𝟐 − 𝟔𝒙 + 𝟔𝒚 − 𝟖 = 𝟎 𝒂𝒕 𝟐, 𝟐

3 𝑥 + 𝑥1 + 3 𝑦 + 𝑦1 − 8 = 0

𝑥 2 + 𝑦 2 − 3 𝑥 + 2 + 3 𝑦 + 2 − 8 = 0

2𝑥 + 2𝑦 − 3𝑥 − 6 + 3𝑦 + 6 − 8 = 0
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𝑳

2𝑥 + 2𝑦 − 3𝑥 + 3𝑦 − 8 = 0 −𝑥 + 5𝑦 − 8 = 0

𝑥 − 5𝑦 + 8 = 0
𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚 ∶ 5𝑥 + 𝑦 + 𝑘 = 0

⟹

𝑥, 𝑦 = 2, 2

5 2 + 2 + 𝑘 = 0 ⟹ 12 + 𝑘 = 0 ⟹ 𝑘 = −12

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 ∶ 5𝑥 + 𝑦 − 12 = 0

𝑦 2 − 𝑥 2 − 6
𝑦 − 2

2
− 6

𝑥 − 2

2
= 0

2𝑦 − 2𝑥 −

2𝑦 − 2𝑥 − 3𝑦 + 6 − 3𝑥 + 6 = 0

𝑥 + 5𝑦 − 12 = 0

3 𝑦 − 2 − 3 𝑥 − 2 = 0

𝟏𝟎. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 −𝟐, 𝟏 𝟎, 𝟎 𝒂𝒏𝒅 −𝟒, −𝟑 𝒍𝒊𝒆𝒔
𝒐𝒖𝒕𝒔𝒊𝒅𝒆, 𝒐𝒏 𝒐𝒓 𝒊𝒏𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒙𝟐 + 𝒚𝟐 − 𝟓𝒙 + 𝟐𝒚 − 𝟓 = 𝟎

−2, 1

𝑥2 + 𝑦2 − 5𝑥 + 2𝑦 − 5 = −2 2 + 12 − 5 −2 + 2 1 − 5

= 4 + 1 + 10 + 2 − 5 = 17 − 5 = 12 > 0

𝑥 = −2, 𝑦 = 1⟹

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 −2, 1 𝑙𝑖𝑒𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒.

0, 0

𝑥2 + 𝑦2 − 5𝑥 + 2𝑦 − 5 = 0 2 + 0 2 − 5 0 + 2 0 − 5

= 0 − 5 = −5

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 0, 0 𝑙𝑖𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒.

< 0

𝑥 = 0, 𝑦 = 0⟹

−4, −3 𝑥 = −4, 𝑦 = −3⟹

𝑥2 + 𝑦2 − 5𝑥 + 2𝑦 − 5 = −4 2 + −3 2 − 5 −4 + 2 −3 − 5

= 16 + 9 + 20 − 6 − 5

= 45 − 11= 34 > 0

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 −4, −3 𝑙𝑖𝑒𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒.

𝟏𝟏. 𝑭𝒊𝒏𝒅 𝒄𝒆𝒏𝒕𝒓𝒆 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒄𝒊𝒓𝒄𝒍𝒆𝒔.
𝒊) 𝒙𝟐 + 𝒚 + 𝟐 𝟐 = 𝟎 𝒊𝒊) 𝒙𝟐 + 𝒚𝟐 + 𝟔𝒙 − 𝟒𝒚 + 𝟒 = 𝟎
𝒊𝒊𝒊) 𝒙𝟐 + 𝒚𝟐 − 𝒙 + 𝟐𝒚 − 𝟑 = 𝟎 𝒊𝒗) 𝟐𝒙𝟐 + 𝟐𝒚𝟐 − 𝟔𝒙 + 𝟒𝒚 + 𝟐 = 𝟎

𝑖) 𝑥2 + 𝑦 + 2 2 = 0

𝑥 − 0 2 + 𝑦 + 2 2 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑥 − ℎ 2 + 𝑦 − 𝑘 2 = 𝑟2

ℎ = 0, 𝑟 = 0𝑘 = −2, 𝑟2 = 0 ⟹

𝐶𝑒𝑛𝑡𝑟𝑒 = 0, −2 𝑎𝑛𝑑 𝑅𝑎𝑑𝑖𝑢𝑠 𝑖𝑠 0
𝑖𝑖) 𝑥2 + 𝑦2 + 6𝑥 − 4𝑦 + 4 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 171
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2𝑔 = 6,

𝑔 = 3,

2𝑓 = −4, 𝑐 = 4

𝑓 = −2

−23

𝐶𝑒𝑛𝑡𝑟𝑒 = −𝑔, −𝑓 𝐶𝑒𝑛𝑡𝑟𝑒 = −3, 2⟹

𝑅𝑎𝑑𝑖𝑢𝑠: 𝑟 = 𝑔2 + 𝑓2 − 𝑐

𝑟 = 3 2 + −2 2 − 4

𝑅𝑎𝑑𝑖𝑢𝑠 𝑖𝑠 3

⟹ 𝑟 = 9 + 4 − 4 ⟹ 𝑟 = 9

𝒊𝒊𝒊) 𝒙𝟐 + 𝒚𝟐 − 𝒙 + 𝟐𝒚 − 𝟑 = 𝟎

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

2𝑔 = −1, 𝑔 = −
1

2
,

𝐶𝑒𝑛𝑡𝑟𝑒 = −𝑔, −𝑓 𝐶𝑒𝑛𝑡𝑟𝑒 =
1

2
, −1

𝑅𝑎𝑑𝑖𝑢𝑠: 𝑟 = 𝑔2 + 𝑓2 − 𝑐

2𝑓 = 2, 𝑐 = −3 𝑓 = 1
1

⟹

𝑟 = −
1

2

2

+ 12 + 3⟹ 𝑟 =
1

4
+ 1 + 3

⟹

𝑟 =
1

4
+ 4

𝑟 =
1 + 16

4
𝑟 =

17

4 ∴ 𝑅𝑎𝑑𝑖𝑢𝑠 𝑖𝑠
17

2
⟹

⟹

𝒊𝒗) 𝟐𝒙𝟐 + 𝟐𝒚𝟐 − 𝟔𝒙 + 𝟒𝒚 + 𝟐 = 𝟎

÷ 2

𝑥2 + 𝑦2 − 3𝑥 + 2𝑦 + 1 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

2𝑔 = −3,

𝑔 = −
3

2
,

2𝑓 = 2, 𝑐 = 1

𝑓 = 1

1

𝐶𝑒𝑛𝑡𝑟𝑒 = −𝑔, −𝑓 𝐶𝑒𝑛𝑡𝑟𝑒 =
3

2
, −1

𝑅𝑎𝑑𝑖𝑢𝑠: 𝑟 = 𝑔2 + 𝑓2 − 𝑐

𝑟 = −
3

2

2

+ 12 − 1 𝑟 =
9

4
+ 1 − 1 𝑟 =

9

4

∴ 𝑅𝑎𝑑𝑖𝑢𝑠 𝑖𝑠
3

2

⟹

⟹ ⟹
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𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟏𝟐. 𝑰𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟑𝒙𝟐 + 𝟑 − 𝒑 𝒙𝒚 + 𝒒𝒚𝟐 − 𝟐𝒑𝒙 = 𝟖𝒑𝒒 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒔 𝒂
𝒄𝒊𝒄𝒍𝒆 𝒇𝒊𝒏𝒅 𝒑 𝒂𝒏𝒅 𝒒. 𝑨𝒍𝒔𝒐 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆, 𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆.

3𝑥2 + 3 − 𝑝 𝑥𝑦 + 𝑞𝑦2 − 2𝑝𝑥 = 8𝑝𝑞

𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥𝑦 = 0

3 − 𝑝 = 0

−𝑝 = −3 𝑝 = 3

3𝑥2 + 3 − 3 𝑥𝑦 + 𝑞𝑦2 − 2 3 𝑥 = 8 3 𝑞

3𝑥2 + 𝑞𝑦2 − 6𝑥 = 24𝑞

3𝑥2 + 𝑞𝑦2 − 6𝑥 − 24𝑞 = 0

𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2 = 𝐶𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑦2

3 = 𝑞 ⟹ 𝑞 = 3

3𝑥2 + 3𝑦2 − 6𝑥 − 24 3 = 0
÷ 3

𝑥2 + 𝑦2 − 2𝑥 − 24 = 0

⟹

𝑥2 + 𝑦2 − 2𝑥 + 0𝑦 − 24 = 0

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

2𝑔 = −2,

𝑔 = −1,

2𝑓 = 0, 𝑐 = −24

𝑓 = 0

−1

𝐶𝑒𝑛𝑡𝑟𝑒 = −𝑔, −𝑓 𝐶𝑒𝑛𝑡𝑟𝑒 = 1, 0

𝑅𝑎𝑑𝑖𝑢𝑠: 𝑟 = 𝑔2 + 𝑓2 − 𝑐 𝑟 = −1 2 + 0 2 + 24

𝑟 = 1 + 24 𝑟 = 25

𝑅𝑎𝑑𝑖𝑢𝑠 𝑖𝑠 5

⟹

⟹

⟹
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𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒘𝒊𝒕𝒉 𝒇𝒐𝒄𝒖𝒔 − 𝟐, 𝟎 ,
𝒙 = √𝟐

𝑥

𝑦

0,0
− 2, 0

𝐴− 2
𝑆

𝑥
=

2

2

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑛𝑑 𝑓𝑜𝑐𝑢𝑠 𝑉𝐹 = 𝑎 = 2
𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑙𝑒𝑓𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚:

𝑦 − 𝑘 2 = −4𝑎 𝑥 − ℎ

𝑉 0, 0
ℎ 𝑘

𝑎𝑛𝑑 𝑎 = 2

𝑦 − 0 2 = −4 2 𝑥 − 0

𝑦2 = −4 2𝑥

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟓. 𝟐

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟓 Find the equation of the parabola if vertex 𝟓, −𝟐 𝒂𝒏𝒅
𝒇𝒐𝒄𝒖𝒔 𝟐, −𝟐

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑛𝑑 𝑓𝑜𝑐𝑢𝑠 𝑉𝑆 = 𝑎

𝑎 = 3

𝑉𝐹 = 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑛𝑑 𝑓𝑜𝑐𝑢𝑠

𝑉 5 , −2 𝑎𝑛𝑑 𝐹 2 , −2
𝑥1 𝑦1 𝑥2 𝑦2

𝑎 = 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2

𝑎 = 2 − 5 2 + −2 + 2 2

𝑎 = −3 2 + 0 2 ⟹ 𝑎 = 9

𝑥

𝑦

5, −2

2, −2 𝐴
𝑆 𝑎 = 3

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑙𝑒𝑓 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚:

𝑦 − 𝑘 2 = −4𝑎 𝑥 − ℎ

𝑉 5, −2
ℎ 𝑘

𝑎𝑛𝑑 𝑎 = 3

𝑦 + 2 2 = −4 3 𝑥 − 5 ⟹ 𝑦 + 2 2 = −12 𝑥 − 5

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟔 Find the equation of the parabola with vertex −𝟏, −𝟐 𝒂𝒙𝒊𝒔
𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒚 − 𝒂𝒙𝒊𝒔 𝒂𝒏𝒅 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟑, 𝟔

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑢𝑝𝑤𝑎𝑟𝑑 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚:

𝑥 − ℎ 2 = 4𝑎 𝑦 − 𝑘

𝑇ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑖𝑠 𝑉 −1, −2
ℎ 𝑘

𝑥 + 1 2 = 4𝑎 𝑦 + 2 … 1

𝑥

𝑦

3, 6

−1, −2 𝐴

It passes through the point 3, 6
𝑥, 𝑦

3 + 1 2= 4𝑎 6 + 2

42 = 4𝑎 8
32𝑎 = 16 ⟹ 2𝑎 = 1

2
⟹ 𝑎 =

1

2
𝑠𝑢𝑏 𝑎 =

1

2
𝑖𝑛 1 𝑥 + 1 2 = 4𝑎 𝑦 + 2 174
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𝑬
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𝑺
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𝑯

𝑶
𝑶

𝑳

𝑥 + 1 2 = 4
1

2
𝑦 + 2 ⟹ 𝑥 + 1 2 = 2 𝑦 + 2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟕 Find the vertex, focus, directrix, length of the latus rectum
for the parabolas 𝒙𝟐 − 𝟒𝒙 − 𝟓𝒚 − 𝟏 = 𝟎

4

2
= 2

𝑥2 − 4𝑥 − 5𝑦 − 1 = 0

𝑥2 − 4𝑥 = 5𝑦 + 1

𝑥2 − 4𝑥 + 22− 22 = 5𝑦 + 1

𝑥 − 2 2− 4 = 5𝑦 + 1 𝑥 − 2 2 = 5𝑦 + 1 + 4

𝑥 − 2 2 = 5𝑦 + 5

⟹

⟹ 𝑥 − 2 2 = 5 𝑦 + 1

2, −1𝑉𝑒𝑟𝑡𝑒𝑥 𝐴 ℎ, 𝑘 𝑖𝑠

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥 − ℎ 2 = 4𝑎 𝑦 − 𝑘 (𝑜𝑝𝑒𝑛 𝑈𝑝𝑤𝑎𝑟𝑑)

ℎ = 2, 𝑘 = −1 , 4𝑎 = 5

𝑎 =
5

4

𝑓𝑜𝑐𝑢𝑠 0 + ℎ, 𝑎 + 𝑘 = 0 + 2,
5

4
− 1 = 2,

5 − 4

4

= 2,
1

4

Equation of directrix 𝑦 = −𝑎 + 𝑘

𝑦 = −𝑎 + 𝑘 ⟹ 𝑦 = −
5

4
− 1

𝑦 =
−5 − 4

4
⟹ 𝑦 = −

9

4

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝐿𝑎𝑡𝑢𝑠 𝑟𝑒𝑐𝑡𝑢𝑚 ∶ 4𝑎 = 4
5

4
= 5

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟖 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒊𝒇 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒂𝒓𝒆 ±𝟐, 𝟎
𝒂𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒂𝒓𝒆 (±𝟑, 𝟎 )

The foci are 𝑆(2, 0) and 𝑆′(−2, 0) vertices are A(3, 0) and A′( − 3, 0)

𝑐 = 2
𝑎2 = 9

𝑎𝑛𝑑 𝑎 = 3

𝑏2 = 𝑎2 − 𝑐2 ⟹ 𝑏2 = 32 − 22

𝑏2 = 9 − 4 ⟹ 𝑏2 = 5

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1

𝑥

𝑦

𝐴 (3, 0)

−3, 0 A′ 𝐶(0,0)

𝑆 (2, 0)𝑆′(−2, 0)
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𝑬
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𝑺
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𝑶

𝑳

𝑥2

9
+

𝑦2

5
= 1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟏𝟗 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒘𝒉𝒐𝒔𝒆 𝒆𝒄𝒄𝒆𝒏𝒕𝒓𝒊𝒄𝒊𝒕𝒚 𝒊𝒔
𝟏

𝟐
, 𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒊𝒔 𝟐, 𝟑 , 𝒂𝒏𝒅 𝒂 𝒅𝒊𝒓𝒆𝒄𝒕𝒓𝒊𝒙 𝒊𝒔 𝒙 = 𝟕. 𝑨𝒍𝒔𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆

𝒍𝒆𝒏𝒈𝒉𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒎𝒂𝒋𝒐𝒓 𝒂𝒏𝒅 𝒎𝒊𝒏𝒐𝒓 𝒂𝒙𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆

𝐺𝑖𝑣𝑒𝑛 ∶ 𝐹 2, 3 ; 𝑑𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑥 ∶ 𝑥 − 7 = 0

Let 𝑃 𝑥 , 𝑦 𝑏𝑒 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎

Definition :
𝑆P

PM
= 𝑒 ⟹ FP = 𝑒𝑃𝑀

𝐹 2, 3 𝑎𝑛𝑑 𝑃 ( 𝑥 , 𝑦 )
𝑥1 𝑦1 𝑥2 𝑦2

𝐹𝑃 = 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2 𝐹𝑃 = 𝑥 − 2 2 + 𝑦 − 3 2

𝑃𝑀 = ±
𝑙𝑥 + 𝑚𝑦 + 𝑛

𝑙2 + 𝑚2
𝑃𝑀 = ±

𝑥 − 7

12 + 02
⟹ 𝑃𝑀 = ± 𝑥 − 7

⟹

⟹

= ±
1

2
𝑥 − 7

Squaring on both sides

𝑥 − 2 2 + 𝑦 − 3 2

FP = 𝑒𝑃𝑀

𝑥 − 2 2 + 𝑦 − 3 2 𝑥 − 7 2=
1

2

2

𝑥2 − 2 𝑦 3 + 32 =
1

4
𝑥2 − 2 × 𝑥 × 7 + 72

𝑥2 − 4𝑥 + 4 + 𝑦2 − 6𝑦 + 9

−2 𝑥 2 + 22 + 𝑦2

=
1

4
𝑥2 − 14𝑥 + 49

4 𝑥2 − 4𝑥 + 𝑦2 − 6𝑦 + 13 = 𝑥2 − 14𝑥 + 49

𝑥2 − 4𝑥 + 𝑦2 − 6𝑦 + 13 =
1

4
𝑥2 − 14𝑥 + 49

4𝑥2 − 16𝑥 + 4𝑦2 − 24𝑦 + 52 − 𝑥2 + 14𝑥 − 49 = 0

3𝑥2 − 2𝑥 + 4𝑦2 − 24𝑦 + 3 = 0

3 𝑥2 −
2

3
𝑥

2
3
2

=
1

3

6

2
= 3

+ 4 𝑦2 − 6𝑦 + 3 = 0

3 𝑥2 −
2

3
𝑥 +

1

3

2

+ 4( 𝑦2 − 6𝑦 + 32 − 32)+ 3 = 0൩−
1

3

2

3 𝑥 −
1

3

2

−
1

9
+ 4 𝑦 − 3 2 − 9 + 3 = 0
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

3 𝑥 −
1

3

2

+ 4 𝑦 − 3 2 =
1

3
+ 33 ⟹ 3 𝑥 −

1

3

2

+ 4 𝑦 − 3 2 =
1 + 99

3

3 𝑥 −
1

3

2

+
4 𝑦 − 3 2

100
3

= 1

÷
100

3

⟹
3 𝑥 −

1
3

2

100
3

+ 4 𝑦 − 3 2 =
100

3

3 𝑥 −
1

3

2

−
1

3
+ 4 𝑦 − 3 2 − 36 + 3 = 0

3 𝑥 −
1

3

2

−
1

3
+ 4 𝑦 − 3 2 − 33 = 0 3 𝑥 −

1

3

2

+ 4 𝑦 − 3 2 =
1

3
+ 33⟹

+
𝑦 − 3 2

100
3

×
1
4

𝑥 −
1
3

2

100
3

×
1
3

= 1 +
𝑦 − 3 2

100
3

×
1
4

𝑥 −
1
3

2

100
3

×
1
3

= 1⟹

+
𝑦 − 3 2

100
12

𝑥 −
1
3

2

100
9

= 1

𝑐𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1

𝑎2 =
100

9
⟹ 𝑎 =

100

9
⟹ 𝑎 =

10

3

𝑏2 =
100

9
⟹ 𝑏 =

100

12
⟹ 𝑏 =

10

2 3

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑀𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 = 2𝑎

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑀𝑖𝑛𝑜𝑟 𝑎𝑥𝑖𝑠 = 2𝑏

2𝑎 =
20

3
⟹

2𝑏 = 2 ×
10

2 3
⟹ =

10

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟎 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊, 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒂𝒏𝒅 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒎𝒂𝒋𝒐𝒓 𝒂𝒏𝒅 𝒎𝒊𝒏𝒐𝒓
axis 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒐𝒏𝒊𝒄 𝟒𝒙2 + 𝟑𝟔𝒚𝟐 + 𝟒𝟎𝒙 − 𝟐𝟖𝟖𝒚 + 𝟓𝟑𝟐 = 𝟎

4𝑥2 + 36𝑦2 + 40𝑥 − 288𝑦 + 532 = 0

4𝑥2 + 40𝑥 + 36𝑦2 − 288𝑦 + 532 = 0

4 𝑥2 + 10𝑥

10

2
= 5

8

2
= 4

+ 36 𝑦2 − 8𝑦 + 532 = 0

4(𝑥2 + 10𝑥 + 52 −52)+ 36( 𝑦2−8𝑦 + 42 − 42) + 532 = 0
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

4 𝑥 + 5 2 − 25 + 36 𝑦 − 4 2 − 16 + 532 = 0

4 𝑥 + 5 2 − 100

4 𝑥 + 5 2 + 36 𝑦 − 4 2 − 144 = 0

4 𝑥 + 5 2 + 36 𝑦 − 4 2 = 144

÷ 144

+ 36 𝑦 − 4 2 − 576 + 532 = 0

𝑥 + 5 2

36
+

𝑦 − 4 2

4
= 1

Compare with
𝑥 − ℎ 2

a2
+

𝑦 − 𝑘 2

b2
= 1

ℎ = −5, 𝑘 = 4

a2 = 36, 𝑏2 = 4 𝑎 = 6, 𝑏 = 2

𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 = 2𝑎 = 2 6 = 12

𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑚𝑖𝑛𝑜𝑟 𝑎𝑥𝑖𝑠 = 2𝑏 = 2 2 = 4

(major axis is along x− axis)

⟹

𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 ±𝑎 + ℎ, 0 + 𝑘 = ± 6 − 5 , 0 + 4 = 6 − 5, 4 , −6 − 5 , 4

= 1, 4 , −11, 4

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐2 = 36 − 4

𝑐2 = 32 ⟹ 𝑐 = 32 ⟹ 𝑐 = 16 × 2 𝑐 = ±4 2⟹

𝑓𝑜𝑐𝑢𝑠 ±𝑐 + ℎ, 0 + 𝑘 = ±4 2 − 5, 4 = 4 2 − 5, 4 , −4 2 − 5, 4

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟏: 𝑭𝒐𝒓 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝟒𝒙𝟐 + 𝒚𝟐 + 𝟐𝟒𝒙 − 𝟐𝒚 + 𝟐𝟏 = 𝟎, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆
𝒄𝒆𝒏𝒕𝒓𝒆, 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔, 𝒂𝒏𝒅 𝒇𝒐𝒄𝒊. 𝑨𝒍𝒔𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒍𝒂𝒕𝒖𝒔 𝒓𝒆𝒄𝒕𝒖𝒎
𝒊𝒔 𝟐

4𝑥2 + 𝑦2 + 24𝑥 − 2𝑦 + 21 = 0

4 𝑥2 + 6𝑥

4(𝑥2 + 6𝑥

6

2
= 3

+ 32 − 32)

2

2
= 1

+ 𝑦2 − 2y + 21 = 0

+ ( 𝑦2−2𝑦 + 12 − 12) + 21 = 0

4 𝑥 + 3 2 − 9 + 𝑦 − 1 2 − 1 + 21 = 0

4 𝑥 + 3 2 − 36

4 𝑥 + 3 2 + 𝑦 − 1 2 − 16 = 0

4 𝑥 + 3 2 + 𝑦 − 1 2 = 16

÷ 16

4𝑥2 + 24𝑥 + 𝑦2 − 2𝑦 + 21 = 0

+ 𝑦 − 1 2 − 1 + 21 = 0

4 𝑥 + 3 2

16
+

𝑦 − 1 2

16
= 1 𝑥 + 3 2

4
+

𝑦 − 1 2

16
= 1

Compare with
𝑥 − ℎ 2

𝑏2
+

𝑦 − 𝑘 2

𝑎2
= 1

(major axis is along Y − axis)

⟹
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

ℎ = −3, 𝑘 = 1
𝑏2 = 4, 𝑎2 = 16 b = 4, a = 16

𝑏 = 2, 𝑎 = 4

⟹

𝑐𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 −3, 1⟹

𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 0 + ℎ, ±𝑎 + 𝑘 = −3, ±4 + 1 = 3, 4 + 1 , 3, −4 + 1

= 3, 5 , 3, −3

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐2 = 16 − 4

𝑐2 = 12 ⟹ 𝑐 = 12 ⟹ 𝑐 = 4 × 3 𝑐 = ±2 3⟹

𝑓𝑜𝑐𝑢𝑠 0 + ℎ, ±𝑐 + 𝑘 = −3, ±2 3 + 1 = 3,2 3 + 1 , 3, −2 3 + 1

Length of latus rectum =
2𝑏2

𝑎
Where b2 = 4, a = 4

=
2(4 )

4
= 2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟐 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒊𝒇 𝒕𝒉𝒆 𝒂𝒓𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔
𝟎, ±𝟒 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒂𝒓𝒆 𝟎, ±𝟔

The foci are 𝑆(0, 6) and 𝑆′(0, − 6). vertices are A(0, 4) and A′(0, − 4)

𝑐 = 6 𝑎𝑛𝑑 𝑎 = 4
𝑎2 = 16

𝑐2 = 𝑎2 + 𝑏2

𝑏2 = 𝑐2 − 𝑎2 ⟹ 𝑏2 = 62 − 42

𝑏2 = 36 − 16 ⟹ 𝑏2 = 20 𝑥

𝑦

𝐴 (0, −4)

(0, 4)A′

𝐶(0,0)

𝑆(0, 6)

𝑆′(0, − 6)

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎 𝑖𝑠
𝑦2

𝑎2
−

𝑥2

𝑏2
= 1

𝑦2

16
−

𝑥2

20
= 1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟑 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔, 𝒇𝒐𝒄𝒊 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂
𝟗𝒙𝟐 − 𝟏𝟔𝒚𝟐 = 𝟏𝟒𝟒

9𝑥2 − 16𝑦2 = 144
÷ 144

𝑥2

16
−

𝑦2

9
= 1

Compare with
𝑥2

a2
−

𝑦2

b2
= 1 (transverse axis is along X− axis)

a2 = 16, 𝑏2 = 9

𝑐2 = 𝑎2 + 𝑏2 ⟹ 𝑐 = 𝑎2 + 𝑏2

⟹ 𝑎 = 4, 𝑏 = 3

𝑐 = 16 + 9 ⟹ 𝑐 = 25

𝑐 = 5
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

Foci:(± c, 0)

Centre:(0, 0)

⟹ (± 5, 0 )⟹ 5, 0 , −5, 0

Vertices :(± a, 0) ⟹ (± 4, 0) ⟹ 4, 0 , −4, 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟒 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆, 𝒇𝒐𝒄𝒊, 𝒂𝒏𝒅 𝒆𝒄𝒄𝒆𝒏𝒕𝒓𝒊𝒄𝒊𝒕𝒚 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂
𝟏𝟏𝒙𝟐 − 𝟐𝟓𝒚𝟐 − 𝟒𝟒𝒙 + 𝟓𝟎𝒚 − 𝟐𝟓𝟔 = 𝟎

11𝑥2 − 44𝑥 − 25𝑦2 + 50𝑦 − 256 = 0

11 𝑥2 − 4𝑥 − 25 𝑦2 − 2𝑦 − 256 = 0

11 𝑥2 − 4𝑥 + 22 − 22 − 25 𝑦2 − 2𝑦 + 12 − 12 − 256 = 0

11 (𝑥 − 2)2− 4 − 25 𝑦 − 1 2 − 1 − 256 = 0

11(𝑥 − 2)2 − 44 − 25(𝑦 − 1)2 + 25 − 256 = 0

11(𝑥 − 2)2 − 25(𝑦 − 1)2 − 275 = 0

11(𝑥 − 2)2 − 25(𝑦 − 1)2 − 275 = 0 11(𝑥 − 2)2 − 25(𝑦 − 1)2 = 275

(𝑥 − 2)2

25
−

(𝑦 − 1)2

11
= 1

𝑐𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ
(𝑥 − ℎ)2

𝑎2
−

(𝑦 − 𝑘)2

𝑏2
= 1 ∴ 𝑡𝑟𝑎𝑛𝑠𝑒𝑟𝑣𝑒 𝑎𝑥𝑖𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠

÷ 275

ℎ = 2 , 𝑘 = 1

𝑎2 = 25, 𝑏2 = 11 ⟹ 𝑎 = 5, 𝑏 = 11

⟹

𝑐𝑒𝑛𝑡𝑟𝑒 ∶ ℎ, 𝑘 = (2,1)

𝑐2 = 𝑎2 + 𝑏2

𝑐 = 6⟹

⟹ 𝑐 = 𝑎2 + 𝑏2

𝑐 = 25 + 11 ⟹ 𝑐 = 36

𝑓𝑜𝑐𝑖 ∶ (±𝑐 + ℎ , 0 + 𝑘) ⟹ (± 6 + 2 , 0 + 1)

= 6 + 2, 1 , (−6 + 2 , 1) = 8, 1 , (−4 , 1)

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎
⟹ 𝑒 =

6

5

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟓 𝑻𝒉𝒆 𝒐𝒓𝒃𝒊𝒕 𝒐𝒇 𝑯𝒂𝒍𝒍𝒆𝒚’𝒔 𝑪𝒐𝒎𝒆𝒕 𝑭𝒊𝒈. 𝟓. 𝟓𝟏 𝒊𝒔 𝒂𝒏 𝒆𝒍𝒍𝒊𝒑𝒔𝒆
𝟑𝟔. 𝟏𝟖 𝒂𝒔𝒕𝒓𝒐𝒏𝒐𝒎𝒊𝒄𝒂𝒍 𝒖𝒏𝒊𝒕𝒔 𝒍𝒐𝒏𝒈 𝒂𝒏𝒅 𝒃𝒚 𝟗. 𝟏𝟐 𝒂𝒔𝒕𝒓𝒐𝒏𝒐𝒎𝒊𝒄𝒂𝒍 𝒖𝒏𝒊𝒕𝒔 𝒘𝒊𝒅𝒆.

𝑭𝒊𝒏𝒅 𝒊𝒕𝒔 𝒆𝒄𝒄𝒆𝒏𝒕𝒓𝒊𝒄𝒊𝒕𝒚

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 2𝑎 = 36.18, 2𝑏 = 9.12

𝑎 =
36.18

2
, 𝑏 =

9.12

2
𝑎 = 18.09, 𝑏 = 4.56

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐 = 𝑎2 − 𝑏2

𝑐 = 18.09 2 − 4.56 2

𝑥

𝑦

A (a, 0)−a, 0 A′
C(0,0)

a−𝑎
2a

2b

𝑏

−𝑏
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑐 = 327.2481 − 20.7936 ⟹ 𝑐 = 306.4545

𝑐 = 17.506

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎 ⟹𝑒 =
17.506

18.09
⟹ 𝑒 = 0.97

𝑬𝒙: 𝟏 𝒊 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒘𝒊𝒕𝒉 𝒇𝒐𝒄𝒖𝒔 𝟒, 𝟎 , 𝒙 = −𝟒

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑛𝑑 𝑓𝑜𝑐𝑢𝑠 𝑉𝑆 = 𝑎 = 4

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑟𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚:

𝑦 − 𝑘 2 = 4𝑎 𝑥 − ℎ

𝑉 0, 0
ℎ 𝑘

𝑎𝑛𝑑 𝑎 = 4

𝑦 − 0 2
= 4 4 𝑥 − 0

𝑦2 = 16𝑥 𝑥

𝑦

0,0 4, 0

𝐴
−4 𝑆

𝑥 = −4

4

𝑬𝒙: 𝟏 𝒊𝒊 Find the equation of the parabola 𝒘𝒉𝒊𝒄𝒉 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕
𝟐, −𝟑 𝒂𝒏𝒅 𝑺𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒂𝒃𝒐𝒖𝒕 𝒚 − 𝒂𝒙𝒊𝒔

𝑥

𝑦

2, −3

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑑𝑜𝑤𝑛𝑤𝑎𝑟𝑑 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚:

𝑥2 = −4𝑎𝑦 … 1

It passes through the point 2, −3
𝑥 , 𝑦

22 = −4𝑎 −3

4 = 12𝑎
3

𝑎 =
1

3

𝑠𝑢𝑏 𝑎 =
1

3
𝑖𝑛 1 𝑥2 = −4𝑎𝑦

𝑥2 = −4
1

3
𝑦 𝑥2 = −

4

3
𝑦

⟹
4

12
= 𝑎

⟹

3𝑥2 = −4𝑦

𝑬𝒙: 𝟏 𝒊𝒊𝒊 Find the equation of the parabola if vertex 𝟏, −𝟐 𝒂𝒏𝒅
𝒇𝒐𝒄𝒖𝒔 𝟒, −𝟐

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑛𝑑 𝑓𝑜𝑐𝑢𝑠 𝑉𝐹 = 𝑎

𝑉𝐹 = 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎𝑛𝑑 𝑓𝑜𝑐𝑢𝑠

𝑉 1 , −2 𝑎𝑛𝑑 𝐹 4 , −2
𝑥1 𝑦1 𝑥2 𝑦2

𝑎 = 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2
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BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
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T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥

𝑦

4, −2

1, −2 𝑆𝑉
𝑎 = 3

𝑎 = 3

𝑎 = 4 − 1 2 + −2 + 2 2

𝑎 = 3 2 + 0 2 ⟹ 𝑎 = 9

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑙𝑒𝑓
𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 𝑦 − 𝑘 2 = 4𝑎 𝑥 − ℎ

𝑉 1, −2
ℎ 𝑘

𝑎𝑛𝑑 𝑎 = 3

𝑦 + 2 2 = 4 3 𝑥 − 1 ⟹ 𝑦 + 2 2 = 12 𝑥 − 1

𝑬𝒙: 𝟏 𝒊𝒗 Find the equation of the parabola if 𝒆𝒏𝒅 𝒑𝒐𝒊𝒏𝒕𝒔 𝒐𝒇 𝒍𝒂𝒕𝒖𝒔 𝒓𝒆𝒄𝒕𝒖𝒎
𝟒, −𝟖 𝒂𝒏𝒅 𝟒, 𝟖

𝑥

𝑦

0,0
𝐴

4, 8

4, −8

4𝑎

4𝑎 = 16

𝐿𝑎𝑡𝑢𝑠 𝑅𝑒𝑐𝑡𝑢𝑚 = 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 4 , 8 𝑎𝑛𝑑 4 , −8

4𝑎 = 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2

4𝑎 = 4 − 4 2 + −8 − 8 2

4𝑎 = 0 2 + −16 2 ⟹ 4𝑎 = 162

𝑥1 𝑦1 𝑥2 𝑦2

⟹ 𝑎 = 4

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑜𝑝𝑒𝑛 𝑟𝑖𝑔ℎ𝑡
𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚: 𝑦 − 𝑘 2 = 4𝑎 𝑥 − ℎ

𝐴 0, 0
ℎ 𝑘

𝑎𝑛𝑑 𝑎 = 4

𝑦 − 0 2 = 4 4 𝑥 − 0

𝑦2 = 16𝑥

𝟐 𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒊𝒇 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒂𝒓𝒆 (±𝟑, 𝟎) 𝒂𝒏𝒅 𝒆 =
𝟏

𝟐
𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑑𝑎𝑡𝑎 𝑡ℎ𝑒 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠.

𝑐 = 3 𝑎𝑛𝑑 𝑒 =
1

2

𝑎𝑒 = 3 𝑎 ×
1

2
= 3⟹ ⟹ 𝑎 = 3 × 2

𝑎 = 6 ⟹ 𝑎2 = 36

𝑐 = 3 ⟹ 𝑐2 = 9

𝑏2 = 𝑎2 − 𝑐2 ⟹ 𝑏2 = 36 − 9

𝑏2 = 27

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1

𝑥2

36
+

𝑦2

27
= 1
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𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟐 𝒊𝒊 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒊𝒇 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒂𝒓𝒆 𝟎, ±𝟒 𝒂𝒏𝒅
𝒆𝒏𝒅𝒑𝒐𝒊𝒏𝒕𝒔 𝒐𝒇 𝒎𝒂𝒋𝒐𝒓 𝒂𝒙𝒊𝒔 𝒂𝒓𝒆 𝟎, ±𝟓

𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑑𝑎𝑡𝑎 𝑡ℎ𝑒 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑎𝑙𝑜𝑛𝑔 𝑦 − 𝑎𝑥𝑖𝑠.

𝑐 = 4 𝑎𝑛𝑑 𝑎 = 5

𝑐 = 4 ⟹ 𝑐2 = 16

𝑎 = 5 ⟹ 𝑎2 = 25

𝑏2 = 𝑎2 − 𝑐2 ⟹ 𝑏2 = 25 − 16

𝑏2 = 9
∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠

𝑥2

𝑏2
+

𝑦2

𝑎2
= 1

𝑥2

9
+

𝑦2

25
= 1

𝟐 𝒊𝒊𝒊 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒊𝒇 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒉𝒕 𝒐𝒇 𝒍𝒂𝒕𝒖𝒔 𝒓𝒆𝒄𝒕𝒖𝒎
𝒊𝒔 𝟖 𝒂𝒏𝒅 𝒆𝒄𝒄𝒆𝒏𝒕𝒓𝒊𝒄𝒊𝒕𝒚 𝒊𝒔 Τ𝟑 𝟓 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒎𝒂𝒋𝒐𝒓 𝒂𝒙𝒊𝒔 𝒐𝒏 𝒙 − 𝒂𝒙𝒊𝒔

𝑇ℎ𝑒 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑥 − 𝑎𝑥𝑖𝑠

2𝑏2

𝑎
= 8

𝑙𝑒𝑛𝑔ℎ𝑡 𝑜𝑓 𝑙𝑎𝑡𝑢𝑠 𝑟𝑒𝑐𝑡𝑢𝑚 𝑖𝑠 8

⟹
𝑏2

𝑎
= 4 ⟹ 𝑏2 = 4𝑎

𝑏2 = 𝑎2 1 − 𝑒2 ⟹ 4𝑎 = 𝑎2 1 −
9

25

𝑎𝑛𝑑 𝑒 =
3

5

⟹ 4𝑎 = 𝑎2
25 − 9

25

𝑎

4 = 𝑎
16

25
⟹ 4 ×

25

16
= 𝑎

4

⟹ 𝑎 =
25

4
⟹ 𝑎2 =

625

16

𝑏2 = 4𝑎

𝑤ℎ𝑒𝑟𝑒 𝑎 =
25

4

𝑏2 = 4 ×
25

4
⟹ 𝑏2 = 25

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1

𝑥2

625
16

+
𝑦2

25
= 1 ⟹

16𝑥2

625
+

𝑦2

25
= 1

𝟐 𝒊𝒗 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒊𝒇 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒉𝒕 𝒐𝒇 𝒍𝒂𝒕𝒖𝒔 𝒓𝒆𝒄𝒕𝒖𝒎

𝒊𝒔 𝟒 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒇𝒐𝒄𝒊 𝟒 𝟐 𝒂𝒏𝒅 𝒎𝒂𝒋𝒐𝒓 𝒂𝒙𝒊𝒔 𝒂𝒔 𝒚 − 𝒂𝒙𝒊𝒔

𝑇ℎ𝑒 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑦 − 𝑎𝑥𝑖𝑠

2𝑏2

𝑎
= 4

𝑙𝑒𝑛𝑔ℎ𝑡 𝑜𝑓 𝑙𝑎𝑡𝑢𝑠 𝑟𝑒𝑐𝑡𝑢𝑚 𝑖𝑠 4

⟹
𝑏2

𝑎
= 2 ⟹ 𝑏2 = 2𝑎
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𝑯
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.𝑺
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𝑪
𝑺

𝑪
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𝑶
𝑶

𝑳

C

A

𝑨′

𝑺′

𝑺

𝒂𝒆

𝒂𝒆

𝑆
𝑆

′
=

2
𝑎

𝑒

𝑎𝑒 = 2 2

𝑏2 = 𝑎2 1 − 𝑒2 ⟹ 𝑏2 = 𝑎2 − 𝑎2𝑒2

𝑏2 = 𝑎2 − 𝑎𝑒 2 ⟹ 2𝑎 = 𝑎2 − 2 2
2

2𝑎 = 𝑎2 − 4 × 2 ⟹ 2𝑎 = 𝑎2 − 8

𝑎2 − 2𝑎 − 8 = 0 ⟹ 𝑎 − 4 𝑎 + 2 = 0

𝑎 − 4 = 0, 𝑎 + 2 = 0

∴ 𝑎 = 4 ⟹ 𝑎2 = 16

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑓𝑜𝑐𝑖 = 4 2 ⟹ 2𝑎𝑒 = 4 2
2

𝑏2 = 4𝑎 , 𝑤ℎ𝑒𝑟𝑒 𝑎 = 4

𝑏2 = 2 4 ⟹ 𝑏2 = 8

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑏2
+

𝑦2

𝑎2
= 1

𝑥2

8
+

𝑦2

16
= 1

𝟑 𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒊𝒇 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒂𝒓𝒆 ±𝟐, 𝟎 𝒂𝒏𝒅

𝒆 =
𝟑

𝟐
𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑑𝑎𝑡𝑎 𝑡ℎ𝑒 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠.

𝑐 = 2 𝑎𝑛𝑑 𝑒 =
1

2

𝑎𝑒 = 2 𝑎 ×
1

2
= 2⟹ ⟹ 𝑎 = 2 × 2

𝑎 = 4 ⟹ 𝑎2 = 16

𝑐 = 2 ⟹ 𝑐2 = 4

𝑏2 = 𝑎2 + 𝑐2 ⟹ 𝑏2 = 16 + 4

𝑏2 = 20

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1

𝑥2

16
−

𝑦2

20
= 1

𝑬𝒙: 𝟑 𝒊𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒘𝒉𝒐𝒔𝒆 𝒄𝒆𝒏𝒕𝒓𝒆 𝟐, 𝟏 ,
𝒐𝒏𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒊𝒔 𝟖, 𝟏 , 𝒂𝒏𝒅 𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒊𝒏𝒈 𝒅𝒊𝒓𝒆𝒄𝒕𝒓𝒊𝒙 𝒊𝒔 𝒙 = 𝟒.

𝑐𝑒𝑛𝑡𝑟𝑒 2, 1 ⟹ ℎ = 2, 𝑘 = 1

𝑓𝑜𝑐𝑖 8, 1 ⟹ 𝑐 + ℎ = 8, 𝑘 = 1

𝑐 + ℎ = 8

𝑐 + ℎ = 8 ⟹ 𝑐 + 2 = 8

𝑐 = 8 − 2 ⟹ 𝑐 = 6 ⟹ 𝑎𝑒 = 6… 1
184
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𝑶

𝑳
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A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑠𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 2

𝑎𝑒 ×
𝑎

𝑒
= 6 × 2 ⟹ 𝑎2 = 12

𝑏2 = 𝑐2 − 𝑎2 𝑤ℎ𝑒𝑟𝑒 𝑐 = 6 𝑎𝑛𝑑 𝑎2 = 12

𝑏2 = 62 − 12 ⟹ 𝑏2 = 36 − 12 𝑏2 = 24

𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑑𝑎𝑡𝑎 𝑡ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 𝑎𝑥𝑖𝑠 𝑖𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠.

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1

𝑥2

12
−

𝑦2

24
= 1

⟹

𝑑𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑥 ∶ 𝑥 = 4 𝑥 =
𝑎

𝑒
+ ℎ⟹

𝑎

𝑒
+ ℎ = 4 ⟹

𝑎

𝑒
+ 2 = 4

𝑎

𝑒
= 4 − 2 ⟹

𝑎

𝑒
= 2 … 2

𝑬𝒙: 𝟑 𝒊𝒊 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝟓, −𝟐
𝒂𝒏𝒅 𝒍𝒆𝒏𝒈𝒉𝒕 𝒐𝒇 𝒕𝒓𝒂𝒏𝒔𝒗𝒆𝒓𝒔𝒆 𝒂𝒙𝒊𝒔 𝒂𝒍𝒐𝒏𝒈 𝒙 − 𝒂𝒙𝒊𝒔 𝒂𝒏𝒅 𝒐𝒇 𝒍𝒆𝒏𝒈𝒉𝒕 𝟖 𝒖𝒏𝒊𝒕𝒔 .

𝑙𝑒𝑛𝑔ℎ𝑡 𝑜𝑓 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 𝑎𝑥𝑖𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠 = 8
2𝑎 = 8 ⟹ 𝑎 = 4

𝑎2 = 16

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1

𝑥2

16
−

𝑦2

𝑏2
= 1

𝑖𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 5, −2

52

16
−

−2 2

𝑏2
= 1

𝑥, 𝑦

⟹
25

16
−

4

𝑏2
= 1

−
4

𝑏2
= 1 −

25

16
⟹ −

4

𝑏2
=

16 − 25

16

−
4

𝑏2
=

16 − 25

16
⟹ −

4

𝑏2
=

−9

16

4

𝑏2
=

9

16
⟹ 4 × 16 = 9 × 𝑏2 64 = 9𝑏2

⟹

𝑏2 =
64

9

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1
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.𝑺
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𝑪
𝑺
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𝑯

𝑶
𝑶

𝑳

𝑥2

16
−

𝑦2

64
9

= 1 ⟹
𝑥2

16
−

9𝑦2

64
= 1

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙, 𝒇𝒐𝒄𝒖𝒔, 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒅𝒊𝒓𝒆𝒄𝒕𝒓𝒊𝒙 𝒂𝒏𝒅 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆
𝒍𝒂𝒕𝒖𝒔 𝒓𝒆𝒄𝒕𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈:

𝒊 𝒚𝟐 = 𝟏𝟔𝒙 𝒊𝒊 𝒙𝟐 = 𝟐𝟒𝒚 𝒊𝒊𝒊 𝒚𝟐 = −𝟖𝒙 𝒊𝒗 𝒙𝟐 − 𝟐𝒙 + 𝟖𝒚 + 𝟏𝟕 = 𝟎

𝒗 𝒚𝟐 − 𝟒𝒚 − 𝟖𝒙 + 𝟏𝟐 = 𝟎

𝒊 𝒚𝟐 = 𝟏𝟔𝒙

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑦2 = 4𝑎𝑥 (𝑜𝑝𝑒𝑛 𝑟𝑖𝑔ℎ𝑡𝑤𝑎𝑟𝑑)

4𝑎 = 16 ⟹ 𝑎 = 4

0,0𝑉𝑒𝑟𝑡𝑒𝑥 𝐴 𝑖𝑠

𝑓𝑜𝑐𝑢𝑠 𝑎, 0 = 4, 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑥: 𝑥 = −𝑎 ⟹ 𝑥 = −4

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝐿𝑎𝑡𝑢𝑠 𝑟𝑒𝑐𝑡𝑢𝑚 ∶ 4𝑎 = 4 4 = 16

𝒊𝒊 𝒙𝟐 = 𝟐𝟒𝒚

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 = 4𝑎𝑦 (𝑜𝑝𝑒𝑛 𝑢𝑝𝑤𝑎𝑟𝑑)

4𝑎 = 24 ⟹ 𝑎 = 6

0,0𝑉𝑒𝑟𝑡𝑒𝑥 𝐴 𝑖𝑠

𝑓𝑜𝑐𝑢𝑠 0, 𝑎 = 0, 6

Equation of directrix 𝑦 = −𝑎 ⟹ 𝑦 = −6

Length of Latus rectum : 4𝑎 = 4 6 = 24

𝒊𝒊𝒊 𝒚𝟐 = −𝟖𝒙

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑦2 = −4𝑎𝑥 (𝑜𝑝𝑒𝑛 𝑙𝑒𝑓𝑡 𝑤𝑎𝑟𝑑)

4𝑎 = 8 ⟹ 𝑎 = 2

0,0𝑉𝑒𝑟𝑡𝑒𝑥 𝐴 𝑖𝑠

𝑓𝑜𝑐𝑢𝑠 −𝑎, 0 = −2, 0

Equation of directrix 𝑥 = 𝑎 ⟹ 𝑥 = 2

Length of Latus rectum : 4𝑎 = 4 2 = 8

𝒊𝒗 𝒙𝟐 − 𝟐𝒙 + 𝟖𝒚 + 𝟏𝟕 = 𝟎

𝑥2 − 2𝑥

𝑥2 − 2𝑥 + 8𝑦 + 17 = 0

𝑥2 − 2𝑥

2

2
= 1

= −8𝑦 − 17+12 −12

= −8𝑦 − 17
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S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥 − 1 2 = −8𝑦 − 17−1 𝑥 − 1 2 = −8𝑦 − 17 + 1

𝑥 − 1 2 = −8𝑦 − 16

𝑥 − 1 2 = −8 (𝑦 + 2)

Compare with 𝑥 − ℎ 2 = −4𝑎 𝑦 − 𝑘 (open Downward)

⟹

1, −2𝑉𝑒𝑟𝑡𝑒𝑥 𝐴 ℎ, 𝑘 𝑖𝑠

ℎ = 1, 𝑘 = −2 , 4𝑎 = 8
𝑎 = 2

𝑓𝑜𝑐𝑢𝑠 0 + ℎ, −𝑎 + 𝑘 = 0 + 1, −2 − 2 = 1, −4

Equation of directrix 𝑦 = 𝑎 + 𝑘 ⟹ 𝑦 = 2 − 2 ⟹ 𝑦 = 0

Length of Latus rectum : 4𝑎 = 4 2 = 8

𝒗 𝒚𝟐 − 𝟒𝒚 − 𝟖𝒙 + 𝟏𝟐 = 𝟎

𝑦2 − 4𝑦 − 8𝑥 + 12 = 0

𝑦2 − 4𝑦 = 8𝑥 − 12

𝑦2 − 4𝑦
4

2
= 2

= 8𝑥 − 12+22 −22

𝑦 − 2 2 = 8𝑥 − 12− 4

𝑦 − 2 2 = 8𝑥 − 12 + 4 𝑦 − 2 2 = 8𝑥 − 8

𝑦 − 2 2 = 8 (𝑥 − 1)

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑦 − 𝑘 2 = 4𝑎 𝑥 − ℎ (open rightward)

⟹

1, 2𝑉𝑒𝑟𝑡𝑒𝑥 𝐴 ℎ, 𝑘 𝑖𝑠

ℎ = 1, 𝑘 = 2 , 4𝑎 = 8
𝑎 = 2

𝑓𝑜𝑐𝑢𝑠 𝑎 + ℎ, 0 + 𝑘 = 2 + 1, 0 + 2 = 3, 2

Equation of directrix 𝑥 = − 𝑎 + ℎ ⟹ 𝑥 = −2 + 1 ⟹ 𝑥 = −1

Length of Latus rectum : 4𝑎 = 4 2 = 8

𝟓. 𝑰𝒅𝒆𝒏𝒕𝒊𝒇𝒚 𝒕𝒉𝒆 𝒕𝒚𝒑𝒆 𝒐𝒇 𝒄𝒐𝒏𝒊𝒄 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒄𝒆𝒏𝒕𝒓𝒆, 𝒇𝒐𝒄𝒊, 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔, 𝒂𝒏𝒅
𝒅𝒊𝒓𝒆𝒄𝒕𝒓𝒊𝒄𝒆𝒔 𝒐𝒇 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈:

𝒊
𝒙𝟐

𝟐𝟓
+

𝒚𝟐

𝟗
= 𝟏 𝒊𝒊

𝒙𝟐

𝟑
+

𝒚𝟐

𝟏𝟎
= 𝟏

𝑥2

25
+

𝑦2

9
= 1

Compare with
𝑥2

a2
+

𝑦2

b2
= 1 (major axis is along X− axis)

(𝐺𝑖𝑣𝑒𝑛 𝑐𝑜𝑛𝑖𝑐 𝑖𝑠 𝑒𝑙𝑙𝑖𝑝𝑠𝑒)

𝒊𝒊𝒊
𝒙𝟐

𝟐𝟓
−

𝒚𝟐

𝟏𝟒𝟒
= 𝟏 𝒊𝒗

𝒚𝟐

𝟏𝟔
−

𝒚𝟐

𝟗
= 𝟏

a2 = 25, 𝑏2 = 9 𝑎 = 5 , 𝑏 = 3⟹
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𝑶
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𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

Centre:(0, 0)

Foci: (± c, 0) ⟹ (± 4, 0 )

Vertices : (± a, 0) ⟹ (± 5, 0)

𝑒 =
𝑐

𝑎
⟹ 𝑒 =

4

5

𝑎

𝑒
=

5

4
5

= 5 ×
5

4

𝑎

𝑒
=

25

4
⟹

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑥 = ±
a

e
Equation of directrices : ⟹ 𝑥 = ±

25

4

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐 = 𝑎2 − 𝑏2

𝑐 = 52 − 32 ⟹ 𝑐 = 25 − 9 ⟹ 𝑐 = 16

𝑐 = 4

𝒊𝒊
𝒙𝟐

𝟑
+

𝒚𝟐

𝟏𝟎
= 𝟏

Compare with
𝑥2

𝑏2
+

𝑦2

𝑎2
= 1 (major axis is along y− axis)

𝑏2 = 3, 𝑎2 = 10

𝑏 = 3 , 𝑎 = 10

(𝐺𝑖𝑣𝑒𝑛 𝑐𝑜𝑛𝑖𝑐 𝑖𝑠 𝑒𝑙𝑙𝑖𝑝𝑠𝑒)

𝑐 = 10 − 3

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐 = 𝑎2 − 𝑏2

⟹ 𝑐 = 7

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎 ⟹ 𝑒 =
7

10

Foci:(0, ±𝑐)

Centre:(0, 0)

⟹ (0, ± 7)

Vertices :(0 , ± 𝑎) ⟹ (0, ± 10)

a

e
=

𝑇𝑜 𝐹𝑖𝑛𝑑
𝑎

𝑒
10

7

10

𝑤ℎ𝑒𝑟𝑒 𝑎 = 10 𝑎𝑛𝑑 𝑒 =
7

10𝑎

𝑒
=

10

7

= 10 ×
10

7
=

10

7
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑦 = ±
a

e
Equation of directrices : ⟹ 𝑦 = ±

10

7

𝒊𝒊𝒊
𝒙𝟐

𝟐𝟓
−

𝒚𝟐

𝟏𝟒𝟒
= 𝟏

Compare with
𝑥2

a2
−

𝑦2

b2
= 1 (transverse axis is along X− axis)

a2 = 25, 𝑏2 = 144

𝑐2 = 𝑎2 + 𝑏2 ⟹ 𝑐 = 𝑎2 + 𝑏2

⟹ 𝑎 = 5 , 𝑏 = 12

𝑐 = 𝑎2 + 𝑏2 ⟹ 𝑐 = 25 + 144 ⟹ 𝑐 = 169

𝑐 = 13

Foci:(± c, 0)

Centre:(0, 0)

⟹ (± 13, 0 )

Vertices :(± a, 0) ⟹ (± 5, 0)

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎
⟹ 𝑒 =

13

5

𝑇𝑜 𝐹𝑖𝑛𝑑
𝑎

𝑒
a

e
=

5

13
5

𝑤ℎ𝑒𝑟𝑒 𝑎 = 5 𝑎𝑛𝑑 𝑒 =
13

5
𝑎

𝑒
=

25

13

= 5 ×
5

13
=

25

13

𝑥 = ±
a

e
Equation of directrices : ⟹ 𝑥 = ±

25

13

𝑖𝑣
𝑦2

16
−

𝑦2

9
= 1

Compare with
𝑦2

a2
−

𝑥2

b2
= 1 (transverse axis is along X− axis)

a2 = 16, 𝑏2 = 9

𝑐2 = 𝑎2 + 𝑏2 ⟹ 𝑐 = 16 + 9
⟹ 𝑎 = 4 , 𝑏 = 3

𝑐 = 25 ⟹ 𝑐 = 5

Centre:(0, 0)

Foci:(0, ± c) ⟹ (0, ± 5)

Vertices :(0, ± a) ⟹ (0, ± 4)
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎
⟹ 𝑒 =

5

4

a

e
=

𝑇𝑜 𝐹𝑖𝑛𝑑
𝑎

𝑒
4

5
4

𝑎

𝑒
=

16

5
= 4 ×

4

5
=

16

5

𝑦 = ±
a

e
Equation of directrices : ⟹ 𝑦 = ±

16

5

𝟔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒂𝒕𝒖𝒔 𝒓𝒆𝒄𝒕𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂

𝑂 𝑎
𝑆

(𝑐, 𝑜)

𝐿′

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎 ∶
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑐, 𝑦1 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎
𝑐2

𝑎2
−

𝑦1
2

𝑏2
= 1

𝑐2

𝑎2
− 1 =

𝑦1
2

𝑏2
⟹

𝑦1
2

𝑏2
=

𝑐2 − 𝑎2

𝑎2

𝑤ℎ𝑒𝑟𝑒 𝑐2 = 𝑎2 + 𝑏2

𝑦1
2

𝑏2
=

𝑎2 + 𝑏2 − 𝑎2

𝑎2 ⟹

𝐿(𝑐, 𝑦1)

𝑦1
2

𝑏2
=

𝑏2

𝑎2

𝑦1
2 =

𝑏4

𝑎2 ⟹ 𝑦1 =
𝑏4

𝑎2 ⟹ 𝑦1 =
𝑏2

𝑎

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑙𝑎𝑡𝑢𝑠 𝑟𝑒𝑐𝑡𝑢𝑚 = 2𝑦1

𝑥

𝑦

=
2𝑏2

𝑎

⟹

𝑥

𝑦

C
(0,0)

A
(a,0)

A′

−a, 0

S1

𝑐, 0

S2

−𝑐, 0

𝑥 =
𝑎

𝑒
𝑥 = −

𝑎

𝑒

𝑍′ 𝑍

𝑃 𝑥, 𝑦

𝑁

𝟕. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒂𝒃𝒔𝒐𝒍𝒖𝒕𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒄𝒂𝒍 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆𝒔
𝒐𝒇 𝒂𝒏𝒚 𝒑𝒐𝒊𝒏𝒕 𝑷 𝒐𝒏 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒊𝒔 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒊𝒕𝒔 𝒕𝒓𝒂𝒏𝒔𝒗𝒆𝒓𝒔𝒆 𝒂𝒙𝒊𝒔.

𝑀

𝑥

𝑎

𝑒

𝑆P

PM
= 𝒆Definition of a Conic :
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑆𝑃 = 𝑒𝑃𝑀 ⟹ 𝑆𝑃 = 𝑒(𝐶𝑁 − 𝐶𝑍)

𝑆𝑃 = 𝑒 𝑥 −
𝑎

𝑒
𝑆𝑃 = 𝑥𝑒 − 𝑎

𝑆𝑃 = 𝑥𝑒 −
𝑎

𝑒
× 𝑒⟹

𝑆𝑃′ = 𝑒𝑃𝑀′ ⟹ 𝑆𝑃′ = 𝑒(𝐶𝑁 + 𝐶𝑍′)

𝑆𝑃′ = 𝑒 𝑥 +
𝑎

𝑒
⟹ 𝑆𝑃′ = 𝑥𝑒 +

𝑎

𝑒
× 𝑒

𝑆𝑃′ = 𝑥𝑒 + 𝑎
𝑆𝑃′ − 𝑆𝑃 = 𝑥𝑒 + 𝑎 − 𝑥𝑒 + 𝑎 = 2𝑎

𝟖. 𝑰𝒅𝒆𝒏𝒕𝒊𝒇𝒚 𝒕𝒉𝒆 𝒕𝒚𝒑𝒆 𝒐𝒇 𝒄𝒐𝒏𝒊𝒄 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒄𝒆𝒏𝒕𝒓𝒆, 𝒇𝒐𝒄𝒊, 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔, 𝒂𝒏𝒅
𝒅𝒊𝒓𝒆𝒄𝒕𝒓𝒊𝒄𝒆𝒔 𝒐𝒇 𝒆𝒂𝒄𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 ∶

𝒊
𝒙 − 𝟑 𝟐

𝟐𝟐𝟓
+

𝒚 − 𝟒 𝟐

𝟐𝟖𝟗
= 𝟏 𝒊𝒊

𝒙 + 𝟏 𝟐

𝟏𝟎𝟎
+

𝒚 − 𝟐 𝟐

𝟔𝟒
= 𝟏

𝑖
𝑥 − 3 2

225
+

𝑦 − 4 2

289
= 1

Compare with
𝑥 − ℎ 2

𝑏2
+

𝑦 − 𝑘 2

𝑎2
= 1 (major axis is along y− axis)

ℎ = 3, 𝑘 = 4
𝑏2 = 225, 𝑎2 = 289

𝑐2 = 𝑎2 − 𝑏2 ⟹

⟹ b = 15, a = 17

𝑐 = 𝑎2 − 𝑏2

𝑐 = 289 − 225 ⟹ 𝑐 = 64
𝑐 = 8

𝑻𝒐 𝑭𝒊𝒏𝒅 𝒆𝒄𝒄𝒆𝒏𝒕𝒓𝒊𝒄𝒊𝒕𝒚 (𝒆)

𝑒 =
𝑐

𝑎
𝑒 =

8

17
⟹

𝑐𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 3, 4⟹

𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 0 + ℎ, ±𝑎 + 𝑘 = 3, ±17 + 4 = 3, 17 + 4 , 3, −17 + 4

= 3, 21 , 3, −13

𝑓𝑜𝑐𝑖: 0 + ℎ, ±𝑐 + 𝑘 = 3, ±8 + 4 = 3, 8 + 4 , 3, −8 + 4

= 3, 12 , 3, −4

a

e
=

𝑻𝒐 𝑭𝒊𝒏𝒅
𝒂

𝒆

17

8
17

𝑎

𝑒
=

289

8

= 17 ×
17

8
=

289

8
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑦 = ±
a

e
+ 𝑘Equation of directrices :

𝑦 = ±
289

8
+ 4 ⟹ 𝑦 =

289

8
+ 4, −

289

8
+ 4

𝑦 =
289 + 32

17
, −

−289 + 32

17
𝑦 =

321

17
,−

257

17
⟹

𝒊𝒊
𝒙 + 𝟏 𝟐

𝟏𝟎𝟎
+

𝒚 − 𝟐 𝟐

𝟔𝟒
= 𝟏

Compare with
𝑥 − ℎ 2

a2
+

𝑦 − 𝑘 2

b2
= 1

a2 = 100, 𝑏2 = 64 a = 10, b = 8

(major axis is along x− axis)

ℎ = −1, 𝑘 = 2

⟹

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐 = 𝑎2 − 𝑏2

𝑐 = 100 − 64 ⟹ 𝑐 = 36

𝑐 = 6

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎
⟹ 𝑒 =

6

10
⟹ 𝑒 =

3

5

𝑐𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 −1, 2⟹
𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 ±𝑎 + ℎ, 0 + 𝑘 = ±10 − 1, 2 = 10 − 1,2 , −10 − 1, 2

= 9, 2 , −11, 2

𝑓𝑜𝑐𝑖: ± 𝑐 + ℎ, 0 + 𝑘 = ±6 − 1, 2 = 6 − 1, 2 , −6 − 1, 2

= 5, 2 , −7, 2

a

e
=

𝑻𝒐 𝑭𝒊𝒏𝒅
𝒂

𝒆

10

3
5

𝑤ℎ𝑒𝑟𝑒 𝑎 = 10 𝑎𝑛𝑑 𝑒 =
3

5
𝑎

𝑒
=

50

3

= 10 ×
5

3
=

50

3

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑐𝑒𝑠: 𝑥 = ±
𝑎

𝑒
+ ℎ

𝑥 = ±
50

3
− 1 ⟹ 𝑥 =

50

3
− 1, 𝑥 = −

50

3
− 1

𝑥 =
50 − 3

3
,
−50 − 3

3
𝑥 =

47

3
,
−53

3
⟹
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ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝒊𝒊𝒊
𝒙 + 𝟑 𝟐

𝟐𝟐𝟓
−

𝒚 − 𝟒 𝟐

𝟔𝟒
= 𝟏

Compare with
𝑥 − ℎ 2

𝑎2
−

𝑦 − 𝑘 2

𝑏2
= 1

ℎ = −3, 𝑘 = 4

(transverse axis is along X− axis)

𝑎2 = 225, 𝑏2 = 64

𝑐2 = 𝑎2 + 𝑏2 ⟹

⟹ a = 15, b = 8

𝑐 = 𝑎2 + 𝑏2

𝑐 = 225 + 64 ⟹ 𝑐 = 289
𝑐 = 17

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎
𝑒 =

17

15
⟹

𝑐𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 −3, 4⟹
𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 ±𝑎 + ℎ, 0 + 𝑘 = ±15 − 3, 4 = 15 − 3,2 , −15 − 3, 2

= 12, 2 , −18, 2

𝑓𝑜𝑐𝑖: ±𝑐 + ℎ, 0 + 𝑘 = ± 17 − 3, 4 = 17 − 3, 4 , −17 − 3, 4
= 14, 4 , −20, 4

a

e
=

𝑻𝒐 𝑭𝒊𝒏𝒅
𝒂

𝒆

15

17
15

𝑤ℎ𝑒𝑟𝑒 𝑎 = 15 𝑎𝑛𝑑 𝑒 =
17

15
𝑎

𝑒
=

225

17

= 15 ×
15

17
=

225

17

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑐𝑒𝑠: 𝑥 = ±
𝑎

𝑒
+ ℎ

𝑥 = ±
225

17
− 3 ⟹ 𝑥 =

225

17
− 3, 𝑥 = −

225

17
− 3

𝑥 =
225 − 51

17
,
−225 − 51

17
𝑥 =

174

17
,
−276

17
⟹

𝒊𝒗
𝒚 − 𝟐 𝟐

𝟐𝟓
−

𝒙 + 𝟏 𝟐

𝟏𝟔
= 𝟏

Compare with
𝑦2

a2
−

𝑥2

b2
= 1 (transverse axis is along X− axis)

a2 = 25, 𝑏2 = 16

𝑐2 = 𝑎2 + 𝑏2 ⟹ 𝑐 = 25 + 16
⟹ 𝑎 = 5 , 𝑏 = 4

𝑐 = 41

ℎ = −1, 𝑘 = 2
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.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

Centre: ℎ, 𝑘 = (−1, 2)

Foci: (0 + ℎ, ± 𝑐 + 𝑘) ⟹ (−1, ± 41 + 2)

Vertices :(0 + ℎ, ± 𝑎 + 𝑘) ⟹ ( − 1, ± 5 +2)

−1, 41 + 2 , −1, − 41 + 2

( − 1, 5 +2), ( − 1, − 5 + 2) = ( − 1, 7),( − 1, − 3)

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

𝑒 =
𝑐

𝑎 ⟹ 𝑒 =
41

5

𝑎

𝑒
=

𝑇𝑜 𝐹𝑖𝑛𝑑
𝑎

𝑒
5

41
5

= 5 ×
5

41
=

25

41

𝑎

𝑒
=

25

41

𝑦 = ±
a

e
+ 𝑘Equation of directrices :

𝑦 = ±
25

41
+ 2 ⟹ 𝑦 =

25

41
+ 2, −

25

41
− 2

𝒗 𝟏𝟖𝒙𝟐 + 𝟏𝟐𝒚𝟐 − 𝟏𝟒𝟒𝒙 + 𝟒𝟖𝒚 + 𝟏𝟐𝟎 = 𝟎

18 𝑥2 − 8𝑥 + 12 𝑦2 + 4𝑦 + 120 = 0

18( 𝑥2−8𝑥 + 42 − 42)+ 12 (𝑦2+4𝑦 +22 −22)+ 120 = 0

18 𝑥 − 4 2 − 16 +12 y + 2 2 − 4 + 120 = 0

18 𝑥 − 4 2 − 288

18 𝑥 − 4 2 + 12 𝑦 + 2 2 − 216 = 0

18 𝑥 − 4 2 + 12 𝑦 + 2 2 = 216

÷ 216

18𝑥2−144𝑥 + 12𝑦2 + 48𝑦 + 120 = 0

𝑥 − 4 2

12
+

𝑦 + 2 2

18
= 1

+ 12 𝑦 + 2 2 − 48 + 120 = 0

𝑥 − 4 2

12
+

𝑦 + 2 2

18
= 1

Compare with
𝑥 − ℎ 2

𝑏2
+

𝑦 − 𝑘 2

𝑎2
= 1 (major axis is along y− axis)

b2 = 12, a2 = 18

ℎ = 4, 𝑘 = −2

⟹ 𝑏 = 12, 𝑎 = 18 ⟹ 𝑏 = 2 3, 𝑎 = 3 2
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𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐 = 𝑎2 − 𝑏2

𝑐 = 18 − 12 ⟹ 𝑐 = 6

𝑻𝒐 𝑭𝒊𝒏𝒅 𝒆𝒄𝒄𝒆𝒏𝒕𝒓𝒊𝒄𝒊𝒕𝒚 (𝒆)

𝑒 =
6

3 2
𝑒 =

𝑐

𝑎
⟹ ⟹ 𝑒 =

3 × 2

3 2
⟹ 𝑒 =

3

3

𝑒 =
3

3 × 3
⟹ 𝑒 =

1

3

𝑐𝑒𝑛𝑡𝑟𝑒 ℎ, 𝑘 4, −2⟹

𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠: 0 + ℎ, ± 𝑎 + 𝑘 = 4, ±3 2 − 2 = 4, 3 2 − 2 , 4, −3 2 − 2

𝑓𝑜𝑐𝑖: 0 + ℎ, ±𝑐 + 𝑘 = 4, ± 6 − 2 = 4, 6 − 2 , 4, 6 − 2

𝑎

𝑒
=

𝑇𝑜 𝐹𝑖𝑛𝑑
𝑎

𝑒

3 2

1

3
𝑎

𝑒
= 3 6

= 3 2 × 3 = 3 6

𝑦 = ±
a

e
+ 𝑘Equation of directrices :

𝑦 = ± 3 6 − 2 ⟹ 𝑦 = 3 6 − 4,− 3 6 − 2

𝒗𝒊 𝟗𝒙𝟐 − 𝒚𝟐 − 𝟑𝟔𝒙 − 𝟔𝒚 + 𝟏𝟖 = 𝟎

9𝑥2 − 36𝑥 − 𝑦2 − 6𝑦 + 18 = 0

9 𝑥2 − 4𝑥 − 𝑦2 + 6𝑦 + 19 = 0

9 𝑥2 − 4𝑥 + 22 − 22 − 𝑦2 + 6𝑦 + 32 − 32 + 18 = 0

9 (𝑥 − 2)2−4 − 𝑦 + 3 2 − 9 + 18 = 0

9(𝑥 − 2)2 − 36 − (𝑦 + 3)2 + 9 + 18 = 0

9(𝑥 − 2)2 − (𝑦 + 3)2 − 36 + 27 = 0

9(𝑥 − 2)2 − (𝑦 + 3)2 − 9 = 0

9(𝑥 − 2)2 − (𝑦 + 3)2 = 9

(𝑥 − 2)2

1
−

(𝑦 + 3)2

9
= 1

÷ 9

𝑐𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ
(𝑥 − ℎ)2

𝑎2
−

(𝑦 − 𝑘)2

𝑏2
= 1 ∴ 𝑡𝑟𝑎𝑛𝑠𝑒𝑟𝑣𝑒 𝑎𝑥𝑖𝑠 𝑎𝑙𝑜𝑛𝑔 𝑥 − 𝑎𝑥𝑖𝑠

ℎ = 2 , 𝑘 = −3

𝑎2 = 1, 𝑏2 = 9 ⟹ 𝑎 = 1, 𝑏 = 3 195
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E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑐𝑒𝑛𝑡𝑟𝑒 ∶ ℎ, 𝑘 = (2, −3)

𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 ∶ (±𝑎 + ℎ , 0 + 𝑘) ⟹ (±1 + 2 , 0 − 3)

= (1 + 2 , 0 − 3) = (3 , −3)

𝑐2 = 𝑎2 + 𝑏2 ⟹ 𝑐 = 𝑎2 + 𝑏2

𝑐 = 10⟹𝑐 = 12 + 32 ⟹ 𝑐 = 1 + 9

𝑓𝑜𝑐𝑖 ∶ (±𝑐 + ℎ , 0 + 𝑘) ⟹ (± 10 + 2 , 0 − 3)

= 10 + 2 − 3 , (− 10 + 2 , −3)

𝑇𝑜 𝑓𝑖𝑛𝑑 ∶ (𝑒)

𝑒 =
𝑐

𝑎
⟹ 𝑒 =

10

1
𝑒 = 10

𝑇𝑜 𝑓𝑖𝑛𝑑 ∶
𝑎

𝑒

⟹

𝑎

𝑒
=

1

10
𝑤ℎ𝑒𝑟𝑒 𝑎 = 1 𝑎𝑛𝑑 𝑒 = 10

𝐷𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑐𝑒𝑠 ∶ 𝑥 = ±
𝑎

𝑒
+ ℎ = ±

1

10
+ 2 =

1

10
+ 2 , −

1

10
+ 2
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𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟕 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒏𝒅 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆
𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒙𝟐 + 𝟔𝒙 + 𝟒𝒚 + 𝟓 = 𝟎 𝒂𝒕 (𝟏, −𝟑) .

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑥2 + 6𝑥 + 4𝑦 + 5 = 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑥2 + 6𝑥 + 4𝑦 + 5 = 0 𝑎𝑡 (1, −3)

𝑥𝑥1 + 6
𝑥 + 𝑥1

2
+ 4

𝑦 + 𝑦1

2
+ 5 = 0

𝑥1, 𝑦1

𝑥 1 + 6
𝑥 + 1

2
+ 4

𝑦 − 3

2
+ 5 = 0

3 2
⟹ 𝑥 + 3 𝑥 + 1 + 2 𝑦 − 3 + 5 = 0

𝑥 + 3𝑥 + 3 + 2𝑦 − 6 + 5 = 0 ⟹ 4𝑥 + 2𝑦 + 2 = 0
÷ 2

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝟐𝒙 + 𝒚 + 𝟏 = 𝟎

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑥 − 2𝑦 + 𝑘 = 0

𝐼𝑡 𝑝𝑎𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (1, −3)

1 − 2 −3 + 𝑘 = 0 ⟹ 1 + 6 + 𝑘 = 0 ⟹ 7 + 𝑘 = 0

𝑘 = −7

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒏𝒐𝒓𝒎𝒂𝒍 𝒊𝒔 𝒙 − 𝟐𝒚 − 𝟕 = 𝟎

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟓. 𝟒

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟐𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒏𝒅 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆

𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒙𝟐 + 𝟒𝒚𝟐 = 𝟑𝟐 𝒘𝒉𝒆𝒏 𝜽 =
𝝅

𝟒
𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠 𝑥2 + 4𝑦2 = 32

𝑥2

32
+

𝑦2

8
= 1

𝑎2 = 32, 𝑏2 = 8 𝑎 = 4 2, 𝑏 = 2 2

÷ 32

⟹

𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒:
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 𝑖𝑠 (𝑎 𝑐𝑜𝑠 𝜃 , 𝑏 𝑠𝑖𝑛 𝜃)

𝐴𝑡, 𝜃 =
𝜋

4

𝑎 𝑐𝑜𝑠 𝜃 , 𝑏 𝑠𝑖𝑛 𝜃 = 4 2 𝑐𝑜𝑠
𝜋

4
, 2 2 𝑠𝑖𝑛

𝜋

4
= 4 2 ×

1

2
2 2 ×

1

2
= 4, 2

∴ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑥2 + 4𝑦2 = 32 𝑎𝑡 4, 2
𝑥𝑥1 + 4𝑦𝑦1 = 32 𝑥1, 𝑦1

𝑥 4 + 4𝑦 2 = 32 ⟹ 4𝑥 + 8𝑦 = 32
÷ 4∴ 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒊𝒔 𝒙 + 𝟐𝒚 − 𝟖 = 𝟎

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 2𝑥 − 𝑦 + 𝑘 = 0
𝐼𝑡 𝑝𝑎𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (4, 2)

2 4 − 2 + 𝑘 = 0 ⟹ 8 − 2 + 𝑘 = 0 ⟹ 6 + 𝑘 = 0
𝑘 = −6 197



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒕𝒂𝒏𝒈𝒆𝒏𝒕𝒔 𝒕𝒉𝒂𝒕 𝒄𝒂𝒏 𝒃𝒆 𝒅𝒓𝒂𝒘𝒏 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆
𝒑𝒐𝒊𝒏𝒕 𝟓, 𝟐 𝒕𝒐 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝟐𝒙𝟐 + 𝟕𝒚𝟐 = 𝟏𝟒

𝐸𝑙𝑙𝑖𝑝𝑠𝑒: 2𝑥2 + 7𝑦2 = 14
2𝑥2

14
+

7𝑦2

14
= 1

Compare with ∶
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂𝒏𝒚 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒊𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎 ∶ 𝒚 = 𝒎𝒙 ± 𝒂𝟐𝒎𝟐 + 𝒃𝟐

𝑦 = 𝑚𝑥 ± 7𝑚2 + 2

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (5, 2)

÷ 14

𝑎2 = 7

⟹

, 𝑏2 = 2

7 2
𝑥2

7
+

𝑦2

2
= 1

⟹

2 = 𝑚 × 5 ± 7𝑚2 + 2 2 − 5𝑚 = ± 7𝑚2 + 2
𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

⟹

(2 − 5𝑚)2= 7𝑚2 + 2 4 − 20𝑚 + 25𝑚2 = 7𝑚2 + 2⟹

4 − 20𝑚 + 25𝑚2 − 7𝑚2 − 2 = 0

18𝑚2 − 20𝑚 + 2 = 0
÷ 2

9𝑚2 − 10𝑚 + 1 = 0 ⟹
+

−10
×
9

−9 −1𝑚 𝑚

9𝑚2 9𝑚2

𝑚

−1

(𝑚 − 1)
𝑚

(9𝑚 − 1)

(9𝑚 − 1)(𝑚 − 1) = 0

9𝑚 − 1 = 0, 𝑚 − 1 = 0

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑠 𝑎𝑡 (5, 2)

𝑖𝑠 𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1

⟹ 𝑚 =
1

9
, 𝑚 = 1

𝑥1, 𝑦1

𝑦 − 2 = 𝑚(𝑥 − 5)

𝑊ℎ𝑒𝑛 𝑚 =
1

9
⟹ 𝑦 − 2 =

1

9
(𝑥 − 5)

9(𝑦 − 2) = 1(𝑥 − 5) ⟹ 9𝑦 − 18 = 𝑥 − 5

𝑥 − 5 − 9𝑦 + 18 = 0 ⟹ 𝑥 − 9𝑦 + 13 = 0

𝑾𝒉𝒆𝒏 𝒎 = 𝟏

𝑦 − 2 = 1(𝑥 − 5)

𝑦 − 2 = 𝑥 − 5 𝑥 − 5 − 𝑦 + 2 = 0⟹

𝑥 − 𝑦 − 3 = 0

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕𝒔 𝒕𝒐 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂
𝒙𝟐

𝟏𝟔
−

𝒚𝟐

𝟔𝟒
= 𝟏

𝒘𝒉𝒊𝒄𝒉 𝒂𝒓𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝟏𝟎𝒙 − 𝟑𝒚 + 𝟗 = 𝟎

𝐻𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎:
𝑥2

16
−

𝑦2

64
= 1

Compare with ∶
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1

𝑎2 = 16 𝑎𝑛𝑑 𝑏2 = 64⟹ 𝑎 = 4 ⟹ 𝑏 = 8 198
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.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂𝒏𝒚 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒊𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎 ∶ 𝒚 = 𝒎𝒙 ± 𝒂𝟐𝒎𝟐 − 𝒃𝟐

𝑦 = 𝑚𝑥 ± 16𝑚2 − 64 

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 𝑖𝑠 𝑚 = −
𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥

𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑦

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 10𝑥 − 3𝑦 + 9 = 0 𝑖𝑠 𝑚 =
−10

−3
=

10

3

𝑠𝑢𝑏 𝑚 =
10

3
𝑖𝑛 1 𝑦 = 𝑚𝑥 ± 16𝑚2 − 64

𝑦 =
10

3
× 𝑥 ± 16

10

3

2

− 64 ⟹ 𝑦 =
10

3
𝑥 ± 16 ×

100

9
− 64

𝑦 =
10

3
𝑥 ±

1600

9
− 64 ⟹ 𝑦 =

10

3
𝑥 ±

1600 − 64 × 9

9

𝑦 =
10

3
𝑥 ±

1600 − 576

9
⟹ 𝑦 =

10

3
𝑥 ±

1024

9

𝑦 =
10

3
𝑥 ±

32

3
⟹ 𝑦 =

10𝑥 ± 32

3
⟹ 3𝑦 = 10𝑥 ± 32

3𝑦 = 10𝑥 + 32, 3𝑦 = 10𝑥 − 32

𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒕𝒂𝒏𝒈𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝟏𝟎𝒙 − 𝟑𝒚 + 𝟑𝟐 = 𝟎,𝟏𝟎𝒙 − 𝟑𝒚 − 𝟑𝟐 = 𝟎

𝟑. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒙 − 𝒚 + 𝟒 = 𝟎 𝒊𝒔 𝒂 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆
𝒙𝟐 + 𝟑𝒚𝟐 = 𝟏𝟐. 𝑨𝒍𝒔𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐 − 𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒐𝒏𝒕𝒂𝒄𝒕.

⟹𝑥2 + 3𝑦2 = 12
𝑥2

12
+

3𝑦2

12
= 1

𝑥2

12
+

𝑦2

4
= 1

÷ 12
𝐸𝑙𝑙𝑖𝑝𝑠𝑒:

4

Compare with ∶
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 𝑎2 = 12 , 𝑏2 = 4⟹

Condition for 𝒚 = 𝒎𝒙 + 𝒄 to be a tangent to
𝒙𝟐

𝒂𝟐
+

𝒚𝟐

𝒃𝟐
= 𝟏 𝒊𝒔 𝒄 = ± 𝒂𝟐𝒎𝟐 + 𝒃𝟐

𝑥 − 𝑦 + 4 = 0𝐿𝑖𝑛𝑒: ⟹ 𝑦 = 𝑥 + 4
𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑦 = 𝑚𝑥 + 𝑐

𝑚 = 1, 𝑐 = 4

𝑐 = 4 … 1

Sub 𝑎
2 = 12, 𝑏2 = 4 and 𝑚 = 1 𝑖𝑛 𝑐 = ± 𝑎2𝑚2 + 𝑏2

𝑐 = ± 12 1 2 + 4 ⟹ 𝑐 = ± 12 + 4 ⟹ 𝑐 = ± 16
199
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𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑐 = 4 … 2

𝐹𝑟𝑜𝑚 (1) 𝑎𝑛𝑑 (2) 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑥 − 𝑦 + 4 = 0 𝑖𝑠 𝑎 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑜𝑛𝑡𝑎𝑐𝑡 𝑖𝑠
−𝑎2𝑚

𝑐
,
𝑏2

𝑐

−𝑎2𝑚

𝑐
= −3 𝑎𝑛𝑑

𝑏2

𝑐
= 1=

4

4

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑐𝑜𝑛𝑡𝑎𝑐𝑡 𝑖𝑠 −3 , 1

=
−12 × 1

4

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒚𝟐 = 𝟏𝟔𝒙
𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝟐𝒙 + 𝟐𝒚 + 𝟑 = 𝟎

𝐿𝑖𝑛𝑒: 2𝑥 + 2𝑦 + 3 = 0 2𝑦 = −2𝑥 − 3
÷ 2

𝑦 = −𝑥 +
3

2
𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 ∶ 𝑦 = 𝑚𝑥 + 𝑐 𝑚 = −1, 𝑎𝑛𝑑 𝑐 =

3

2

𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 =
−1

𝑚

𝑃𝑎𝑟𝑎𝑏𝑜𝑙𝑎: 𝑦2 = 16𝑥

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑦2 = 4𝑎𝑥

4𝑎 = 16

𝑦 = 𝑚𝑥 + 𝑐 𝑖𝑠 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑓 𝑐 =
𝑎

𝑚

⟹ 𝑎 = 4

⟹

=
−1

−1
∴ 𝑠𝑙𝑜𝑝𝑒 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 = 1

𝑐 =
4

1
⟹ 𝑐 = 4

𝑠𝑢𝑏 𝑚 = 1 , 𝑐 = 4 𝑖𝑛 𝑦 = 𝑚𝑥 + 𝑐

⟹

𝑦 = 𝑥 + 4 ⟹ 𝑥 − 𝑦 + 4 = 0

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒕 𝒕 = 𝟐 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒚𝟐 = 𝟖𝒙
(𝑯𝒊𝒏𝒕: 𝒖𝒔𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎)

𝑃𝑎𝑟𝑎𝑏𝑜𝑙𝑎 ∶ 𝑦2 = 8𝑥

4𝑎 = 8 𝑎 = 2

𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎: 𝑦2 = 4𝑎𝑥 𝑖𝑠 (𝑎𝑡2, 2𝑎𝑡)

𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒕 𝒙𝟏, 𝒚𝟏 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒚𝟐 = 𝟒𝒂𝒙 𝒊𝒔

𝒚𝒚𝟏 = 𝟒𝒂
𝒙 + 𝒙𝟏

𝟐

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑦2 = 4𝑎𝑥

⟹

𝑎𝑡2, 2𝑎𝑡 𝑤ℎ𝑒𝑟𝑒 𝑡 = 2 𝑎𝑛𝑑 𝑎 = 2

2 2 2, 2 × 2 × 2 ⟹ 8, 8

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 = (8, 8)

𝑦(8) = 4(2)
𝑥 + 8

2 ÷ 4
⟹ 8𝑦 = 4(𝑥 + 8) 2𝑦 = 𝑥 + 8⟹

200
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𝑺
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𝑯

𝑶
𝑶

𝑳

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒊𝒔 𝒙 − 𝟐𝒚 + 𝟖 = 𝟎

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒂𝒏𝒅 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂

𝟏𝟐𝒙𝟐 − 𝟗𝒚𝟐 = 𝟏𝟎𝟖 𝒂𝒕 𝜽 =
𝝅

𝟑
.

𝐻𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎: 12𝑥2 − 9𝑦2 = 108
÷ 108

𝑎 = 9,

𝑏2 = 12

𝑏 = 12

𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎
𝑥2

𝑎2
−

𝑦2

𝑏2
= 1 𝑖𝑠 (𝑎𝑠𝑒𝑐𝜃, 𝑏𝑡𝑎𝑛𝜃)

𝑊ℎ𝑒𝑛 𝜃 =
𝜋

3

12𝑥2

108
−

9𝑦2

108
= 1 ⟹

𝑥2

9
−

𝑦2

12
= 1

Compare with ∶
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 ⟹ 𝑎2 = 9,

𝑏 = 2 3⟹ 𝑎 = 3,

𝑥 = 𝑎𝑠𝑒𝑐𝜃

𝑦 = 𝑏𝑡𝑎𝑛𝜃

= 3𝑠𝑒𝑐
𝜋

3
= 3 ×

2

1
= 6

= 2 3𝑡𝑎𝑛
𝜋

3
= 2 3 ×

3

1
= 6

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 (6, 6)

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 = (6, 6)

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑥1, 𝑦1 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
12𝑥𝑥1 − 9𝑦𝑦1 = 108

12𝑥 6 − 9𝑦 6 = 108 ⟹ 72𝑥 − 54𝑦 − 108 = 0
÷ 18

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑖𝑠 4𝑥 − 3𝑦 − 6 = 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 3𝑥 + 4𝑦 + 𝑘 = 0
𝐼𝑡 𝑝𝑎𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ (6,6)

3 6 + 4 6 + 𝑘 = 0

42 + 𝑘 = 0 𝑘 = −42

⟹ 18 + 24 + 𝑘 = 0

⟹

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑠 3𝑥 + 4𝑦 − 42 = 0

𝟕. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒂𝒏𝒈𝒆𝒏𝒕𝒔 𝒂𝒕 ′𝒕𝟏′ 𝒂𝒏𝒅′𝒕𝟐′
𝒐𝒏 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒚𝟐 = 𝟒𝒂𝒙 𝒊𝒔 [𝒂𝒕𝟏𝒕𝟐, 𝒂 𝒕𝟏 + 𝒕𝟐 ].

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑡1𝑖𝑠 𝑦𝑡1 = 𝑥 + 𝑎𝑡1
2

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝑡2 𝑖𝑠 𝑦𝑡2 = 𝑥 + 𝑎𝑡2
2

… 1

… 2

𝑺𝒐𝒍𝒗𝒆 𝟏 𝒂𝒏𝒅 𝟐

𝑦𝑡1 = 𝑥 + 𝑎𝑡1
2

1 ⟹

2 ⟹ 𝑦𝑡2 = 𝑥 + 𝑎𝑡2
2

− − −

𝑦𝑡1 − 𝑦𝑡2 = 𝑎𝑡1
2 − 𝑎𝑡2

2 ⟹ 𝑦(𝑡1 − 𝑡2) = 𝑎(𝑡1
2 − 𝑡2

2)
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𝑬
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𝑺
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𝑶
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𝑦(𝑡1 − 𝑡2) = 𝑎(𝑡1 − 𝑡2)(𝑡1 + 𝑡2) ⟹ 𝑦 = 𝑎(𝑡1 + 𝑡2)

𝑆𝑢𝑏 𝑦 = 𝑎 𝑡1 + 𝑡2 1 𝑦𝑡1 = 𝑥 + 𝑎𝑡1
2

𝑎 𝑡1 + 𝑡2 𝑡1 = 𝑥 + 𝑎𝑡1
2 ⟹ (𝑎𝑡1 + 𝑎𝑡2)𝑡1 = 𝑥 + 𝑎𝑡1

2

𝑎𝑡1
2 + 𝑎𝑡1𝑡2 = 𝑥 + 𝑎𝑡1

2 ⟹ 𝑥 = 𝑎𝑡1𝑡2

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑠 𝑎𝑡 𝑡1 𝑎𝑛𝑑 𝑡2 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠
[𝑎𝑡1𝑡2, 𝑎(𝑡1 + 𝑡2)]

𝟖. 𝑰𝒇 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕‘𝒕𝟏’𝒐𝒏 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒚𝟐 = 𝟒𝒂𝒙 𝒎𝒆𝒆𝒕𝒔 𝒕𝒉𝒆

𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒂𝒈𝒂𝒊𝒏 𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝟐 = − 𝒕𝟏 + 𝟐
𝒕𝟏

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑡 𝑡1 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦 + 𝑥𝑡1 = 𝑎𝑡1
3 + 2𝑎𝑡1

𝐴𝑏𝑜𝑣𝑒 𝑛𝑜𝑟𝑚𝑎𝑙 𝑎𝑔𝑎𝑖𝑛 𝑚𝑒𝑒𝑡𝑠 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑎𝑡 𝑡2

𝑆𝑜 𝑡ℎ𝑒 𝑚𝑒𝑒𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 (𝑎𝑡2
2, 2𝑎𝑡2)

𝑆𝑢𝑏 𝑎𝑡2
2, 2𝑎𝑡2 𝑖𝑛 (1) 𝑦 + 𝑥𝑡1 = 𝑎𝑡1

3 + 2𝑎𝑡1

2𝑎𝑡2 + (𝑎𝑡2
2)𝑡1 = 𝑎𝑡1

3 + 2𝑎𝑡1

2𝑎𝑡2 + 𝑎𝑡1𝑡2
2 = 𝑎𝑡1

3 + 2𝑎𝑡1

2𝑎𝑡2 − 2𝑎𝑡1 = 𝑎𝑡1
3 − 𝑎𝑡1𝑡2

2

2𝑎 𝑡2 − 𝑡1 = −𝑎𝑡1(𝑡2
2 − 𝑡1

2)

2𝑎 𝑡2 − 𝑡1 = −𝑎𝑡1(𝑡2
2 − 𝑡1

2)

2𝑎 𝑡2 − 𝑡1 = −𝑎𝑡1(𝑡2 − 𝑡1)(𝑡2 + 𝑡1)

2 = −𝑡1(𝑡2 + 𝑡1)

−
2

𝑡1
= 𝑡2 + 𝑡1 ⟹ 𝑡2 = −𝑡1 −

2

𝑡1
⟹ 𝑡2 = − 𝑡1 +

2

𝑡1

𝐻𝑒𝑛𝑐𝑒 𝑃𝑟𝑜𝑣𝑒𝑑
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𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 ∶ 𝟓. 𝟓
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟎 𝑨 𝒔𝒆𝒎𝒊𝒆𝒍𝒍𝒊𝒑𝒕𝒊𝒄𝒂𝒍 𝒂𝒓𝒄𝒉𝒘𝒂𝒚 𝒐𝒗𝒆𝒓 𝒂 𝒐𝒏𝒆~𝒘𝒂𝒚 𝒓𝒐𝒂𝒅 𝒉𝒂𝒔 𝒂
𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝟑𝒎 𝒂𝒏𝒅 𝒂 𝒘𝒊𝒅𝒕𝒉 𝒐𝒇 𝟏𝟐𝒎. 𝑻𝒉𝒆 𝒕𝒓𝒖𝒄𝒌 𝒉𝒂𝒔 𝒂 𝒘𝒊𝒅𝒕𝒉 𝒐𝒇 𝟑𝒎 𝒂𝒏𝒅

𝒂 𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝟐. 𝟕𝒎. 𝑾𝒊𝒍𝒍 𝒕𝒉𝒆 𝒕𝒓𝒖𝒄𝒌 𝒄𝒍𝒆𝒂𝒓 𝒕𝒉𝒆 𝒐𝒑𝒆𝒏𝒊𝒏𝒈 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒓𝒄𝒉𝒘𝒂𝒚 ?

𝑇𝑟𝑢𝑐𝑘′𝑠 𝑤𝑖𝑑𝑡ℎ = 3𝑚 ,
𝑇𝑜 𝑓𝑖𝑛𝑑 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑟𝑐ℎ𝑤𝑎𝑦 1.5𝑚 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒

𝑇𝑟𝑢𝑐𝑘′𝑠 ℎ𝑒𝑖𝑔ℎ𝑡 = 2.7𝑚

𝑥

𝑦

𝑉

12𝑚

3𝑚

6𝑚6𝑚
(6,0)(−6, 0)

3𝑚 1.5𝑚1.5𝑚

𝑦1

(1.5, 𝑦1)𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑑𝑖𝑎𝑔𝑟𝑎𝑚 𝑎 = 6 𝑎𝑛𝑑 𝑏 = 3

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑎𝑠
𝑥2

62
+

𝑦2

32
= 1

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 1.5, 𝑦1 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒

3
2

2

36
+

𝑦1
2

9
= 1 ⟹

9
4

36
+

𝑦1
2

9
= 1

9

4
×

1

36
+

𝑦1
2

9
= 1 ⟹

9

4
×

1

36
+

𝑦1
2

9
= 1

4
1

16
+

𝑦1
2

9
= 1 ⟹

𝑦1
2

9
= 1 −

1

16

𝑦1
2

9
=

16 − 1

16
⟹ 𝑦1

2

9
=

15

16
⟹ 𝑦1

2 =
15

16
× 9

⟹ 𝑦1 =
3

4
15

153

3

9

66

.

008

8

544
5600767

7

5348
252

𝑦1 =
3

4
× 3.87 ⟹ 𝑦1 =

11.61

4
𝑦1 = 2.90

𝑇ℎ𝑒 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑎𝑟𝑐ℎ 𝑤𝑎𝑦 1.5𝑚 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒 𝑖𝑠 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝑙𝑦 2.90𝑚 .

𝑦1 =
15

16
× 9

𝑬𝒙𝒂𝒎𝒑𝐥𝐞: 𝟓. 𝟑𝟏 𝑻𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒂𝒏𝒅 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝑬𝒂𝒓𝒕𝒉

𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝑺𝒖𝒏𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚𝒂𝒓𝒆𝟏𝟓𝟐 × 𝟏𝟎𝟔 𝒌𝒎 𝒂𝒏𝒅 𝟗𝟒. 𝟓𝟏𝟎𝟔𝒌𝒎. 𝑻𝒉𝒆 𝑺𝒖𝒏
𝒊𝒔 𝒂𝒕 𝒐𝒏𝒆 𝒇𝒐𝒄𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒕𝒊𝒄𝒂𝒍 𝒐𝒓𝒃𝒊𝒕 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆
𝑺𝒖𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒇𝒐𝒄𝒖𝒔.

𝐴𝑆 = 94.5 × 106 𝑘𝑚, 𝐴′𝑆 = 152 × 106 𝑘𝑚

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑒𝑎𝑟𝑡ℎ 𝑎𝑛𝑑 𝑠𝑢𝑛
𝐴𝑆 = 𝑎 − 𝑐

𝑎 − 𝑐 = 94.5 × 106… 1

A𝟎𝐀′ 𝑺

𝒂

𝒄

𝒂 𝑥

𝑦

𝑺′
𝒄

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑒𝑎𝑟𝑡ℎ 𝑎𝑛𝑑 𝑆𝑢𝑛
𝐴′𝑆= 𝑎 + 𝑐

𝑎 + 𝑐 = 152 × 106… 2
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𝑠𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 2

𝑎 − 𝑐 = 94.5 × 106

𝑎 + 𝑐 = 152 × 106

−2𝑐 = −57.5 × 106

− − −

⟹ 2𝑐 = 57.5 × 106

2𝑐 = 57.5 × 106 ⟹ 2𝑐 = 575 × 105

Distance of the Sun from the other focus is  𝑆𝑆′ = 575 × 105 𝑘𝑚 .

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟐 𝑨 𝒄𝒐𝒏𝒄𝒓𝒆𝒕𝒆 𝒃𝒓𝒊𝒅𝒈𝒆 𝒊𝒔 𝒅𝒆𝒔𝒊𝒈𝒏𝒆𝒅 𝒂𝒔 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒂𝒓𝒄𝒉.
𝑻𝒉𝒆 𝒓𝒐𝒂𝒅 𝒐𝒗𝒆𝒓 𝒃𝒓𝒊𝒅𝒈𝒆 𝒊𝒔 𝟒𝟎𝒎 𝒍𝒐𝒏𝒈 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝒕𝒉𝒆
𝒂𝒓𝒄𝒉 𝒊𝒔 𝟏𝟓𝒎. 𝑾𝒓𝒊𝒕𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒂𝒓𝒄𝒉? .

𝐴 𝑏𝑟𝑖𝑑𝑔𝑒 𝑜𝑓 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐 𝑎𝑟𝑐 ℎ𝑎𝑠 𝑜𝑝𝑒𝑛 𝑑𝑜𝑤𝑛𝑤𝑎𝑟𝑑 𝑥2 = −4𝑎𝑦 … 1

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (20, −15) 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎

𝑥2 = −4𝑎𝑦 202 = −4𝑎 −15⟹

400 = 60𝑎 𝑎 =
400

60
⟹

20

3

𝑥
𝑦

15m

20𝑚(−20, −15) (20, −15)20𝑚

𝑂

40𝑚

𝑎 =
20

3

in 𝑥2 = −4a𝑦Sub 𝑎 =
20

3

𝑥2 = −4
20

3
𝑦 ⟹ 𝑥2 = −

80

3
𝑦

∴ 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝟑𝒙𝟐 = −𝟖𝟎𝒚

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟑 𝑻𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒄𝒐𝒎𝒎𝒖𝒏𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒕𝒆𝒏𝒏𝒂 𝒉𝒂𝒔 𝒂 𝒇𝒐𝒄𝒖𝒔 𝒂𝒕
𝟐𝒎 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒏𝒕𝒆𝒏𝒏𝒂. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒘𝒊𝒅𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆

𝒂𝒏𝒕𝒆𝒏𝒏𝒂 𝟑𝒎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙.

𝑥

𝑦

𝑆
2𝑚

3𝑚

𝑦1

(3, 𝑦1)

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦2 = 4𝑎𝑥

𝑆𝑖𝑛𝑐𝑒 𝑓𝑜𝑐𝑢𝑠 𝑖𝑠 2𝑚 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑎 = 2

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦2 = 8𝑥

𝑦1
2 = 8 × 3

𝑦1 = 8 × 3

𝑇ℎ𝑒 𝑤𝑖𝑑𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑛𝑡𝑒𝑛𝑛a 3𝑚 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑖𝑠

2𝑦1
𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 3, 𝑦1 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎

= 4 × 2 × 3 = 2 6

2𝑦1 = 4 6m .

𝑜

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟒 𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒚 =
𝟏

𝟑𝟐
𝒙𝟐 𝒎𝒐𝒅𝒆𝒍𝒔 𝒄𝒓𝒐𝒔𝒔 𝒔𝒆𝒄𝒕𝒊𝒐𝒏𝒔 𝒐𝒇

𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒎𝒊𝒓𝒓𝒐𝒓𝒔 𝒕𝒉𝒂𝒕 𝒂𝒓𝒆 𝒖𝒔𝒆𝒅 𝒇𝒐𝒓 𝒔𝒐𝒍𝒂𝒓 𝒆𝒏𝒆𝒓𝒈𝒚 . 𝑻𝒉𝒆𝒓𝒆 𝒊𝒔 𝒂 𝒉𝒆𝒂𝒕𝒊𝒏𝒈
𝒕𝒖𝒃𝒆 𝒍𝒐𝒄𝒂𝒕𝒆𝒅 𝒂𝒕 𝒕𝒉𝒆 𝒇𝒐𝒄𝒖𝒔 𝒐𝒇 𝒆𝒂𝒄𝒉 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂; 𝒉𝒐𝒘 𝒉𝒊𝒈𝒉 𝒊𝒔 𝒕𝒉𝒊𝒔 𝒕𝒖𝒃𝒆

𝒍𝒐𝒄𝒂𝒕𝒆𝒅 𝒂𝒃𝒐𝒗𝒆 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 ? 204
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𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦 =
1

32
𝑥2

32𝑦 = 𝑥2

𝑥2 = 32𝑦

𝐶𝑜𝑚𝑝𝑎𝑟𝑒 𝑤𝑖𝑡ℎ 𝑥2 = 4𝑎𝑦

4𝑎 = 32 ⟹ 𝑎 =
32

4

8

𝑎 = 8

𝑆𝑜 𝑡ℎ𝑒 ℎ𝑒𝑎𝑡𝑖𝑛𝑔 𝑡𝑢𝑏𝑒 𝑛𝑒𝑒𝑑𝑠 𝑡𝑜 𝑏𝑒 𝑝𝑙𝑎𝑐𝑒𝑑 𝑎𝑡 𝑓𝑜𝑐𝑢𝑠 .

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 ℎ𝑒𝑎𝑡𝑖𝑛𝑔 𝑡𝑢𝑏𝑒 𝑛𝑒𝑒𝑑𝑠 𝑡𝑜 𝑏𝑒 𝑝𝑙𝑎𝑐𝑒𝑑 8 𝑢𝑛𝑖𝑡𝑠 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑜𝑓
𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟓 𝑨 𝒔𝒆𝒂𝒓𝒄𝒉 𝒍𝒊𝒈𝒉𝒕 𝒉𝒂𝒔 𝒂 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒐𝒓 (𝒉𝒂𝒔 𝒂 𝒄𝒓𝒐𝒔𝒔

𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒕𝒉𝒂𝒕. 𝒇𝒐𝒓𝒎𝒔 𝒂 ′𝒃𝒐𝒘𝒍′). 𝑻𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒃𝒐𝒘𝒍 𝒊𝒔 𝟒𝟎𝒄𝒎 𝒘𝒊𝒅𝒆 𝒇𝒓𝒐𝒎

𝒓𝒊𝒎 𝒕𝒐 𝒓𝒊𝒎 𝒂𝒏𝒅 𝟑𝟎𝒄𝒎 𝒅𝒆𝒆𝒑. 𝑻𝒉𝒆 𝒃𝒖𝒍𝒃 𝒊𝒔 𝒍𝒐𝒄𝒂𝒕𝒆𝒅 𝒂𝒕 𝒕𝒉𝒆 𝒇𝒐𝒄𝒖𝒔

𝒊 𝑾𝒉𝒂𝒕 𝒊𝒔 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒖𝒔𝒆𝒅 𝒇𝒐𝒓 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒐𝒓 ?

𝒊𝒊 𝑯𝒐𝒘 𝒇𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙 𝒊𝒔 𝒕𝒉𝒆 𝒃𝒖𝒍𝒃 𝒕𝒐 𝒃𝒆 𝒑𝒍𝒂𝒄𝒆𝒅 𝒔𝒐 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆
𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒄𝒐𝒗𝒆𝒓𝒆𝒅 ?

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦2 = 4 𝑎𝑥

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑖𝑠 40𝑐𝑚 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑑𝑒𝑝𝑡ℎ 𝑖𝑠 30𝑐𝑚,
𝑦

𝑥𝑜 𝑆

4
0

𝑐𝑚

30𝑐𝑚
2

0
𝑐𝑚

2
0

𝑐𝑚

(30,20)

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 30, 20 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎

400 = 120𝑎

𝑦2 = 4𝑎𝑥 ⟹ 202 = 4𝑎(30)

⟹ 𝑎 =
400

120
3

10
⟹ 𝑎 =

10

3

𝑖𝑛 𝑦2 = 4𝑎𝑥Sub 𝑎 =
10

3
⟹ 𝑦2 = 4

10

3
𝑥

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦2 =
40

3
𝑥

𝑇ℎ𝑒 𝑏𝑢𝑙𝑏 𝑖𝑠 𝑎𝑡 𝑎 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓
10

3
𝑐𝑚 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟔 𝑨𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒕𝒊𝒄𝒂𝒍 𝒑𝒂𝒓𝒕 𝒐𝒇 𝒂𝒏 𝒐𝒑𝒕𝒊𝒄 𝒍𝒆𝒏𝒔

𝒔𝒚𝒔𝒕𝒆𝒎 𝒊𝒔
𝒙𝟐

𝟏𝟔
+

𝒚𝟐

𝟗
= 𝟏. 𝑻𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒑𝒂𝒓𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒉𝒂𝒔 𝒂 𝒇𝒐𝒄𝒖𝒔

𝒊𝒏 𝒄𝒐𝒎𝒎𝒐𝒏 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒓𝒊𝒈𝒉𝒕𝒇𝒐𝒄𝒖𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆. 𝑻𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙 𝒐𝒇 𝒕𝒉𝒆
𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒊𝒔 𝒂𝒕 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒂𝒏𝒅 𝒕𝒉𝒆𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒐𝒑𝒆𝒏𝒔 𝒕𝒐 𝒕𝒉𝒆 𝒓𝒊𝒈𝒉𝒕.

𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂.

𝐼𝑛 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑎2 = 16, 𝑏2 = 9

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐2 = 16 − 9

𝑐 = + 7𝑐2 = 7 ⟹
205
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𝑇ℎ𝑒 𝑓𝑜𝑐𝑖 𝑎𝑟𝑒 𝑆 ( 7, 0), 𝑆′(− 7). 

𝑇ℎ𝑒 𝑓𝑜𝑐𝑢𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 ( 7, 0)

𝑎 = 7

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦2 = 4 7𝑥

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑖𝑠 𝑦2 = 4𝑎𝑥

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟕 𝑨 𝒓𝒐𝒐𝒎 𝟑𝟒𝒎 𝒍𝒐𝒏𝒈 𝒊𝒔 𝒄𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕𝒆𝒅 𝒕𝒐 𝒃𝒆 𝒂 𝒘𝒉𝒊𝒔𝒑𝒆𝒓𝒊𝒏𝒈
𝒈𝒂𝒍𝒍𝒆𝒓𝒚. 𝑻𝒉𝒆 𝒓𝒐𝒐𝒎 𝒉𝒂𝒔 𝒂𝒏 𝒆𝒍𝒍𝒊𝒑𝒕𝒊𝒄𝒂𝒍 𝒄𝒆𝒊𝒍𝒊𝒏𝒈. 𝑰𝒇 𝒕𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒖𝒎𝒉𝒆𝒊𝒈𝒉𝒕

𝒐𝒇 𝒕𝒉𝒆 𝒄𝒆𝒊𝒍𝒊𝒏𝒈 𝒊𝒔 𝟖𝒎, 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒓𝒆 𝒕𝒉𝒆 𝒇𝒐𝒄𝒊 𝒂𝒓𝒆 𝒍𝒐𝒄𝒂𝒕𝒆𝒅.

𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐𝑎𝑙 𝑐𝑒𝑖𝑙𝑖𝑛𝑔 𝑖𝑠 17𝑚 .

𝑎 = 17

𝑇ℎ𝑒 ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑚𝑖 𝑚𝑖𝑛𝑜𝑟 𝑎𝑥𝑖𝑠 𝑖𝑠 8𝑚

𝑏 = 8

𝑐2 = 𝑎2 − 𝑏2 ⟹ 𝑐 = 𝑎2 − 𝑏2

𝑐 = 172 − 82⟹ 𝑐 = 289 − 64

𝑐 = 225 ⟹ 𝑐 = 15

𝐹𝑜𝑟 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑡𝑖𝑐𝑎𝑙 𝑐𝑒𝑖𝑙𝑖𝑛𝑔 𝑡ℎ𝑒 𝑓𝑜𝑐𝑖 𝑎𝑟𝑒 𝑙𝑜𝑐𝑎𝑡𝑒𝑑 𝑜𝑛 𝑒𝑖𝑡ℎ𝑒𝑟 𝑠𝑖𝑑𝑒
𝑎𝑏𝑜𝑢𝑡 15𝑚 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑒, 𝑎𝑙𝑜𝑛𝑔 𝑖𝑡𝑠 𝑚𝑎𝑗𝑜𝑟 𝑎𝑥𝑖𝑠.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟑𝟖 𝑰𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 𝒊𝒔
(𝒙 − 𝟏𝟏)𝟐

𝟒𝟖𝟒
+

𝒚𝟐

𝟔𝟒
= 𝟏

(𝒙 𝒂𝒏𝒅 𝒚 𝒂𝒓𝒆 𝒎𝒆𝒂𝒔𝒖𝒓𝒆𝒅 𝒄𝒆𝒏𝒕𝒊𝒎𝒆𝒕𝒆𝒓𝒔) 𝒕𝒐 𝒕𝒉𝒆 𝒏𝒆𝒂𝒓𝒆𝒔𝒕 𝒄𝒆𝒏𝒕𝒊𝒎𝒆𝒕𝒆𝒓,
𝒔𝒉𝒐𝒖𝒍𝒅 𝒕𝒉𝒆 𝒑𝒂𝒕𝒊𝒆𝒏𝒕’𝒔 𝒌𝒊𝒅𝒏𝒆𝒚 𝒔𝒕𝒐𝒏𝒆 𝒃𝒆 𝒑𝒍𝒂𝒄𝒆𝒅 𝒔𝒐 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒓𝒆𝒇𝒍𝒆𝒄𝒕𝒆𝒅
𝒔𝒐𝒖𝒏𝒅 𝒉𝒊𝒕𝒔 𝒕𝒉𝒆 𝒌𝒊𝒅𝒏𝒆𝒚 𝒔𝒕𝒐𝒏𝒆?

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒 𝑖𝑠
(𝑥 − 11)2

484
+

𝑦2

64
= 1.

𝑇ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑜𝑢𝑛𝑑 𝑤𝑎𝑣𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑘𝑖𝑑𝑛𝑒𝑦 𝑠𝑡𝑜𝑛𝑒
𝑜𝑓 𝑝𝑎𝑡𝑖𝑒𝑛𝑡 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑎𝑡 𝑡ℎ𝑒 𝑓𝑜𝑐𝑖 𝑖𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑐𝑟𝑢𝑠ℎ

𝑡ℎ𝑒 𝑠𝑡𝑜𝑛𝑒𝑠.

𝑎2 = 484 𝑎𝑛𝑑 𝑏2 = 64

𝑐2 = 𝑎2 − 𝑏2⟹ 𝑐 = 𝑎2 − 𝑏2

𝑐 = 484 − 64 ⟹ 𝑐 = 420

𝑐 ≈ 20.5

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑝𝑎𝑡𝑖𝑒𝑛𝑡’𝑠 𝑘𝑖𝑑𝑛𝑒𝑦 𝑠𝑡𝑜𝑛𝑒 𝑠ℎ𝑜𝑢𝑙𝑑 𝑏𝑒 𝑝𝑙𝑎𝑐𝑒𝑑 20.5 𝑐𝑚
𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝐶𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒.
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟓. 𝟒𝟎: 𝑪𝒆𝒓𝒕𝒂𝒊𝒏 𝒕𝒆𝒍𝒆𝒔𝒄𝒐𝒑𝒆𝒔 𝒄𝒐𝒏𝒕𝒂𝒊𝒏 𝒃𝒐𝒕𝒉 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒎𝒊𝒓𝒓𝒐𝒓
𝒂𝒏𝒅 𝒂 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒊𝒄 𝒎𝒊𝒓𝒓𝒐𝒓. 𝑰𝒏 𝒕𝒉𝒆 𝒕𝒆𝒍𝒆𝒔𝒄𝒐𝒑𝒆 𝒔𝒉𝒐𝒘𝒏 𝒊𝒏 𝒇𝒊𝒈𝒖𝒓𝒆 𝒕𝒉𝒆
𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒂𝒏𝒅 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒔𝒉𝒂𝒓𝒆 𝒇𝒐𝒄𝒖𝒔 𝑭𝟏 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝟏𝟒𝒎 𝒂𝒃𝒐𝒗𝒆 𝒕𝒉𝒆

𝒗𝒆𝒓𝒕𝒆𝒙 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂. 𝑻𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒏𝒐𝒍𝒂′𝒔 𝒔𝒆𝒄𝒐𝒏𝒅 𝒇𝒐𝒄𝒖𝒔 𝑭𝟐 𝒊𝒔 𝟐𝒎 𝒂𝒃𝒐𝒗𝒆
𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂′𝒔 𝒗𝒆𝒓𝒕𝒆𝒙. 𝑻𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒂𝒏𝒅 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆
𝒇𝒐𝒄𝒊 𝒐𝒏 𝒕𝒉𝒆 𝒚 − 𝒂𝒙𝒊𝒔. 𝑻𝒉𝒆𝒏𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂.

𝐿𝑒𝑡 𝑉1𝑏𝑒 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑎𝑛𝑑

𝑉2 𝑏𝑒 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑜𝑓 𝑡ℎ𝑒 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎.

𝐹1𝐹2 = 14 − 2 = 12𝑚,

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑜𝑓 𝑐𝑒𝑛𝑡𝑟𝑒 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑟𝑡𝑒𝑥 𝑜𝑓 𝑡ℎ𝑒 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎 𝑖𝑠

𝑏2 = 𝑐2 − 𝑎2

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎 𝑖𝑠
𝑦2

25
−

𝑥2

11
= 1.

2𝑐 = 12, 𝑐 = 6

𝑎 = 6 − 1 = 5

⟹ 𝑏2 = 62 − 52 𝑏2 = 36 − 25⟹

𝑏2 = 11 F2

V1

V2

F1

𝟏. 𝑨 𝒃𝒓𝒊𝒅𝒈𝒆 𝒉𝒂𝒔 𝒂 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒂𝒓𝒄𝒉 𝒕𝒉𝒂𝒕 𝒊𝒔 𝟏𝟎𝒎 𝒉𝒊𝒈𝒉 𝒊𝒏 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆 𝒂𝒏𝒅
𝟑𝟎𝒎 𝒘𝒊𝒅𝒆 𝒂𝒕 𝒕𝒉𝒆 𝒃𝒐𝒕𝒕𝒐𝒎. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒓𝒄𝒉 𝟔𝒎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆
𝒄𝒆𝒏𝒕𝒓𝒆, 𝒐𝒏 𝒆𝒊𝒕𝒉𝒆𝒓 𝒔𝒊𝒅𝒆𝒔.

𝑥2 = −4
225

40
y

10

𝑥2 = −
225

10
y

2

45

𝑥2 =
−45

2
y⟹⟹

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 6, 𝑦1 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎 𝑥2 =
−45

2
y

62 = −
45

2
𝑦1 ⟹ 36 = −

45

2
𝑦1

36 ×
2

45
= 𝑦1
5

4
⟹ 𝑦1 =

−8

5

𝑥

𝑦

10m

15𝑚(−15, −10) (15, −10)15𝑚

𝐴𝑂

6𝑚

6𝑚

𝐶

𝐵
(6, 𝑦1)

𝑦1

30𝑚

= −
8

5

𝐴𝐵 =
8

5
𝑚 𝑎𝑛𝑑 𝐴𝐶 = 10𝑚

10𝑚

𝐵𝐶 = 𝐴𝐶 − 𝐴𝐵 = 10 −
8

5
=

50 − 8

5
=

42

5
𝐵𝐶 = 8.4𝑚

The height of the bridge at the required place = 𝟖. 𝟒𝒎

𝐴 𝑏𝑟𝑖𝑑𝑔𝑒 𝑜𝑓 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐 𝑎𝑟𝑐 ℎ𝑎𝑠 𝑜𝑝𝑒𝑛 𝑑𝑜𝑤𝑛𝑤𝑎𝑟𝑑

𝑥2 = −4𝑎𝑦 … 1

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 15, −10
𝑥 , 𝑦

𝑥2 = −4𝑎𝑦 152 = −4𝑎 −10⟹

225 = 40𝑎 𝑎 =
225

40
⟹

in 𝑥2 = −4a𝑦Sub 𝑎 =
225

40
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𝟐. 𝑨 𝒕𝒖𝒏𝒏𝒆𝒍 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒂 𝒎𝒐𝒖𝒏𝒕𝒂𝒊𝒏 𝒇𝒐𝒓 𝒂 𝒇𝒐𝒖𝒓 𝒍𝒂𝒏𝒆 𝒉𝒊𝒈𝒉𝒘𝒂𝒚 𝒊𝒔 𝒕𝒐 𝒉𝒂𝒗𝒆 𝒂
𝒆𝒍𝒍𝒊𝒑𝒕𝒊𝒄𝒂𝒍 𝒐𝒑𝒆𝒏𝒊𝒏𝒈. 𝑻𝒉𝒆 𝒕𝒐𝒕𝒂𝒍 𝒘𝒊𝒅𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒊𝒈𝒉𝒘𝒂𝒚 𝒏𝒐𝒕 𝒕𝒉𝒆 𝒐𝒑𝒆𝒏𝒊𝒏𝒈
𝒊𝒔 𝒕𝒐 𝒃𝒆 𝟏𝟔𝒎, 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒉𝒆𝒊𝒈𝒉𝒕 𝒂𝒕 𝒕𝒉𝒆 𝒆𝒅𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒐𝒂𝒅 𝒎𝒖𝒔𝒕 𝒃𝒆
𝒔𝒖𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒇𝒐𝒓 𝒂 𝒕𝒓𝒖𝒄𝒌 𝟒𝒎 𝒉𝒊𝒈𝒉 𝒕𝒐 𝒄𝒍𝒆𝒂𝒓 𝒊𝒇 𝒕𝒉𝒆 𝒉𝒊𝒈𝒉𝒆𝒔𝒕 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆
𝒐𝒑𝒆𝒏𝒊𝒏𝒈 𝒊𝒔 𝒕𝒐 𝒃𝒆 𝟓𝒎 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕𝒆𝒍𝒚 . 𝑯𝒐𝒘 𝒘𝒊𝒅𝒆 𝒎𝒖𝒔𝒕 𝒕𝒉𝒆 𝒐𝒑𝒆𝒏𝒊𝒏𝒈 𝒃𝒆?

𝑥

𝑦

16𝑚

8𝑚 8𝑚
(8, 0)(−8, 0)

4𝑚
𝑥1

(𝑥1, 4)

𝑥1

𝐻𝑒𝑟𝑒 𝑎 = 8 𝑎𝑛𝑑 𝑏 = 5

𝐿𝑒𝑡 𝑥1 𝑏𝑒 𝑡ℎ𝑒 𝑤𝑖𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑟𝑐ℎ

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑥1 , 4 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑒𝑙𝑙𝑖𝑝𝑠𝑒

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠
𝑥2

82
+

𝑦2

52
= 1

𝑥1
2

64
+

42

25
= 1 ⟹

𝑥1
2

64
+

16

25
= 1

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎:

ℎ = 0.5, 𝑘 = 4

𝑥 − 0.5 2 = −4𝑎 𝑦 − 4 … … 1

𝐼𝑡 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑜𝑟𝑖𝑔𝑖𝑛 0 , 0

𝑥 − ℎ 2 = −4𝑎 𝑦 − 𝑘

𝑥 , 𝑦

0 − 0.5 2 = −4𝑎 0 − 4

−0.5 2 = 16𝑎 ⟹ 16𝑎 = 0.25

𝑎 =
0.25

16

𝑥 − 0.5 2 = −4
0.25

16
𝑦 − 4

4

𝑥 − 0.5 2 = −
0.25

4
𝑦 − 4

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 0.75, 𝑦1 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎

𝑥1
2

64
= 1 −

16

25
⟹

𝑥1
2

64
=

25 − 16

25
⟹ 𝑥1

2 =
9

25
× 64

𝑥1 =
3

5
× 8 ⟹ 𝑥1 =

24

5

𝑤𝑖𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑟𝑐ℎ = 2𝑥1= 2 4.8 = 9.6𝑚

𝟑. 𝑨𝒕 𝒂 𝒘𝒂𝒕𝒆𝒓 𝒇𝒐𝒖𝒏𝒕𝒂𝒊𝒏, 𝒘𝒂𝒕𝒆𝒓 𝒂𝒕𝒕𝒂𝒊𝒏𝒔 𝒂 𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝟒𝒎 𝒂𝒕
𝒉𝒐𝒓𝒊𝒛𝒐𝒏𝒕𝒂𝒍 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝟎. 𝟓𝒎 𝒇𝒓𝒐𝒎 𝒊𝒕𝒔 𝒐𝒓𝒊𝒈𝒊𝒏. 𝑰𝒇 𝒕𝒉𝒆 𝒑𝒂𝒕𝒉 𝒐𝒇 𝒘𝒂𝒕𝒆𝒓

𝒊𝒔 𝒂 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒉𝒆𝒊𝒈𝒉𝒕 𝒐𝒇 𝒘𝒂𝒕𝒆𝒓 𝒂𝒕 𝒂 𝒉𝒐𝒓𝒊𝒛𝒐𝒏𝒕𝒂𝒍 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇
𝟎. 𝟕𝟓𝒎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒐𝒓𝒊𝒈𝒊𝒏.
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𝑶
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𝑪
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𝑪
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𝑶
𝑶

𝑳

𝑥 − 0.5 2 = −
0.25

4
𝑦 − 4 ⟹ 0.75 − 0.5 2 = −

0.25

4
𝑦1 − 4

0.25 2 × −
4

0.25
= 𝑦1 − 4 ⟹ − 0.25 × 4 = 𝑦1 − 4

− 1 = 𝑦1 − 4 ⟹ 𝑦1 = 4 − 1 ⟹ 𝑦1 = 3

𝐻𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑎𝑡𝑒𝑟 = 3𝑚

𝟒. 𝑨𝒏 𝒆𝒏𝒈𝒊𝒏𝒆𝒆𝒓 𝒅𝒆𝒔𝒊𝒈𝒏𝒔 𝒂 𝒔𝒂𝒕𝒆𝒍𝒍𝒊𝒕𝒆 𝒅𝒊𝒔𝒉 𝒘𝒊𝒕𝒉 𝒂 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒊𝒄 𝒄𝒓𝒐𝒔𝒔 𝒔𝒆𝒄𝒕𝒊𝒐𝒏.
𝑻𝒉𝒆 𝒅𝒊𝒔𝒉 𝒊𝒔 𝟓𝒎 𝒘𝒊𝒅𝒆 𝒂𝒕 𝒕𝒉𝒆 𝒐𝒑𝒆𝒏𝒊𝒏𝒈, 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒄𝒖𝒔 𝒊𝒔 𝒑𝒍𝒂𝒄𝒆𝒅 𝟏. 𝟐 𝒎
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙

𝒂 𝑷𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒂 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒔𝒚𝒔𝒕𝒆𝒎 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒂𝒕 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙 𝒂𝒏𝒅
𝒕𝒉𝒆 𝒙 − 𝒂𝒙𝒊𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂’𝒔 𝒂𝒙𝒊𝒔 𝒐𝒇 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒚 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒂𝒏

𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂.
(𝒃) 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒆𝒑𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒂𝒕𝒆𝒍𝒍𝒊𝒕𝒆 𝒅𝒊𝒔𝒉 𝒂𝒕 𝒕𝒉𝒆 𝒗𝒆𝒓𝒕𝒆𝒙.

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎: 𝑦2 = 4.8𝑥

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑥1 , 2.5 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎

4.8𝑥1 = 6.25

𝑦2 = 4.8𝑥 ⟹ 2.5 2 = 4.8𝑥1

⟹ 𝑥1 =
6.25

4.8
=

625

480 96

125

𝑥1 =
125

96
= 1.3𝑚

𝐷𝑒𝑝𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑎𝑡𝑒𝑙𝑙𝑖𝑡𝑒 𝑖𝑠 1.3𝑚

𝑥

𝑦

𝑆1.2𝑚

𝑥1

5𝑚
𝒐

2
.5

𝑚

(𝑥1, 2.5)

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑎: 𝑦2 = 4𝑎𝑥

𝐻𝑒𝑟𝑒 𝑎 = 1.2𝑚

𝑦2 = 4 1.2 𝑥 ⟹ 𝑦2 = 4.8𝑥

5.Parabolic cable of a 60m portion of the roadbed of a suspension bridge are 

positioned as shown below. Vertical Cables are to be spaced every 6m along 

this portion of the roadbed. Calculate the lengths of first two of these vertical 

cables from the vertex. 

60𝑚

3𝑚

1
6

𝑚

𝑥

𝑦

6𝑚 3𝑚

𝑦1

6, 𝑦1

30𝑚 30𝑚
12𝑚

6𝑚

𝑦2

6, 𝑦2

3𝑚

1
3

𝑚

30,13
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𝑳

The equation of parabola is 𝑥2 = 4𝑎𝑦

The point lies on the parabola 30, 13

⟹30 2 = 4𝑎 13 900 = 52a ⟹ 𝑎 =
900

52

𝑠𝑢𝑏 𝑎 =
900

52
𝑖𝑛 𝑥2 = 4𝑎𝑦

𝑥2 = 4
900

52
𝑦 ⟹ 𝑥2 =

900

13
𝑦

The equation is 𝑥2 =
900

13
𝑦

The point 6, 𝑦1 𝑙𝑖𝑒𝑠 on the parabola

62 =
900

13
𝑦1 ⟹ 36 ×

13

900
= 𝑦1

100

4
𝑦1 =

52

100
⟹

𝑦1 = 0.52

The length of thevertical cable 6m from the road= 3 + 0.52 = 3.52𝑚

The point 12, 𝑦2 𝑎𝑙𝑠𝑜 𝑙𝑖𝑒𝑠 on the parabola

122 =
900

13
𝑦2 ⟹ 144 ×

13

900
= 𝑦2

100

16

𝑦2 =
208

100
⟹ 𝑦2 = 2.08

The length of the vertical cable 12m from the road = 2.08 + 3 = 5.08𝑚

𝑥2

302
−

𝑦2

442
= 1

𝑖 𝑥1, 50 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑎

𝑥1
2

302
−

502

442
= 1 ⟹

𝑥1
2

302
−

2500

1936
= 1

𝑥1
2

302
= 1 +

2500

1936
⟹

𝑥1
2

302
=

1936 + 2500

1936

𝑥1
2

302
=

4436

1936
⟹ 𝑥1

2 =
302 × 4436

442

𝟔. 𝑪𝒓𝒐𝒔𝒔 𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝑵𝒖𝒄𝒍𝒆𝒂𝒓 𝒄𝒐𝒐𝒍𝒊𝒏𝒈 𝒕𝒐𝒘𝒆𝒓 𝒊𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒉𝒂𝒑𝒆 𝒐𝒇 𝒂

𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒘𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒙𝟐

𝟑𝟎𝟐
−

𝒚𝟐

𝟒𝟒𝟐
= 𝟏. 𝑻𝒉𝒆 𝒕𝒐𝒘𝒆𝒓 𝒊𝒔 𝟏𝟓𝟎𝒎 𝒕𝒂𝒍𝒍 𝒂𝒏𝒅

𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒕𝒐𝒑 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒐𝒘𝒆𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂
𝒊𝒔 𝒉𝒂𝒍𝒇 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒃𝒂𝒔𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒐𝒘𝒆𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆

𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒂𝒎𝒆𝒕𝒆𝒓 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒐𝒑 𝒂𝒏𝒅 𝒃𝒂𝒔𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒐𝒘𝒆𝒓.

𝑥1 =
302 × 4436

442
⟹ 𝑥1 =

30 × 4436

44 210
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𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑥

𝑦

50𝑚

𝐶

100𝑚

(𝑥1, 50)

(𝑥2, −100)

1
5

0
𝑚

𝑥1

𝑥2

𝑥1 =
15

22
× 66.6 ⟹ 𝑥1 =

15 × 33.3

11

𝑥1 =
499.5

11
𝑥1 = 45.41𝑚⟹

𝒊𝒊 𝒙𝟐, −𝟏𝟎𝟎 𝒍𝒊𝒆𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒉𝒚𝒑𝒆𝒓𝒃𝒐𝒍𝒂 𝒊𝒏

𝑥2
2

302
−

1002

442
= 1 ⟹

𝑥2
2

302
−

10000

1936
= 1

𝑥2
2

302
= 1 +

10000

1936
⟹

𝑥2
2

302
=

1936 + 10000

1936

𝑥2
2 =

11936

1936
× 302 ⟹ 𝑥2 =

11936 × 302

442

𝑥2 =
30

44
11936 ⟹ 𝑥2 = 74.49𝑚

𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑡𝑜𝑝 = 2𝑥1
= 2 45.41𝑚 = 90.82𝑚

𝐷𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑏𝑜𝑡𝑡𝑜𝑚 = 2𝑥2 = 2 74.49𝑚 = 148.9𝑚

𝟕. 𝑨 𝒓𝒐𝒅 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 𝟏. 𝟐𝒎 𝒎𝒐𝒗𝒆𝒔 𝒘𝒊𝒕𝒉 𝒊𝒕𝒔 𝒆𝒏𝒅𝒔 𝒂𝒍𝒘𝒂𝒚𝒔 𝒕𝒐𝒖𝒄𝒉𝒊𝒏𝒈 𝒕𝒉𝒆
𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔. 𝑻𝒉𝒆 𝒍𝒐𝒄𝒖𝒔 𝒐𝒇 𝒂 𝒑𝒐𝒊𝒏𝒕 𝑷 𝒐𝒏 𝒕𝒉𝒆 𝒓𝒐𝒅, 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝟎. 𝟑𝒎

𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒆𝒏𝒅 𝒊𝒏 𝒄𝒐𝒏𝒕𝒂𝒄𝒕 𝒘𝒊𝒕𝒉 𝒙 − 𝒂𝒙𝒊𝒔 𝒊𝒔 𝒂𝒏 𝒆𝒍𝒍𝒊𝒑𝒔𝒆. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆
𝒆𝒄𝒄𝒆𝒏𝒕𝒓𝒊𝒄𝒊𝒕𝒚.

P
𝑥1

𝑦1

𝒙𝟏, 𝒚𝟏
𝜽

𝜽

O

A

B

C

D

The ladderAB = 1.2 m and point P on the 

ladder such that PB = 0.3m and AP = 0.9m

In a right angle triangle ACP

cos 𝜃 =
𝑎𝑑𝑗

ℎ𝑦𝑝
⟹ cos 𝜃 =

𝑥1

0.9

In a right angle triangle PDB

s𝑖𝑛 𝜃 =
𝑜𝑝𝑝

ℎ𝑦𝑝
⟹ s𝑖𝑛 𝜃 =

𝑦1

0.3

cos 𝜃 =
𝑥1

0.9
s𝑖𝑛 𝜃 =

𝑦1

0.3
and

𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 = 1
𝑥1

0.9

2

+
𝑦1

0.3

2

= 1

𝑥1
2

0.92
+

𝑦1
2

0.32
= 1

Compare with
X2

a2
+

Y2

b2
= 1
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A
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𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑒 =
𝑎2 − 𝑏2

𝑎

e =
0.92 − 0.32

0.9

𝑇𝑜 𝐹𝑖𝑛𝑑 𝑒𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 (𝑒)

e =
0.81 − 0.09

0.9
⟹ e =

0.72

0.9
⟹ e =

72
100

0.9
⟹

e =

9 × 8
100

0.9
⟹ e =

3 8
10
0.9

e =
3 8

10
×

1

0.9
⟹ e =

3 × 2 2

9
⟹ e =

2 2

3
⟹

a2 = 0.92, 𝑏2 = 0.32

𝑎 = 0.9

𝑥

𝑦

7.5m

2.5m
3m P

3, −2.5

𝑥1

𝑄
𝑥1, −7.5

32 = −4𝑎 −2.5

9 = 10𝑎 𝑎 =
9

10
⟹

𝑖𝑛 𝑥2 = −4𝑎𝑦Sub 𝑎 =
9

10

𝑥2 = −4
9

10
𝑦

2

5

∴ The equation is 𝑥2 = −
18

5
𝑦

Let 𝑥1 be the distance between the Vertical line and water strike the ground

The point Q(𝑥1, −7.5) lies on the parabola

𝑥2 = −
18

5
𝑦 ⟹ 𝑥1

2 = −
18

5
(−7.5)

𝑥1
2 =

18

5
× 7.5

1.5

𝑥1
2 = 18 × 1.5⟹

𝑥1
2 = 9 × 2 × 1.5 𝑥1

2 = 9 × 3⟹

𝑥1 = 9 × 3 ⟹ 𝑥1 = 3 3𝑚

∴ The water strikes the ground 3 3𝑚 beyond the vertical line

8. Assume that water issuing from the end of a horizontal pipe, 7.5m above the
ground, describes a parabolic path. The vertex of the parabolic path is at the 
end of the pipe. At a position 2.5m below the line of the pipe, the flow of
water has curved outward 3m beyond the vertical line through the end of 
the pipe. How far beyond this vertical line will the water strike the ground.

The equation of the parabola as open downward

It passes through the point P 3, −2.5

𝑥2 = −4𝑎𝑦
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9. On lighting a rocket cracker it gets projected in a parabolic path and reaches

a maximum height of 4mts when it is 6mts away from the point of projection. 

Finally it reaches the ground 12mts away from the starting point. 

Find the angle of projection

The equation of parabola is 𝑥2 = −4𝑎𝑦

It passes through the point 6, −4
𝑥, 𝑦

𝑥2 = −4𝑎𝑦 62 = −4𝑎 −4⟹

16𝑎 = 36 𝑎 =
36

16
⟹ 𝑎 =

9

4
𝑆𝑙𝑜𝑝𝑒 =

𝑑𝑦

𝑑𝑥
= 𝑡𝑎𝑛𝜃

𝑥

𝑦

𝜃

4mts

6mts

12mts
(−6, −4) (6, −4)6mts

⟹

𝑑𝑦

𝑑𝑥
=

4

3
𝑖. 𝑒 𝑡𝑎𝑛 𝜃 =

4

3

θ = tan−1
4

3

The angle of projection tan−1
4

3

𝑥2 = −9𝑦
d.w.r.to.x

2𝑥 = −9
𝑑𝑦

𝑑𝑥
⟹

𝑑𝑦

𝑑𝑥
= −

2𝑥

9

Find the slope at (−6, −4)

𝑑𝑦

𝑑𝑥
= −

2𝑥

9
dy

dx
=

−2 −6

9
=

12

9
3

4

=
4

3

in 𝑥2 = −4a𝑦

𝑥2 = −4
9

4
y

Sub 𝑎 =
9

4

The equation is 𝑥2 = −9𝑦
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VECTOR ALGEBRA
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𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟔. 𝟏

A

B
C

A

B C

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏: 𝑷𝒓𝒐𝒗𝒆 𝒃𝒚 𝒗𝒆𝒄𝒕𝒐𝒓 𝒎𝒆𝒕𝒉𝒐𝒅 𝒕𝒉𝒂𝒕

cosA =
b2 + c2 − a2

2bc

𝑎

𝜋 − 𝐶

𝜋 − 𝐵

𝜋 − 𝐴
𝑏

Ԧ𝑐

AB = c, BC = a and CA = b

By triangular law

AB + BC + CA = 0 Ԧc + a + b = 0

b + c = − a
squaring on both sides

b + c
2

= − a 2 b2 + c2 + 2 b. c = a2

b2 + c2

𝑏2 + 𝑐2

b2 + c2 − 2bc cosA = a2

b2 + c2 − a2 = 2bc cosA

𝒄𝒐𝒔𝑨 =
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄

𝑐𝑜𝑠 180° − 𝜃 = −𝑐𝑜𝑠𝜃

+ 2 b c = a2cos π − A

+ 2bc −cosA = a2

⟹

⟹

𝐜𝐨𝐬𝐂 =
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃
(iii) Prove by vector method that

AB = c , BC = a and CA = b

By triangular law

AB + BC + CA = 0 Ԧc + a + b = 0

a + b = − c

⟹

squaring on both side

a2 + b2 + 2 a. b = c2

a2 + b2 a2 + b2

a2 + b2 − 2ab cosC = c2 a2 + b2 − c2 = 2abcosC

cosC =
a2 + b2 − c2

2ab

a + b
2

= − c 2

+ 2 a b cos π − C = c2 + 2ab −cos𝐶 = c2

⟹

⟹

⟹

Example 6.2: Prove by vector method that a = b cosC + c cosB

𝐴𝐵 = 𝑐 , B𝐶 = 𝑎 𝑎𝑛𝑑 𝐶𝐴 = 𝑏

By triangular law

𝐴𝐵 + 𝐵𝐶 + 𝐶𝐴 = 0 ⟹ Ԧ𝑐 + 𝑎 + 𝑏 = 0

Ԧ𝑎 = − 𝑏 − 𝑐
Dot multiplying both side by a
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𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

Ԧ𝑎2 = − Ԧ𝑎 𝑏 𝑐𝑜𝑠 𝜋 − 𝐶

𝑎2 = −𝑎𝑏 −𝑐𝑜𝑠𝐶 − 𝑎𝑐 −𝑐𝑜𝑠𝐵

𝑎2 = 𝑎𝑏𝑐𝑜𝑠𝐶 + 𝑎𝑐 𝑐𝑜𝑠𝐵

÷ 𝑎

𝑎 = 𝑏 𝑐𝑜𝑠𝐶 + 𝑐 𝑐𝑜𝑠𝐵 𝑐𝑜𝑠 𝜋 − 𝜃 = −𝑐𝑜𝑠𝜃

− Ԧ𝑎 𝑐 𝑐𝑜𝑠 𝜋 − 𝐵

(ii) Prove by vector method that 𝐛 = 𝐜 𝐜𝐨𝐬𝐀 + 𝐚 𝐜𝐨𝐬𝐂

From the diagram

𝐴𝐵 + 𝐵𝐶 + 𝐶𝐴 = 0

Ԧ𝑐 + 𝑎 + 𝑏 = 0

𝑏 = − 𝑎 − 𝑐
Dot multiplying both side by b

𝑏 . 𝑏 = − 𝑎 . 𝑏 − 𝑏 . 𝑐
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Ԧ𝑎 . 𝑎 = − 𝑎 . 𝑏 − 𝑎 . 𝑐
A

B
C

A

B C

𝑎

𝜋 − 𝐶

𝜋 − 𝐵

𝜋 − 𝐴
𝑏

Ԧ𝑐

𝑏2 = − Ԧ𝑎 𝑏 𝑐𝑜𝑠 𝜋 − 𝐶

𝑏2 = −𝑎𝑏 −𝑐𝑜𝑠𝐶 − 𝑏𝑐(−𝑐𝑜𝑠𝐴)

𝑏2 = 𝑎𝑏𝑐𝑜𝑠𝐶 + 𝑏𝑐𝑐𝑜𝑠𝐴
÷ 𝑏

𝑏 = 𝑎 𝑐𝑜𝑠𝐶 + 𝑐 𝑐𝑜𝑠𝐴

− 𝑏 𝑐 𝑐𝑜𝑠 𝜋 − 𝐴

(iii) Prove by vector method that c = acosB + bcosA

𝐴𝐵 = 𝑐 , 𝐵𝐶 = 𝑎 𝑎𝑛𝑑 𝐶𝐴 = 𝑏

From the diagram

𝐴𝐵 + 𝐵𝐶 + 𝐶𝐴 = 0

Ԧ𝑐 + Ԧ𝑎 + 𝑏 = 0

Ԧ𝑐 = − Ԧ𝑎 − 𝑏

Dot multiplying both side by Ԧc

Ԧ𝑐 . Ԧ𝑐 = − Ԧ𝑎. Ԧ𝑐 − 𝑏. Ԧ𝑐

Ԧ𝑐2 = − Ԧ𝑎 Ԧ𝑐 𝑐𝑜𝑠 𝜋 − 𝐵

𝑐2 = −𝑎𝑐 −𝑐𝑜𝑠𝐵 − 𝑏𝑐(−𝑐𝑜𝑠𝐴)

𝑐2 = 𝑎𝑐 𝑐𝑜𝑠𝐵 + 𝑏𝑐 𝑐𝑜𝑠𝐴
÷ 𝑐

𝑐 = 𝑎 𝑐𝑜𝑠𝐵 + 𝑏 𝑐𝑜𝑠𝐴

− 𝑏 Ԧ𝑐 𝑐𝑜𝑠(𝜋 − 𝐴)

Example 6.4: With usual notation prove that
𝒂

𝒔𝒊𝒏 𝑨
=

𝒃

𝒔𝒊𝒏 𝑩
=

𝒄

𝒔𝒊𝒏 𝑪

A

B
C

A

B C

𝑎

𝜋 − 𝐶

𝜋 − 𝐵

𝜋 − 𝐴
𝑏

Ԧ𝑐

Let 𝐴𝐵 = Ԧ𝑐, 𝐵𝐶 = Ԧ𝑎, 𝐶𝐴 = 𝑏

By Area property of triangles
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L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

1

2
Ԧ𝑎 × 𝑏 =

1

2
𝑏 × Ԧ𝑐 =

1

2
Ԧ𝑐 × Ԧ𝑎 Ԧ𝑎 × 𝑏 = 𝑏 × Ԧ𝑐 = Ԧ𝑐 × Ԧ𝑎⟹

÷
1

2

Ԧ𝑎 𝑏 𝑠𝑖𝑛(𝜋 − 𝐶) = 𝑏 Ԧ𝑐 𝑠𝑖𝑛(𝜋 − 𝐴) = Ԧ𝑐 Ԧ𝑎 𝑠𝑖𝑛(𝜋 − 𝐵)

𝑎𝑏𝑠𝑖𝑛𝐶 = 𝑏𝑐𝑠𝑖𝑛𝐴 = 𝑐𝑎𝑠𝑖𝑛𝐵

÷ 𝑎𝑏𝑐

𝑎𝑏𝑠𝑖𝑛𝐶

𝑎𝑏𝑐
=

𝑏𝑐𝑠𝑖𝑛𝐴

𝑎𝑏𝑐
=

𝑐𝑎𝑠𝑖𝑛𝐵

𝑎𝑏𝑐
⟹
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𝑠𝑖𝑛𝐶

𝑐
=

𝑠𝑖𝑛𝐴

𝑎
=

𝑠𝑖𝑛𝐵

𝑏

Taking reciprocal
𝑎

𝑠𝑖𝑛𝐴
=

𝑏

𝑠𝑖𝑛𝐵
=

𝑐

𝑠𝑖𝑛𝐶

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟕: 𝑨𝒍𝒕𝒊𝒕𝒖𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 𝒂𝒓𝒆 𝒄𝒐𝒏𝒄𝒖𝒓𝒓𝒆𝒏𝒕 – 𝒑𝒓𝒐𝒗𝒆 𝒃𝒚
𝒗𝒆𝒄𝒕𝒐𝒓 𝒎𝒆𝒕𝒉𝒐𝒅.

Let ABC be a triangle and let AD, BE be its 
two altitudes intersecting at O. 

We shall prove CF is the third altitude also 
intersecting at  O.

let the position vectors of A, B, C be a, b, Ԧc.

AD . BC = 0

a . Ԧc − b = 0

a . Ԧc − a . b = 0 … (1)

OA = a, OB = b, OC = Ԧc

AD ⊥ BC

OA . BC = 0

OA . OC − OB = 0 ⟹

⟹

𝐵𝐸 ⊥ 𝐶𝐴

𝑂𝐵 . 𝐶𝐴 = 0𝐵𝐸 . 𝐶𝐴 = 0 ⟹

𝑏 . Ԧ𝑎 − Ԧ𝑐 = 0𝑂𝐵 . 𝑂𝐴 − 𝑂𝐶 = 0

𝑏 . Ԧ𝑎 − 𝑏 . Ԧ𝑐 = 0 … (2)

Adding (1) and (2)

Ԧ𝑎 . Ԧ𝑐 − Ԧ𝑎 . 𝑏 = 0

𝑏 . Ԧ𝑎 − 𝑏 . Ԧ𝑐 = 0

Ԧ𝑎 . Ԧ𝑐 − 𝑏 . Ԧ𝑐 = 0

⟹
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Ԧ𝑎 − 𝑏 . Ԧ𝑐 = 0

𝐵𝐴 . 𝑂𝐶 = 0

Hence the three altitudes are concurrent.

𝐵𝐴 ⊥ 𝐶𝐹

𝐵𝐴 . 𝐶𝐹 = 0⟹

𝑂𝐴 − 𝑂𝐵 . 𝑂𝐶 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟖
𝑰𝒏 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆, 𝑨𝑩𝑪 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝑫, 𝑬, 𝑭 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒎𝒊𝒅𝒑𝒐𝒊𝒏𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 , 𝑩𝑪,
𝑪𝑨 𝒂𝒏𝒅 𝑨𝑩 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚. 𝑼𝒔𝒊𝒏𝒈 𝒗𝒆𝒄𝒕𝒐𝒓 𝒎𝒆𝒕𝒉𝒐𝒅, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂

𝒐𝒇 𝜟𝑫𝑬𝑭 𝒊𝒔 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐
𝟏

𝟒
(𝒂𝒓𝒆𝒂 𝒐𝒇𝚫𝑨𝑩𝑪). A

F E

D
B C

𝐼𝑛 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 , 𝐴𝐵𝐶 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑂 𝑎𝑠 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛

𝐿𝑒𝑡 𝐷, 𝐸, 𝐹 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡𝑠 𝑜𝑓 𝐵𝐶, 𝐶𝐴, 𝐴𝐵

𝑂𝐷 =
𝑂𝐵 + 𝑂𝐶

2
, 𝑂𝐸 =

𝑂𝐴 + 𝑂𝐶

2
, 𝑂𝐹 =

𝑂𝐴 + 𝑂𝐵

2

𝐴𝑟𝑒𝑎 𝑜𝑓 ∆𝐷𝐸𝐹 =
1

2
𝐷𝐸 × 𝐷𝐹 =

1

2
𝑂𝐸 − 𝑂𝐷 × 𝑂𝐹 − 𝑂𝐷

=
1

2

𝑂𝐴 + 𝑂𝐶

2
−

𝑂𝐵 + 𝑂𝐶

2
×

𝑂𝐴 + 𝑂𝐵

2
−

𝑂𝐵 + 𝑂𝐶

2

=
1

2

𝑂𝐴 + 𝑂𝐶 − 𝑂𝐵 − 𝑂𝐶

2
×

𝑂𝐴 + 𝑂𝐵 − 𝑂𝐵 − 𝑂𝐶

2

=
1

2

𝑂𝐴 − 𝑂𝐵

2
×

𝑂𝐴 − 𝑂𝐶

2
=

1

2

𝐵𝐴

2
×

𝐶𝐴

2

=
1

4

𝐵𝐴 × 𝐶𝐴

2
=

1

4

1

2
𝐵𝐴 × 𝐶𝐴

=
1

4
𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 ∆𝐴𝐵𝐶
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Example 6.9: The constant forces 𝟐 Ƹ𝐢 + 𝟓 Ƹ𝐣 + 𝟔መ𝐤 , − Ƹ𝐢 − 𝟐 Ƹ𝐣 − መ𝐤 act on a particle
which is displaced from position 𝟒, −𝟑, −𝟐 to position 𝟔, 𝟏, −𝟑 . Find the
work done

Let F1 = 2 Ƹ𝑖 + 5 Ƹ𝑗 + 6𝑘 , F2 = − Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘

Ԧ𝐹 = F1 + F2

= 2 Ƹ𝑖 + 5 Ƹ𝑗 + 6𝑘 − Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘

Ԧ𝐹 = Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘

Let OA = 4 Ƹ𝑖 − 3 Ƹ𝑗 − 2𝑘, OB = 6 Ƹ𝑖 + Ƹ𝑗 − 3𝑘
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Example 6.9: A partical is acted upon by the forces 𝟑 Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟐𝒌 , 𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝒌
𝒊𝒔 𝒅𝒊𝒔𝒑𝒍𝒂𝒄𝒆𝒅 from the point 𝟏, 𝟑, −𝟏 to the point 𝒕𝒐 𝟒, −𝟏, 𝝀 . 𝒊𝒇 𝒕𝒉𝒆 𝒘𝒐𝒓𝒌
𝒅𝒐𝒏𝒆 𝒃𝒚 𝒕𝒉𝒆 𝒇𝒐𝒓𝒄𝒆𝒔 𝟏𝟔 𝒖𝒏𝒊𝒕𝒔 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝝀.

Let 𝐹1 = 3 Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘, 𝐹2 = 2 Ƹ𝑖 + Ƹ𝑗 − 𝑘
Ԧ𝐹 = F1 + F2

= 3 Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘 + 𝑖 + 2 Ƹ𝑖 + Ƹ𝑗 − 𝑘

Ԧ𝐹 = 5 Ƹ𝑖 − Ƹ𝑗 + 𝑘

𝐿𝑒𝑡 𝑂𝐴 = Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘, 𝑂𝐵 = 4 Ƹ𝑖 − Ƹ𝑗 + 𝜆 𝑘

d = 𝐴𝐵 = 𝑂𝐵 − 𝑂𝐴
= 4 Ƹ𝑖 − Ƹ𝑗 + 𝜆 𝑘 − Ƹ𝑖 − 3 Ƹ𝑗 + 𝑘

d = 3 Ƹ𝑖 − 4 Ƹ𝑗 + 𝜆 + 1 𝑘

Work done = 16 units

Ԧ𝐹. 𝑑 = 16 ⟹ 5 Ƹ𝑖 − Ƹ𝑗 + 𝑘 . 3 Ƹ𝑖 − 4 Ƹ𝑗 + 𝜆 + 1 𝑘 = 16

15 + 4 + 𝜆 + 1 = 16 ⟹ 20 + 𝜆 = 16 ⟹ 𝜆 = 16 − 20

𝜆 = −4

Example 6.11: Find the magnitude and direction cosines of the moment about 

the point (𝟐, 𝟎, −𝟏) of a force 𝟐 Ƹ𝐢 + Ƹ𝐣 − መ𝐤 whose line of action passes through the
origin.

F = 2 Ƹ𝑖 + Ƹ𝑗 − 𝑘,   OA = 2 Ƹ𝑖 + 0 Ƹ𝑗 − 𝑘,    OB = 0 Ƹ𝑖 + 0 Ƹ𝑗 + 0𝑘
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d = 𝐴𝐵 = 𝑂𝐵 − 𝑂𝐴

d = 6 Ƹ𝑖 + Ƹ𝑗 − 3𝑘 − 4 Ƹ𝑖 + 3 Ƹ𝑗 + 2𝑘

d = 2 Ƹ𝑖 + 4 Ƹ𝑗 − 𝑘

Work done = 𝐹. 𝑑 = Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘 . 2 Ƹ𝑖 + 4 Ƹ𝑗 − 𝑘

= 2 + 12 − 5 = 9 𝑢𝑛𝑖𝑡𝑠

Ԧr = AB = OB − OA

= 0 Ƹ𝑖 + 0 Ƹ𝑗 + 0𝑘 − 2 Ƹ𝑖 + 0 Ƹ𝑗 + 𝑘

𝑀𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎 𝑓𝑜𝑟𝑐𝑒 = 𝑟 × 𝐹

r × F =
Ƹ𝑖 Ƹ𝑗 𝑘

−2 0 1
2 1 −1

= Ƹ𝑖 0 − 1 − Ƹ𝑗 2 − 2 + 𝑘 −2 − 0

Ԧr = −2 Ƹ𝑖 + 𝑘

r × F = − Ƹ𝑖 − 0 Ƹ𝑗 − 2𝑘

Magnitude of mome𝑛𝑡 = r × F



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

= (−1)2 + 02 + (−2)2

= 1 + 4 = 5

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 =
−1

5
, 0, −

2

5
=

−1

5
,

0

5
,
−2

5

𝟏. 𝑷𝒓𝒐𝒗𝒆 𝒃𝒚 𝒗𝒆𝒄𝒕𝒐𝒓 𝒎𝒆𝒕𝒉𝒐𝒅 𝒕𝒉𝒂𝒕 𝒊𝒇 𝒂 𝒍𝒊𝒏𝒆 𝒊𝒔 𝒅𝒓𝒂𝒘𝒏 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒆
𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒕𝒐 𝒕𝒉𝒆 𝒎𝒊𝒅𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒂 𝒄𝒉𝒐𝒓𝒅, 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒊𝒔 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓
𝒕𝒐 𝒕𝒉𝒆 𝒄𝒉𝒐𝒓𝒅.

𝐿𝑒𝑡 𝑂 𝑏𝑒 𝑎 𝑐𝑒𝑛𝑡𝑟𝑒 𝑜𝑓 𝑎𝑐𝑖𝑟𝑐𝑙𝑒 𝑎𝑛𝑑 𝐴𝐵 𝑏𝑒 𝑎 𝑐ℎ𝑜𝑟𝑑

𝐿𝑒𝑡 𝐶 𝑏𝑒 𝑡ℎ𝑒 𝑚𝑖𝑑𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒𝑠 𝐴𝐵

𝑂𝐶 =
𝑂𝐴 + 𝑂𝐵

2

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑂𝐶 ⊥ 𝐴𝐵
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𝑂𝐶. 𝐴𝐵 = 𝑂𝐶. 𝑂𝐵 − 𝑂𝐴

=
𝑂𝐴 + 𝑂𝐵

2
. 𝑂𝐵 − 𝑂𝐴

=
𝑂𝐵 + 𝑂𝐴 . 𝑂𝐵 − 𝑂𝐴

2

=
𝑂𝐵2 − 𝑂𝐴2

2
=

𝑂𝐵2 − 𝑂𝐴2

2
=

𝑂𝐵2 − 𝑂𝐵2

2

𝑂𝐶. 𝐴𝐵 = 0∴ 𝑂𝐶 ⊥ 𝐴𝐵

𝟐. 𝑷𝒓𝒐𝒗𝒆 𝒃𝒚 𝒗𝒆𝒄𝒕𝒐𝒓 𝒎𝒆𝒕𝒉𝒐𝒅 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒎𝒆𝒅𝒊𝒂𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒃𝒂𝒔𝒆 𝒐𝒇𝒂𝒏 𝒊𝒔𝒐𝒔𝒄𝒆𝒍𝒆𝒔
𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒔 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒃𝒂𝒔𝒆.

𝐿𝑒𝑡 𝑂 𝑏𝑒 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛

𝐿𝑒𝑡 𝐷 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑖𝑑 − 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑖𝑑𝑒 𝐴𝐵

𝑂𝐷 =
𝑂𝐴 + 𝑂𝐵

2

𝑂

A BD

𝑂𝐴 = 𝑂𝐵
𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑂𝐷 ⊥ 𝐴𝐵

𝑂𝐷. 𝐴𝐵 = 𝑂𝐷. 𝑂𝐵 − 𝑂𝐴

=
𝑂𝐴 + 𝑂𝐵

2
. 𝑂𝐵 − 𝑂𝐴 =

𝑂𝐵 + 𝑂𝐴 . 𝑂𝐵 − 𝑂𝐴

2
=

𝑂𝐵2 − 𝑂𝐴2

2

𝑂𝐷. 𝐴𝐵 =
𝑂𝐵2 − 𝑂𝐵2

2
𝑂𝐷. 𝐴𝐵 = 0 ∴ 𝑂𝐷 ⊥ 𝐴𝐵

⟹

⟹ ⟹
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3. Angle in a semi-circle is a right angle. Prove by vector method

Let AB be the diameter of the circle with centre O. 

Let P be any point on the semi-circle

𝑂𝐴 = 𝑂𝐵 = 𝑂𝑃 = 𝑟𝑎𝑑𝑖𝑖
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= 𝑃𝑂 + 𝑂𝐴

𝑃𝐵 =𝑃𝑂 + 𝑂𝐵

𝑃𝐴

𝑃𝐵 = 𝑃𝑂 − 𝑂𝐴

𝑃𝐴 . 𝑃𝐵

= 𝑃𝑂2 − 𝑂𝐴2

= 𝑂𝐴2 − 𝑂𝐴2

= 𝑃𝑂 + 𝑂𝐴 . 𝑃𝑂 − 𝑂𝐴

= 𝑃𝑂2 − 𝑂𝐴2

= 0

[Equal magnitude but opposite in
direction]

𝑃𝐴 . 𝑃𝐵 = 0 𝑖. 𝑒 𝑃𝐴 ⟘𝑃𝐵

∠𝑃 = 90°

Hence angle in a semi−circle is a right angle

4. Diagonals of a rhombus are at right angles. Prove by vector methods

CD = −AB

CD and AB are equal in 
magnitude but  opposite 
in direction

𝐴 𝐵

𝐶𝐷 ∥

∥
∥

∥

= 𝐵𝐶2 − 𝐴𝐵2

∴ AB = BC

∧

= 𝐴𝐵 + 𝐵𝐶

= 𝐵𝐶 + 𝐶𝐷𝐵𝐷

Let ABCD be a rhombus.

In a rhombus AB = BC = CD = DA

= 𝐵𝐶2 − 𝐵𝐶2 = 0

then A𝐶 ⟘𝐵𝐷

𝐴𝐶

𝐵𝐷 = 𝐵𝐶 − 𝐴𝐵

𝐴𝐶 . 𝐵𝐷 = 𝐴𝐵 + 𝐵𝐶 . 𝐵𝐶 − 𝐴𝐵

= 𝐵𝐶 + 𝐴𝐵 . 𝐵𝐶 − 𝐴𝐵

= 𝐵𝐶2 − 𝐴𝐵2

𝐴𝐶 . 𝐵𝐷 = 0

𝐻𝑒𝑛𝑐𝑒 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑠 𝑜𝑓 𝑎 𝑟ℎ𝑜𝑚𝑏𝑢𝑠 𝑎𝑟𝑒 𝑎𝑡 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒

5. If the diagonals of a parallelogram are equal then it is a rectangle. Prove
by vector method

𝐿𝑒𝑡 𝐴𝐵𝐶𝐷 𝑏𝑒 𝑎 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 : AC = BD

𝐴𝐶= 𝐴𝐵 + 𝐵𝐶

𝐴𝐶 = 𝐴𝐵 + 𝐵𝐶 𝐴𝐶 = 𝐴𝐵 + 𝐵𝐶

𝐵𝐷 = 𝐵𝐶 + 𝐶𝐷

𝐵𝐷 = 𝐵𝐶 − 𝐴𝐵 ∴ −𝐴𝐵 = 𝐶𝐷
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𝐵𝐷 = 𝐵𝐶 − 𝐴𝐵

𝐴𝐶 = 𝐵𝐷
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𝐵𝐷 = 𝐵𝐶 − 𝐴𝐵

Squaring on both sides

𝐵𝐶2 + 𝐴𝐵2 − 2 𝐴𝐵. 𝐵𝐶

𝐴𝐵 + 𝐵𝐶 = 𝐵𝐶 − 𝐴𝐵

𝐴𝐵 + 𝐵𝐶
2

= 𝐵𝐶 − 𝐴𝐵
2

𝐴𝐵 + 𝐵𝐶
2

= 𝐵𝐶 − 𝐴𝐵
2

𝐴𝐵2 + 𝐵𝐶2 + 2 𝐴𝐵. 𝐵𝐶 =

2 𝐴𝐵. 𝐵𝐶 =−2 𝐴𝐵. 𝐵𝐶

Hence the parallelogram is a rectangle

2 𝐴𝐵. 𝐵𝐶 + 2 𝐴𝐵. 𝐵𝐶 = 0

4 𝐴𝐵. 𝐵𝐶 = 0 𝐴𝐵. 𝐵𝐶 = 0⟹ 𝐴𝐵⟘𝐵𝐶⟹

𝟔. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐚𝐫𝐞𝐚 𝐨𝐟 𝐚 𝐪𝐮𝐚𝐝𝐫𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥 𝐀𝐁𝐂𝐃 𝐢𝐬
𝟏

𝟐
𝑨𝑪 × 𝑩𝑫 𝐰𝐡𝐞𝐫𝐞

𝐀𝐂 𝐚𝐧𝐝 𝐁𝐃 𝐚𝐫𝐞 𝐢𝐭𝐬 𝐝𝐢𝐚𝐠𝐨𝐧𝐚𝐥𝐬.

vector area of a Quadrilateral ABCD = vector area of a ∆ABC

=
1

2
𝐴𝐵 × 𝐴𝐶

=
1

2
−𝐴𝐶 × 𝐴𝐵 +

1

2
𝐴𝐶 × 𝐴𝐷

=
1

2
𝐴𝐶 × −𝐴𝐵 + 𝐴𝐷

=
1

2
𝐴𝐶 × 𝐵𝐴 + 𝐴𝐷

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑄𝑢𝑎𝑑𝑟𝑖𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝐴𝐵𝐶𝐷

=
1

2
𝐴𝐶 × 𝐵𝐷

=
1

2
𝐴𝐶 × 𝐵𝐷

𝐴

𝐵

𝐶

𝐷

+
1

2
𝐴𝐶 × 𝐴𝐷

vector area
of a ∆ACD

+

7. Prove by vector method that the parallelograms on the same base and 
between the same parallels are equal in area.

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 𝐴𝐵𝐶𝐷 = 𝐴𝐵 × 𝐵𝐶

= 𝐴𝐵× 𝐵𝐸 + 𝐸𝐶

= 𝐴𝐵 × 𝐵𝐸 + 𝐴𝐵 × 𝐸𝐶

= 𝐴𝐵 × 𝐵𝐸 + 0 ∵ 𝐴𝐵 ∥ 𝐸𝐶
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B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

= 𝐴𝐵 × 𝐵𝐸

= Area of a parallelogram ABED

𝟖. 𝑰𝒇 𝑮 𝒊𝒔 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 𝒂 𝑨𝑩𝑪 𝜟, 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂𝒓𝒆𝒂 𝒐𝒇𝜟𝑮𝑨𝑩 =

𝒂𝒓𝒆𝒂 𝒐𝒇𝜟𝑮𝑩𝑪 = 𝒂𝒓𝒆𝒂 𝒐𝒇 𝑮𝑪𝑨𝚫 =
𝟏

𝟑
(𝒂𝒓𝒆𝒂 𝒐𝒇𝜟 𝑨𝑩𝑪).

𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 ∶ 𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐺𝐴𝐵 = 𝑎𝑟𝑒𝑎 𝑜𝑓∆𝐺𝐵𝐶 = 𝑎𝑟𝑒𝑎 𝑜𝑓∆𝐺𝐶𝐴=
1

3
𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶

𝑂𝐺 =
𝑂𝐴 + 𝑂𝐵 + 𝑂𝐶

3

A

B C

𝐺
𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐺𝐴𝐵 =

1

2
𝐴𝐵 × 𝐴𝐺 =

1

2
𝐴𝐵 × 𝑂𝐺 − 𝑂𝐴

=
1

2
𝐴𝐵 ×

𝑂𝐴 + 𝑂𝐵 + 𝑂𝐶

3
− 𝑂𝐴

=
1

2
𝐴𝐵 ×

𝑂𝐴 + 𝑂𝐵 + 𝑂𝐶 − 3𝑂𝐴

3
=

1

2
𝐴𝐵 ×

𝑂𝐵 + 𝑂𝐶 − 2𝑂𝐴

3

=
1

2
𝐴𝐵 ×

𝑂𝐵 − 𝑂𝐴 + 𝑂𝐶 − 𝑂𝐴

3
=

1

2
𝐴𝐵 ×

𝐴𝐵 + 𝐴𝐶

3

=
1

6
𝐴𝐵 × 𝐴𝐵 + 𝐴𝐶 =

1

6
𝐴𝐵 × 𝐴𝐵 + 𝐴𝐵 × 𝐴𝐶

=
1

6
0 + 𝐴𝐵 × 𝐴𝐶 =

1

3
×

1

2
𝐴𝐵 × 𝐴𝐶

𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐺𝐴𝐵 =
1

3
𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶

A

B C

𝐺

𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐺𝐵𝐶 =
1

2
𝐵𝐶 × 𝐵𝐺 =

1

2
𝐵𝐶 × 𝑂𝐺 − 𝑂𝐵

… (1)

222

=
1

2
𝐵𝐶 ×

𝑂𝐴 + 𝑂𝐵 + 𝑂𝐶

3
− 𝑂𝐵 =

1

2
𝐵𝐶 ×

𝑂𝐴 + 𝑂𝐵 + 𝑂𝐶 − 3𝑂𝐵

3

=
1

2
𝐵𝐶 ×

𝑂𝐴 + 𝑂𝐶 − 2𝑂𝐵

3
=

1

2
𝐵𝐶 ×

𝑂𝐴 − 𝑂𝐵 + 𝑂𝐶 − 𝑂𝐵

3

=
1

2
𝐵𝐶 ×

𝑂𝐴 − 𝑂𝐵 + 𝑂𝐶 − 𝑂𝐵

3

=
1

2
𝐵𝐶 ×

𝐵𝐴 + 𝐵𝐶

3
=

1

6
𝐵𝐶 × 𝐵𝐴 + 𝐵𝐶

=
1

6
𝐵𝐶 × 𝐵𝐴 + 𝐵𝐶 × 𝐵𝐶 =

1

6
𝐵𝐶 × 𝐵𝐴 + 0 =

1

6
𝐵𝐶 × 𝐵𝐴
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𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

=
1

3
×

1

2
𝐵𝐶 × 𝐵𝐴

𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐺𝐴𝐵 =
1

3
𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶

A

B C

𝐺

𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐺𝐶𝐴 =
1

2
𝐶𝐴 × 𝐶𝐺 =

1

2
𝐶𝐴 × 𝑂𝐺 − 𝑂𝐶

=
1

2
𝐶𝐴 ×

𝑂𝐴 + 𝑂𝐵 + 𝑂𝐶

3
− 𝑂𝐶 =

1

2
𝐶𝐴 ×

𝑂𝐴 + 𝑂𝐵 + 𝑂𝐶 − 3𝑂𝐶

3

=
1

2
𝐶𝐴 ×

𝑂𝐴 + 𝑂𝐵 − 2𝑂𝐶

3
=

1

2
𝐶𝐴 ×

𝑂𝐴 − 𝑂𝐶 + 𝑂𝐵 − 𝑂𝐶

3

=
1

2
𝐶𝐴 ×

𝐶𝐴 + 𝐶𝐵

3
=

1

6
𝐶𝐴 × 𝐶𝐴 + 𝐶𝐵

… (2)

=
1

6
𝐶𝐴 × 𝐶𝐴 + 𝐶𝐴 × 𝐶𝐵 =

1

6
0 + 𝐶𝐴 × 𝐶𝐵 =

1

6
𝐶𝐴 × 𝐶𝐵

=
1

3
×

1

2
𝐶𝐴 × 𝐶𝐵

𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐺𝐶𝐴 =
1

3
𝑎𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶 … (3)

𝐹𝑟𝑜𝑚 1 , 2 𝑎𝑛𝑑 3

(𝑎𝑟𝑒𝑎 𝑜𝑓Δ𝐺𝐴𝐵) = (𝑎𝑟𝑒𝑎 𝑜𝑓Δ𝐺𝐵𝐶) = (𝑎𝑟𝑒𝑎 𝑜𝑓 𝐺𝐶𝐴Δ) =
1

3
(𝑎𝑟𝑒𝑎 𝑜𝑓Δ 𝐴𝐵𝐶).

𝟗. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝜶 − 𝜷 = 𝒄𝒐𝒔 𝜶 𝒄𝒐𝒔 𝜷 + 𝒔𝒊𝒏 𝜶 𝒔𝒊𝒏 𝜷

𝐿𝑒𝑡 𝑂𝐴 = ො𝑎, 𝑂𝐵 = 𝑏, 𝑏𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑚𝑎𝑘𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒𝑠 𝛼

𝑎𝑛𝑑 𝛽 𝑤𝑖𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑥 − 𝑎𝑥𝑖𝑠
𝐷𝑟𝑎𝑤 𝐴𝐿 𝑎𝑛𝑑 𝐵𝑀 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠.
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𝑥

𝑦

𝑂

𝛼

𝐴

𝐵

𝛽

𝐿 𝑀

ො𝑎
𝑏

Ƹ𝑖

Ƹ𝑗

>

𝐼𝑛 𝑅𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑑 ∆𝑂𝐿𝐴

𝑐𝑜𝑠𝛼 =
𝑎𝑑𝑗

ℎ𝑦𝑝
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

𝑂𝐴

𝑐𝑜𝑠𝛼 =
𝑂𝐿

ො𝑎
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

1
⟹ 𝑂𝐿 = 𝑐𝑜𝑠𝛼

𝑠𝑖𝑛𝛼 =
𝑜𝑝𝑝

ℎ𝑦𝑝
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

𝑂𝐴
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

ො𝑎
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

1

𝐴𝐿 = 𝑠𝑖𝑛𝛼

𝑂𝐴 = 𝑂𝐿 + 𝐿𝐴 𝑂𝐴 = 𝑂𝐿 Ƹ𝑖 + 𝐿𝐴 Ƹ𝑗⟹

ො𝑎 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗
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.𝑺
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𝑯

𝑶
𝑶

𝑳

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑏 = 𝑐𝑜𝑠𝛽 Ƹ𝑖 + 𝑠𝑖𝑛𝛽 Ƹ𝑗

𝑎 . 𝑏 = 𝑎 𝑏 𝑐𝑜𝑠 𝜃

𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎 𝑎𝑛𝑑 𝑏

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 ො𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑠 𝛼 − 𝛽

ො𝑎 . 𝑏 = ො𝑎 𝑏 𝑐𝑜𝑠 𝛼 − 𝛽

ො𝑎 . 𝑏 = 1 1 𝑐𝑜𝑠 𝛼 − 𝛽 ⟹ ො𝑎 . 𝑏 = 𝑐𝑜𝑠 𝛼 − 𝛽 … 1
ො𝑎 . 𝑏 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗 . 𝑐𝑜𝑠𝛽 Ƹ𝑖 + 𝑠𝑖𝑛𝛽 Ƹ𝑗

ො𝑎 . 𝑏 = 𝑐𝑜𝑠𝛼 𝑐𝑜𝑠𝛽 + 𝑠𝑖𝑛𝛼 𝑠𝑖𝑛𝛽 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2

𝑐𝑜𝑠 𝛼 − 𝛽 = 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠 𝛽 + 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 ∶ 𝟔. 𝟓 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝜶 − 𝜷 = 𝒔𝒊𝒏 𝜶 𝒄𝒐𝒔 𝜷 − 𝒄𝒐𝒔 𝜶 𝒔𝒊𝒏 𝜷

𝐿𝑒𝑡 𝑂𝐴 = ො𝑎, 𝑂𝐵 = 𝑏, 𝑏𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑚𝑎𝑘𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒𝑠 𝛼

𝑎𝑛𝑑 𝛽 𝑤𝑖𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑥 − 𝑎𝑥𝑖𝑠

𝐼𝑛 𝑅𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑑 ∆𝑂𝐿𝐴

𝐷𝑟𝑎𝑤 𝐴𝐿 𝑎𝑛𝑑 𝐵𝑀 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠.

𝑐𝑜𝑠𝛼 =
𝑎𝑑𝑗

ℎ𝑦𝑝
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

𝑂𝐴
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𝑥

𝑦

𝑂

𝛼

𝐴

𝐵

𝛽

𝐿 𝑀

ො𝑎
𝑏

Ƹ𝑖

Ƹ𝑗

>

𝑐𝑜𝑠𝛼 =
𝑂𝐿

ො𝑎
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

1
⟹ 𝑂𝐿 = 𝑐𝑜𝑠𝛼

𝑠𝑖𝑛𝛼 =
𝑜𝑝𝑝

ℎ𝑦𝑝

𝑂𝐴 = 𝑂𝐿 + 𝐿𝐴

⟹ 𝑠𝑖𝑛𝛼 =
𝐴𝐿

𝑂𝐴
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

ො𝑎
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

1

𝐴𝐿 = 𝑠𝑖𝑛𝛼

𝑂𝐴 = 𝑂𝐿 Ƹ𝑖 + 𝐿𝐴 Ƹ𝑗⟹

ො𝑎 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑏 = 𝑐𝑜𝑠𝛽 Ƹ𝑖 + 𝑠𝑖𝑛𝛽 Ƹ𝑗

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 ො𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑠 𝛼 − 𝛽
𝑏 × ො𝑎 = 𝑏 ො𝑎 𝑠𝑖𝑛 𝛼 − 𝛽

𝑏 × ො𝑎 = 1 1 𝑠𝑖𝑛 𝛼 − 𝛽 ⟹ 𝑏 × ො𝑎 = 𝑠𝑖𝑛 𝛼 − 𝛽 𝑘 … 1

𝑏 × ො𝑎 =

𝑘

𝑘

ො𝑎 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗, 𝑏 = 𝑐𝑜𝑠𝛽 Ƹ𝑖 + 𝑠𝑖𝑛𝛽 Ƹ𝑗

+ − +
Ƹ𝑖 Ƹ𝑗 𝑘

𝑐𝑜𝑠 𝛽 𝑠𝑖𝑛 𝛽 0
𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛼 0

= Ƹ𝑖 0 − 0 − Ƹ𝑗 0 − 0 + 𝑘 ൣ𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽− 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽]
𝑏 × ො𝑎 = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 𝑘 … 2
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𝑎 × 𝑏 = 𝑎 𝑏 𝑠𝑖𝑛 𝜃

𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑎 𝑎𝑛𝑑 𝑏

ො𝑛
𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2

𝑠𝑖𝑛 𝛼 − 𝛽 𝑘 = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 − 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 𝑘

𝒔𝒊𝒏 𝜶 − 𝜷 = 𝒔𝒊𝒏 𝜶 𝒄𝒐𝒔 𝜷 − 𝒄𝒐𝒔 𝜶 𝒔𝒊𝒏 𝜷

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 𝟔. 𝟑 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄𝒐𝒔 𝜶 + 𝜷 = 𝒄𝒐𝒔 𝜶 𝒄𝒐𝒔 𝜷 − 𝒔𝒊𝒏 𝜶 𝒔𝒊𝒏 𝜷

𝐿𝑒𝑡 𝑂𝐴 = ො𝑎, 𝑂𝐵 = 𝑏, 𝑏𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑚𝑎𝑘𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒𝑠 𝛼
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𝑎𝑛𝑑 𝛽 𝑤𝑖𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑥 − 𝑎𝑥𝑖𝑠

𝐼𝑛 𝑅𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑑 ∆𝑂𝐿𝐴

𝐷𝑟𝑎𝑤 𝐴𝐿 𝑎𝑛𝑑 𝐵𝑀 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠.

𝑐𝑜𝑠𝛼 =
𝑎𝑑𝑗

ℎ𝑦𝑝
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

𝑂𝐴

𝑐𝑜𝑠𝛼 =
𝑂𝐿

ො𝑎
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

1
⟹ 𝑂𝐿 = 𝑐𝑜𝑠𝛼

𝑥

𝑦

𝑂

𝛼

𝐴

𝐵

𝛽 𝐿
𝑀

ො𝑎

𝑏

Ƹ𝑖

Ƹ𝑗

>
𝑠𝑖𝑛𝛼 =

𝑜𝑝𝑝

ℎ𝑦𝑝

𝑂𝐴 = 𝑂𝐿 + 𝐿𝐴

⟹ 𝑠𝑖𝑛𝛼 =
𝐴𝐿

𝑂𝐴
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

ො𝑎

𝑠𝑖𝑛𝛼 =
𝐴𝐿

1
𝐴𝐿 = 𝑠𝑖𝑛𝛼

𝑂𝐴 = 𝑂𝐿 Ƹ𝑖 + 𝐿𝐴 Ƹ𝑗⟹

ො𝑎 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗

− Ƹ𝑗

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑏 = 𝑐𝑜𝑠𝛽 Ƹ𝑖 − 𝑠𝑖𝑛𝛽 Ƹ𝑗

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 ො𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑠 𝛼 + 𝛽

ො𝑎 . 𝑏 = ො𝑎 𝑏 𝑐𝑜𝑠 𝛼 + 𝛽

ො𝑎 . 𝑏 = 1 1 𝑐𝑜𝑠 𝛼 + 𝛽 ⟹ ො𝑎 . 𝑏 = 𝑐𝑜𝑠 𝛼 + 𝛽 … 1
ො𝑎 . 𝑏 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗 . 𝑐𝑜𝑠𝛽 Ƹ𝑖 − 𝑠𝑖𝑛𝛽 Ƹ𝑗

ො𝑎 . 𝑏 = 𝑐𝑜𝑠𝛼 𝑐𝑜𝑠𝛽 − 𝑠𝑖𝑛𝛼 𝑠𝑖𝑛𝛽 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2

𝒄𝒐𝒔 𝜶 + 𝜷 = 𝒄𝒐𝒔 𝜶 𝒄𝒐𝒔 𝜷 − 𝒔𝒊𝒏 𝜶 𝒔𝒊𝒏 𝜷

⟹

𝟏𝟎. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏 𝜶 + 𝜷 = 𝒔𝒊𝒏 𝜶 𝒄𝒐𝒔 𝜷 + 𝒄𝒐𝒔 𝜶 𝒔𝒊𝒏 𝜷

𝑐𝑜𝑠𝛼 =
𝑎𝑑𝑗

ℎ𝑦𝑝
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

𝑂𝐴

𝐿𝑒𝑡 𝑂𝐴 = ො𝑎, 𝑂𝐵 = 𝑏, 𝑏𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑚𝑎𝑘𝑖𝑛𝑔 𝑎𝑛𝑔𝑙𝑒𝑠 𝛼
𝑎𝑛𝑑 𝛽 𝑤𝑖𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑥 − 𝑎𝑥𝑖𝑠

𝐼𝑛 𝑅𝑖𝑔ℎ𝑡 𝑎𝑛𝑔𝑙𝑒𝑑 ∆𝑂𝐿𝐴

𝐷𝑟𝑎𝑤 𝐴𝐿 𝑎𝑛𝑑 𝐵𝑀 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑥 − 𝑎𝑥𝑖𝑠.
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𝑐𝑜𝑠𝛼 =
𝑂𝐿

ො𝑎
⟹ 𝑐𝑜𝑠𝛼 =

𝑂𝐿

1
⟹ 𝑂𝐿 = 𝑐𝑜𝑠𝛼

𝑠𝑖𝑛𝛼 =
𝑜𝑝𝑝

ℎ𝑦𝑝

𝑂𝐴 = 𝑂𝐿 + 𝐿𝐴

⟹ 𝑠𝑖𝑛𝛼 =
𝐴𝐿

𝑂𝐴
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

ො𝑎
⟹ 𝑠𝑖𝑛𝛼 =

𝐴𝐿

1

𝐴𝐿 = 𝑠𝑖𝑛𝛼

𝑂𝐴 = 𝑂𝐿 Ƹ𝑖 + 𝐿𝐴 Ƹ𝑗⟹

ො𝑎 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑏 = 𝑐𝑜𝑠𝛽 Ƹ𝑖 − 𝑠𝑖𝑛𝛽 Ƹ𝑗

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 ො𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑠 𝛼 + 𝛽
𝑏 × ො𝑎 = 𝑏 ො𝑎 𝑠𝑖𝑛 𝛼 + 𝛽

𝑏 × ො𝑎 = 1 1 𝑠𝑖𝑛 𝛼 + 𝛽 ⟹ 𝑏 × ො𝑎 = 𝑠𝑖𝑛 𝛼 + 𝛽 𝑘 … 1

𝑏 × ො𝑎 =

𝑘

𝑘

ො𝑎 = 𝑐𝑜𝑠𝛼 Ƹ𝑖 + 𝑠𝑖𝑛𝛼 Ƹ𝑗, 𝑏 = 𝑐𝑜𝑠𝛽 Ƹ𝑖 − 𝑠𝑖𝑛𝛽 Ƹ𝑗
+ − +
Ƹ𝑖 Ƹ𝑗 𝑘

𝑐𝑜𝑠 𝛽 −𝑠𝑖𝑛 𝛽 0
𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛼 0

= Ƹ𝑖 0 − 0 − Ƹ𝑗 0 − 0 + 𝑘 ൣ𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽− 𝑐𝑜𝑠 𝛼 −𝑠𝑖𝑛 𝛽 ]

𝑏 × ො𝑎 = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 𝑘 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2

𝑠𝑖𝑛 𝛼 + 𝛽 𝑘 = 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 𝑘

𝒔𝒊𝒏 𝜶 + 𝜷 = 𝒔𝒊𝒏 𝜶 𝒄𝒐𝒔 𝜷 + 𝒄𝒐𝒔 𝜶 𝒔𝒊𝒏 𝜷
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𝑥

𝑦

𝑂

𝛼

𝐴

𝐵

𝛽 𝐿
𝑀

ො𝑎

𝑏

Ƹ𝑖

Ƹ𝑗

>

− Ƹ𝑗

𝟏𝟏. 𝑨 𝒑𝒂𝒓𝒕𝒊𝒄𝒍𝒆 𝒂𝒄𝒕𝒆𝒅 𝒐𝒏 𝒃𝒚 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒇𝒐𝒓𝒄𝒆𝒔 𝟖 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟔𝒌 𝒂𝒏𝒅 𝟔 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐𝒌
𝒊𝒔 𝒅𝒊𝒔𝒑𝒍𝒂𝒄𝒆𝒅 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, 𝟐, 𝟑 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟓, 𝟒, 𝟏 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒕𝒐𝒕𝒂𝒍
𝒘𝒐𝒓𝒌 𝒅𝒐𝒏𝒆 𝒃𝒚 𝒕𝒉𝒆 𝒇𝒐𝒓𝒄𝒆𝒔.

Let F1 = 8 Ƹ𝑖 + 2 Ƹ𝑗 − 6𝑘, F2 = 6 Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘

F = F1 + F2

F = 8 Ƹ𝑖 + 2 Ƹ𝑗 − 6𝑘 + 6 Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘

F = 14 Ƹ𝑖 + 4 Ƹ𝑗 − 8𝑘

Let OA = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘, OB = 5 Ƹ𝑖 + 4 Ƹ𝑗 + 𝑘

Ԧ𝑑 = 𝐴𝐵 = 5 Ƹ𝑖 + 4 Ƹ𝑗 + 𝑘= 𝑂𝐵 − 𝑂𝐴 − Ƹ𝑖 − 2 Ƹ𝑗 − 3𝑘

d = 4 Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘

Work done = F. d

= 14 Ƹ𝑖 + 4 Ƹ𝑗 − 8𝑘 . 4 Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 = 56 + 8 + 16
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Work done = 80 𝑢𝑛𝑖𝑡𝑠

F2 = = 10 2
10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

102 + 62 + −8 2

10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘
10 2

= 10 2
10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

100 + 36 + 64
= 10 2

10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

200

= 10 2
10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

10 × 10 × 2
= 10 2

10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

10 2

F2 = 10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

F = F1 + F2

F = 3 Ƹ𝑖 + 4 Ƹ𝑗 + 5𝑘 + 10 Ƹ𝑖 + 6 Ƹ𝑗 − 8𝑘

F = 13 Ƹ𝑖 + 10 Ƹ𝑗 − 3𝑘

Work done = F. d
= 13 Ƹ𝑖 + 10 Ƹ𝑗 − 3𝑘 . 2Ԧi + 4Ԧj − k = 26 + 40 + 3

Work done = 69 𝑢𝑛𝑖𝑡𝑠

𝟏𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒎𝒂𝒈𝒏𝒊𝒕𝒖𝒅𝒆 𝒂𝒏𝒅 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒐𝒓𝒒𝒖𝒆 𝒐𝒇 𝒂 𝒇𝒐𝒓𝒄𝒆

𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅 𝒃𝒚 𝟑 Ƹ𝒊 + 𝟒 Ƹ𝒋 − 𝟓𝒌 𝒂𝒃𝒐𝒖𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒊𝒕𝒉 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓

𝟐 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟒𝒌 𝒂𝒄𝒕𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒂 𝒑𝒐𝒊𝒏𝒕 𝒘𝒉𝒐𝒔𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝟒 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑𝒌.

F = 3 Ƹi + 4 Ƹj − 5k,   OA = 2 Ƹi − 3 Ƹj + 4k, OB = 4 Ƹi + 2 Ƹj − 3k

227

Ԧ𝑟 = 𝐴𝐵 = 𝑂𝐵 − 𝑂𝐴 = 4 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 − 2 Ƹ𝑖 + 3 Ƹ𝑗

− 4𝑘

Torque = r × F

r × F =
Ƹi Ƹj k

2 5 −7
3 4 −5

= Ƹi −25 + 28 − Ƹj −10 + 21 + k 8 − 15

r × F = 3 Ƹi − 11 Ƹj − 7k

= 32 + −11 2 + (−7)2

Magnitude of the Torque = r × F

= 9 + 121 + 49 = 179

Ԧr = 2 Ƹi + 5 Ƹj − 7k

Direction cosines =
3

179
,

−11

179
,

−7

179

𝟏𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒕𝒐𝒓𝒒𝒖𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒓𝒆𝒔𝒖𝒍𝒕𝒂𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒉𝒓𝒆𝒆 𝒇𝒐𝒓𝒄𝒆𝒔 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅

𝒃𝒚 − 𝟑 Ƹ𝒊 + 𝟔 Ƹ𝒋 − 𝟑𝒌, 𝟒 Ƹ𝒊 − 𝟏𝟎 Ƹ𝒋 + 𝟏𝟐𝒌 𝒂𝒏𝒅 𝟒 Ƹ𝒊 + 𝟕 Ƹ𝒋 𝒂𝒄𝒕𝒊𝒏𝒈 𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒊𝒕𝒉

𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝟖 Ƹ𝒊 − 𝟔 Ƹ𝒋 − 𝟒𝒌, 𝒂𝒃𝒐𝒖𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒊𝒕𝒉 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓

𝟏𝟖 Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝟗𝒌.
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Let F1 = −3 Ƹ𝑖 + 6 Ƹ𝑗 − 3𝑘, F2 = 4 Ƹ𝑖 − 10 Ƹ𝑗 + 12𝑘, F3 = 4 Ƹ𝑖 + 7 Ƹ𝑗

F = F1 + F2 + F3

F = −3 Ƹ𝑖 + 6 Ƹ𝑗 − 3𝑘 + 4 Ƹ𝑖 − 10 Ƹ𝑗 + 12𝑘 + 4 Ƹ𝑖 + 7 Ƹ𝑗

F = 5 Ƹ𝑖 + 3 Ƹ𝑗 + 9𝑘

Let OA = 18 Ƹ𝑖 + 3 Ƹ𝑗 − 9𝑘, OB = 8 Ƹ𝑖 − 6 Ƹ𝑗 − 4𝑘

Ԧr = AB

= 8 Ƹ𝑖 − 6 Ƹ𝑗 − 4𝑘 − 18 Ƹ𝑖 − 3 Ƹ𝑗 + 9𝑘

= OB − OA

Ԧr = −10 Ƹ𝑖 − 9 Ƹ𝑗 + 5𝑘

Torque = r × F

r × F =
Ƹ𝑖 Ƹ𝑗 𝑘

−10 −9 5
5 3 9

= Ƹ𝑖 −18 − 15 − Ƹ𝑗 −90 − 25 + 𝑘 −30 + 45

r × F = −96 Ƹ𝑖 + 115 Ƹ𝑗 + 15𝑘
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏𝟐: 𝑰𝒇 𝒂 = −𝟑 Ƹ𝒊 − Ƹ𝒋 + 𝟓𝒌, 𝒃 = Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝒌, 𝒄 = 𝟒 Ƹ𝒋 − 𝟓𝒌,

𝒇𝒊𝒏𝒅 𝒂. 𝒃 × 𝒄 .

Ԧ𝑎. 𝑏 × Ԧ𝑐

= −3(10 − 4) + 1 −5 + 0 + 5 (4 + 0)

= −3(6) + 1 −5 + 5 (4) = −18 − 5 + 20

= −3

=
−3 −1 5
1 −2 1
0 4 −5

= a, b, Ԧc

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒆𝒑𝒊𝒑𝒆𝒅 𝒘𝒉𝒐𝒔𝒆

𝒄𝒐𝒕𝒆𝒓𝒎𝒊𝒏𝒖𝒔 𝒆𝒅𝒈𝒆𝒔 𝒂𝒓𝒆 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 − 𝟐 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟒𝒌, Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝒌

𝒂𝒏𝒅 𝟑 Ƹ𝒊 − Ƹ𝒋 + 𝟐𝒌.

Volume of the parallelopiped = Ԧ𝑎 𝑏 Ԧ𝑐

Ԧ𝑎 𝑏 Ԧ𝑐 = 2(4 − 1) + 3 2 + 3 + 4 (−1 − 6)

= 2(3) + 3 5 + 4 (−7) = 6 + 15 − 28

= −7

=
2 −3 4
1 2 −1
3 −1 2

Let a = −2 Ƹ𝑖 − 3 Ƹ𝑗 + 4𝑘, b = Ƹ𝑖 + 2 Ƹ𝑗 − 𝑘, Ԧc = 3 Ƹ𝑖 − Ƹ𝑗 + 2𝑘

= −7 = 7 cub. units

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏𝟒: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑𝒌, 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝟐𝒌 𝒂𝒏𝒅

𝟑 Ƹ𝒊 + Ƹ𝒋 − 𝒌 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓.

Let a = Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘, b = 2 Ƹ𝑖 − Ƹ𝑗 + 2𝑘, Ԧc = 3 Ƹ𝑖 + Ƹ𝑗 − 𝑘

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟔. 𝟐

Ԧ𝑎, 𝑏, Ԧ𝑐 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 Ԧ𝑎 𝑏 Ԧ𝑐 = 0

Ԧ𝑎 𝑏 Ԧ𝑐 = 1(1 − 2) − 2 −2 − 6 − 3 (2 + 3)

= 1( − 1) − 2 −8 − 3 (5)

= −1 + 16 − 15 = 0

=
1 2 −3
2 −1 2
3 1 −1

∴ 𝑇ℎ𝑒 𝑡ℎ𝑟𝑒𝑒 𝑔𝑖𝑣𝑒𝑛 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏𝟓: 𝑰𝒇 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝟑𝒌, 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌, Ƹ𝒊 + 𝒎 Ƹ𝒋 + 𝟒𝒌 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓,
𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒎.

Ԧ𝑎 𝑏 Ԧ𝑐 = 0 = 0
2 −1 3
3 2 1
1 𝑚 4

Let a = 2 Ƹ𝑖 − Ƹ𝑗 + 3𝑘, b = 3 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘, Ԧc = Ƹ𝑖 + 𝑚 Ƹ𝑗 + 4𝑘

⟹
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2(8 − 𝑚) + 1 12 − 1 + 3 (3𝑚 − 2) = 0

16 − 2𝑚 + 12 − 1 + 9𝑚 − 6 = 0

7𝑚 + 28 − 7 = 0 7𝑚 + 21 = 0

7𝑚 = −21 ⟹ 𝑚 = −
21

7

𝑚 = −3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏𝟔: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟔, −𝟕, 𝟎 , 𝟏𝟔, −𝟏𝟗, −𝟒 , 𝟎, 𝟑, −𝟔
𝟐, −𝟓, 𝟏𝟎 𝒍𝒊𝒆 𝒐𝒏 𝒂 𝒔𝒂𝒎𝒆 𝒑𝒍𝒂𝒏𝒆.

𝐿𝑒𝑡 𝑂𝐴 = 6 Ƹ𝑖 − 7 Ƹ𝑗, 𝑂𝐵 = 16 Ƹ𝑖 − 19 Ƹ𝑗 − 4𝑘, 𝑂𝐶 = 3 Ƹ𝑗 − 6𝑘 𝑎𝑛𝑑

𝑂𝐷 = 2 Ƹ𝑖 − 5 Ƹ𝑗 + 10𝑘

𝐴𝐵 = 𝑂𝐵 − 𝑂𝐴 = 16 Ƹ𝑖 − 19 Ƹ𝑗 − 4𝑘 − 6 Ƹ𝑖 + 7 Ƹ𝑗

𝐴𝐵 = 10 Ƹ𝑖 − 12 Ƹ𝑗 − 4𝑘

𝐴𝐶 = 𝑂𝐶 − 𝑂𝐴= 3 Ƹ𝑗 − 6𝑘 − 6 Ƹ𝑖 + 7 Ƹ𝑗

⟹

𝐴𝐵, 𝐴𝐶, 𝐴𝐷 =
10 −12 −4
−6 10 −6
−4 2 10

Hence the above points are lying on the same plane.

𝐴𝐶 = −6 Ƹ𝑖 + 10 Ƹ𝑗 − 6𝑘

𝐴𝐷 = 𝑂𝐷 − 𝑂𝐴 = 2 Ƹ𝑖 − 5 Ƹ𝑗 + 10𝑘 − 6 Ƹ𝑖 + 7 Ƹ𝑗

𝐴𝐷 = −4 Ƹ𝑖 + 2 Ƹ𝑗 + 10𝑘

= 10 100 + 12 + 12 −60 − 24 − 4 −12 + 40

= 10 112 + 12 −84 − 4 28

= 1120 − 1008 − 112 = 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏𝟕: 𝑰𝒇 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆

𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒂 + 𝒃, 𝒃 + 𝒄, 𝒄 + 𝒂 𝒂𝒓𝒆 𝒂𝒍𝒔𝒐 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓.

Ԧ𝑎 + 𝑏, 𝑏 + Ԧ𝑐, Ԧ𝑐 + Ԧ𝑎 = 0

If a, b, Ԧc are coplanar than Ԧ𝑎, 𝑏, Ԧ𝑐 = 0 .To prove Ԧ𝑎 + 𝑏 , 𝑏 + Ԧ𝑐 , Ԧ𝑐 + Ԧ𝑎 are coplanar

i.e

L.H.S. = Ԧ𝑎 + 𝑏, 𝑏 + Ԧ𝑐, Ԧ𝑐 + Ԧ𝑎

= Ԧ𝑎 + 𝑏 . 𝑏 + Ԧ𝑐 × Ԧ𝑐 + Ԧ𝑎

= Ԧ𝑎 + 𝑏 . 𝑏 × Ԧ𝑐 + 𝑏 × Ԧ𝑎 + Ԧ𝑐 × Ԧ𝑐 + Ԧ𝑐 × Ԧ𝑎

= Ԧ𝑎 + 𝑏 . 𝑏 × Ԧ𝑐 + 𝑏 × Ԧ𝑎 + 0 + Ԧ𝑐 × Ԧ𝑎
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= Ԧ𝑎. 𝑏 × Ԧ𝑐 + Ԧ𝑎. 𝑏 × Ԧ𝑎 + Ԧ𝑎. Ԧ𝑐 × Ԧ𝑎 + 𝑏. 𝑏 × Ԧ𝑐 + 𝑏. 𝑏 × Ԧ𝑎 + 𝑏. Ԧ𝑐 × Ԧ𝑎

= Ԧ𝑎, 𝑏, Ԧ𝑐 + 0 + 0 + 0 + 0 + Ԧ𝑎, 𝑏, Ԧ𝑐

= 2 Ԧ𝑎, 𝑏, Ԧ𝑐 = 2 0 = 0

= Ԧ𝑎 𝑏 Ԧ𝑐 + Ԧ𝑎 𝑏 Ԧ𝑎 + Ԧ𝑎 Ԧ𝑐 Ԧ𝑎 + 𝑏 𝑏 Ԧ𝑐 + 𝑏 𝑏 Ԧ𝑎 + 𝑏 Ԧ𝑐 Ԧ𝑎

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟏𝟖: 𝑰𝒇 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒕𝒉𝒓𝒆𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕

𝒂 + 𝒃, 𝒃 + 𝒄, 𝒄 + 𝒂 = − 𝒂, 𝒃, 𝒄 .

Ԧ𝑎 + 𝑏, 𝑏 + Ԧ𝑐, Ԧ𝑐 + Ԧ𝑎 =
1 0 1
1 1 0
1 1 1

Ԧ𝑎, 𝑏, Ԧ𝑐

=1(1 + 0) + 0 + 1 (1 − 1)

= − Ԧ𝑎, 𝑏, Ԧ𝑐

Ԧ𝑎, 𝑏, Ԧ𝑐

𝟏. 𝑰𝒇 𝒂 = Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟑𝒌, 𝒃 = 𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐𝒌, 𝒄 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌, 𝒇𝒊𝒏𝒅 𝒂. 𝒃 × 𝒄 .

Ԧ𝑎. 𝑏 × Ԧ𝑐

= 1(1 + 4) + 2 2 + 6 + 3(4 − 3)

= 1(5) + 2 8 + 3(1) = 5 + 16 + 3

= 24

=
1 −2 3
2 1 −2
3 2 1

= a, b, Ԧc

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒆𝒍𝒍𝒆𝒑𝒊𝒑𝒆𝒅 𝒘𝒉𝒐𝒔𝒆 𝒄𝒐𝒕𝒆𝒓𝒎𝒊𝒏𝒐𝒖𝒔 𝒆𝒅𝒈𝒆𝒔

𝒂𝒓𝒆 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 − 𝟔 Ƹ𝒊 + 𝟏𝟒 Ƹ𝒋 + 𝟏𝟎𝒌, 𝟏𝟒 Ƹ𝒊 − 𝟏𝟎 Ƹ𝒋 − 𝟔𝒌

𝒂𝒏𝒅 𝟐 Ƹ𝒊 + 𝟒 Ƹ𝒋 − 𝟐𝒌.

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑝𝑖𝑝𝑒𝑑 ℎ𝑎𝑣𝑖𝑛𝑔 Ԧ𝑎, 𝑏 𝑎𝑛𝑑 Ԧ𝑐 𝑎𝑠 𝑖𝑡𝑠 𝑐𝑜 − 𝑡𝑒𝑟𝑚𝑖𝑛𝑢𝑠 𝑒𝑑𝑔𝑒𝑠

𝑖𝑠 Ԧ𝑎. 𝑏 × Ԧ𝑐 = a, b, Ԧc

a, b, Ԧc

= −6(20 + 24) − 14 −28 + 12 + 10 (56 + 20)

= −6(44) − 14 −16 + 10 (76)

= −264 + 224 + 760

= 720 = 720 cu. units

=
−6 14 10
14 −10 −6
2 4 −2

Let a = −6 Ƹ𝑖 + 14 Ƹ𝑗 + 10𝑘, b = 14 Ƹ𝑖 − 10 Ƹ𝑗 − 6𝑘, Ԧc = 2 Ƹ𝑖 + 4 Ƹ𝑗 − 2𝑘
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𝟑. 𝑻𝒉𝒆 𝒗𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝒂 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒆𝒑𝒊𝒑𝒆𝒅 𝒘𝒉𝒐𝒔𝒆 𝒆𝒅𝒈𝒆𝒔 𝒂𝒓𝒆 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅 𝒃𝒚

𝟕 Ƹ𝒊 + 𝝀 Ƹ𝒋 − 𝟑𝒌, Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝒌, −𝟑 Ƹ𝒊 + 𝟕 Ƹ𝒋 + 𝟓𝒌 𝒊𝒔 𝟗𝟎 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔.
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝝀.

Let Ԧ𝑎 = 7 Ƹ𝑖 + 𝜆 Ƹ𝑗 − 3𝑘, 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 − 𝑘, Ԧ𝑐 = −3 Ƹ𝑖 + 7 Ƹ𝑗 + 5𝑘

a, b, Ԧc = 90

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑝𝑖𝑝𝑒𝑑 = 90

7(10 + 7) − λ 5 − 3 −3 7 + 6 = 90

7 17 − 2λ − 3 13 = 90 119 − 2λ − 39 = 90

80 − 2λ = 90 −2λ = 90 − 80

−2λ = 10 ⟹ λ =
10

−2

λ = −5

7 λ −3
1 2 −1

−3 7 5
= 90 ⟹

⟹

⟹

232

𝟒. 𝑰𝒇 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒕𝒉𝒓𝒆𝒆 𝒏𝒐𝒏 − 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒆𝒅 𝒃𝒚 𝒄𝒐𝒏 −

𝒄𝒖𝒓𝒓𝒆𝒏𝒕 𝒆𝒅𝒈𝒆𝒔 𝒐𝒇 𝒂 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒆𝒑𝒊𝒑𝒆𝒅 𝒐𝒇 𝒗𝒐𝒍𝒖𝒎𝒆 𝟒 𝒄𝒖𝒃𝒊𝒄 𝒖𝒏𝒊𝒕𝒔, 𝒇𝒊𝒏𝒅

𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒂 + 𝒃 . 𝒃 × 𝒄 + 𝒃 + 𝒄 . 𝒄 × 𝒂 + 𝒄 + 𝒂 . 𝒂 × 𝒃 .

Ԧ𝑎, 𝑏, Ԧ𝑐 = ±4

𝑎 + 𝑏 . 𝑏 × 𝑐 + 𝑏 + 𝑐 . 𝑐 × 𝑎 + 𝑐 + 𝑎 . 𝑎 × 𝑏

= Ԧ𝑎. 𝑏 × Ԧ𝑐

= Ԧ𝑎, 𝑏, Ԧ𝑐 + 𝑏, 𝑏, Ԧ𝑐 + 𝑏, Ԧ𝑐, Ԧ𝑎 + Ԧ𝑐, Ԧ𝑐, Ԧ𝑎 + Ԧ𝑐, Ԧ𝑎, 𝑏 + Ԧ𝑎, Ԧ𝑎, 𝑏

= Ԧ𝑎, 𝑏, Ԧ𝑐 + Ԧ𝑎, 𝑏, Ԧ𝑐 + Ԧ𝑎, 𝑏, Ԧ𝑐

∵ Ԧ𝑎, 𝑏, Ԧ𝑐 = 𝑏, Ԧ𝑐, Ԧ𝑎 = Ԧ𝑐, Ԧ𝑎, 𝑏= 3 Ԧ𝑎, 𝑏, Ԧ𝑐

= 3 ±4

+ 𝑏. 𝑏 × Ԧ𝑐 + 𝑏. Ԧ𝑐 × Ԧ𝑎 + Ԧ𝑐. Ԧ𝑐 × Ԧ𝑎 + Ԧ𝑐. Ԧ𝑎 × 𝑏 + Ԧ𝑎. Ԧ𝑎 × 𝑏

= Ԧ𝑎, 𝑏, Ԧ𝑐 + 0 + 𝑏, Ԧ𝑐, Ԧ𝑎 + 0 + Ԧ𝑐, Ԧ𝑎, 𝑏 + 0

= ±12

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒍𝒕𝒊𝒕𝒖𝒅𝒆 𝒐𝒇 𝒂 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒆𝒑𝒊𝒑𝒆𝒅 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔

𝒂 = −𝟐 Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝟑𝒌, 𝒃 = Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝟐𝒌 𝒂𝒏𝒅 𝒄 = −𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟒𝒌 𝒊𝒇 𝒕𝒉𝒆 𝒃𝒂𝒔𝒆 𝒊𝒔

𝒕𝒂𝒌𝒆𝒏 𝒂𝒔 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒐𝒈𝒓𝒂𝒎 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅 𝒃𝒚 𝒃 𝒂𝒏𝒅 𝒄.

𝐺𝑖𝑣𝑒𝑛: Ԧ𝑎 = −2 Ƹ𝑖 + 5 Ƹ𝑗 + 3𝑘, 𝑏 = Ƹ𝑖 + 3 Ƹ𝑗 − 2𝑘, Ԧ𝑐 = −3 Ƹ𝑖 + Ƹ𝑗 + 4𝑘

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑒𝑝𝑖𝑝𝑒𝑑 = Ԧ𝑎. 𝑏 × Ԧ𝑐 = a, b, Ԧc

=
−2 5 3
1 3 −2

−3 1 4

= −2(12 + 2) − 5 4 − 6 + 3 1 + 9
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𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑏𝑎𝑠𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 = 𝑏 × Ԧ𝑐

𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 3 −2
−3 1 4

= Ƹ𝑖 12 + 2 − Ƹ𝑗 4 − 6 + 𝑘(1 + 9)

𝑏 × Ԧ𝑐 = 14 Ƹ𝑖 + 2 Ƹ𝑗 + 10𝑘

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 = 𝑏 × Ԧ𝑐 = 142 + 22 + 102 = 196 + 4 + 100

= 300

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑜𝑔𝑟𝑎𝑚 = 10 3

𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑒𝑝𝑖𝑝𝑒𝑑 = 𝐵𝑎𝑠𝑒 𝐴𝑟𝑒𝑎 × 𝑎𝑙𝑡𝑖𝑡𝑢𝑑𝑒

∴ 𝐴𝑙𝑡𝑖𝑡𝑢𝑑𝑒 =
𝑉𝑜𝑙𝑢𝑚𝑒

𝐵𝑎𝑠𝑒 𝑎𝑟𝑒𝑎

=
12

10 3
5

6

=
6

5 3
×

3

3
=

6 3

5 × 3

2

=
2 3

5
𝑢𝑛𝑖𝑡𝑠

= 3 × 100

𝟔. 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒕𝒉𝒓𝒆𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝒌, Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟐𝒌 𝒂𝒏𝒅

𝟑 Ƹ𝒊 + Ƹ𝒋 + 𝟑𝒌 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓.

𝐿𝑒𝑡 Ԧ𝑎 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘, 𝑏 = Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘, Ԧ𝑐 = 3 Ƹ𝑖 + Ƹ𝑗 + 3𝑘

Ԧ𝑎, 𝑏 𝑎𝑛𝑑 Ԧ𝑐 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 𝑖𝑓 a, b, Ԧc = 0

=
2 3 1
1 −2 2
3 1 3

= −2 14 − 5 −2 + 3 10 = −28 + 10 + 30

= 12𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙𝑒𝑝𝑖𝑝𝑒𝑑

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑔𝑖𝑣𝑛𝑒 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑐𝑜 − 𝑝𝑙𝑎𝑛𝑎𝑟.

= 2( − 6 − 2) − 3 3 − 6 + 1 1 + 6

= 2 −8 − 3 −3 + 1 7 = −16 + 9 + 7 = 0

𝟕. 𝑳𝒆𝒕 𝒂 = Ƹ𝒊 + Ƹ𝒋 + 𝒌, 𝒃 = Ƹ𝒊 𝒂𝒏𝒅 𝒄 = 𝒄𝟏 Ƹ𝒊 + 𝒄𝟐 Ƹ𝒋 + 𝒄𝟑
𝒌. 𝑰𝒇 𝒄𝟏 = 𝟏 𝒂𝒏𝒅 𝒄𝟐 = 𝟐,

𝒇𝒊𝒏𝒅 𝒄𝟑 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒂, 𝒃 𝒂𝒏𝒅 𝒄 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓.

𝐺𝑖𝑣𝑒𝑛: Ԧ𝑎 = Ƹ𝑖 + Ƹ𝑗 + 𝑘, 𝑏 = Ƹ𝑖, Ԧ𝑐 = 𝑐1 Ƹ𝑖 + 𝑐2 Ƹ𝑗 + 𝑐3
𝑘

𝑐1 = 1 𝑎𝑛𝑑 𝑐2 = 2

∴ Ԧ𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑐3
𝑘

Ԧ𝑎, 𝑏 𝑎𝑛𝑑 Ԧ𝑐 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟. ∴ a, b, Ԧc = 0

1 1 1
1 0 0
1 2 𝑐3

= 0 1(0 − 0) − 1 𝑐3 − 0 + 1 2 − 0 = 0⟹
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0 − 𝑐3 + 2 = 0 −𝑐3 = −2

𝑐3 = 2

𝟖. 𝑰𝒇 𝒂 = Ƹ𝒊 − 𝒌, 𝒃 = 𝒙 Ƹ𝒊 + Ƹ𝒋 + 𝟏 − 𝒙 𝒌, 𝒄 = 𝒚 Ƹ𝒊 + 𝒙 Ƹ𝒋 + 𝟏 + 𝒙 − 𝒚 𝒌, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕

𝒂, 𝒃, 𝒄 𝒅𝒆𝒑𝒆𝒏𝒅𝒔 𝒐𝒏 𝒏𝒆𝒊𝒕𝒉𝒆𝒓 𝒙 𝒏𝒐𝒓 𝒚.

𝐺𝑖𝑣𝑒𝑛: Ԧ𝑎 = Ƹ𝑖 − 𝑘, 𝑏 = 𝑥 Ƹ𝑖 + Ƹ𝑗 + 1 − 𝑥 𝑘, Ԧ𝑐 = 𝑦 Ƹ𝑖 + 𝑥 Ƹ𝑗 + 1 + 𝑥 − 𝑦 𝑘

Ԧ𝑎, 𝑏, Ԧ𝑐 =
1 0 −1
𝑥 1 1 − 𝑥
𝑦 𝑥 1 + 𝑥 − 𝑦

= 1 1 + 𝑥 − 𝑦 − 𝑥 1 − 𝑥 − 0 −1 𝑥2 − 𝑦

= 1 + 𝑥 − 𝑦 − 𝑥 + 𝑥2 − 𝑥2 + 𝑦 = 1

∴ Ԧ𝑎, 𝑏, Ԧ𝑐 = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥 𝑎𝑛𝑑 𝑦

∴ Ԧ𝑎, 𝑏, Ԧ𝑐 𝑑𝑒𝑝𝑒𝑛𝑑𝑠 𝑜𝑛 𝑛𝑒𝑖𝑡ℎ𝑒𝑟 𝑥 𝑛𝑜𝑟 𝑦.

𝟗. 𝑰𝒇 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒂 Ƹ𝒊 + 𝒂 Ƹ𝒋 + 𝒄𝒌, Ƹ𝒊 + 𝒌, 𝒄 Ƹ𝒊 + 𝒄 Ƹ𝒋 + 𝒃𝒌 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓,
𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒄 𝒊𝒔 𝒕𝒉𝒆 𝒈𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒎𝒆𝒂𝒏 𝒐𝒇 𝒂 𝒂𝒏𝒅 𝒃.

𝐿𝑒𝑡 Ԧ𝑎 = 𝑎 Ƹ𝑖 + 𝑎 Ƹ𝑗 + 𝑐 𝑘, 𝑏 = Ƹ𝑖 + 𝑘, Ԧ𝑐 = 𝑐 Ƹ𝑖 + 𝑐 Ƹ𝑗 + 𝑏 𝑘

⟹

∴ a, b, Ԧc = 0

𝑎 𝑎 𝑐
1 0 1
𝑐 𝑐 𝑏

= 0 𝑎 0 − 𝑐 − 𝑎 𝑏 − 𝑐 + 𝑐 𝑐 − 0 = 0

−𝑎𝑐 − 𝑎𝑏 + 𝑎𝑐 + 𝑐2 = 0

𝑐2 = 𝑎𝑏 ⟹ 𝑐 = 𝑎𝑏

𝐻𝑒𝑛𝑐𝑒 𝑐 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑎 𝑎𝑛𝑑 𝑏.

𝐺𝑖𝑣𝑒𝑛 Ԧ𝑎, 𝑏 𝑎𝑛𝑑 Ԧ𝑐 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟.

𝟏𝟎. 𝑳𝒆𝒕 𝒂, 𝒃, 𝒄 𝒃𝒆 𝒕𝒉𝒓𝒆𝒆 𝒏𝒐𝒏 − 𝒛𝒆𝒓𝒐 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒄 𝒊𝒔 𝒂 𝒖𝒏𝒊𝒕 𝒗𝒆𝒄𝒕𝒐𝒓

𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒃𝒐𝒕𝒉 𝒂 𝒂𝒏𝒅 𝒃. 𝑰𝒇 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒂 𝒂𝒏𝒅 𝒃 𝒊𝒔
𝝅

𝟔
,

𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂, 𝒃, 𝒄
𝟐

=
𝟏

𝟒
𝒂 𝟐 𝒃

𝟐

𝐺𝑖𝑣𝑒𝑛: Ԧ𝑐 = 1 𝑎𝑛𝑑 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 Ԧ𝑎 𝑎𝑛𝑑 𝑏 𝑖𝑠
𝜋

6

Ԧ𝑎, 𝑏, Ԧ𝑐 = Ԧ𝑎. 𝑏 × Ԧ𝑐 = Ԧ𝑎 × 𝑏 . Ԧ𝑐

= Ԧ𝑎 𝑏 sin
𝜋

6
Ԧ𝑐 . Ԧ𝑐

∵ Ԧ𝑐. Ԧ𝑐 = 1

= Ԧ𝑎 𝑏
1

2
Ԧ𝑐. Ԧ𝑐

Ԧ𝑎

𝑏

Ԧ𝑐

∨

∨ 𝜋

6

Ԧ𝑐 ⊥ Ԧ𝑎 𝑎𝑛𝑑 𝑏

Ԧ𝑎, 𝑏, Ԧ𝑐 = Ԧ𝑎 𝑏
1

2

Ԧ𝑎, 𝑏, Ԧ𝑐
2
= Ԧ𝑎 2 𝑏

2 1

4
Ԧ𝑎, 𝑏, Ԧ𝑐

2
=

1

4
Ԧ𝑎 2 𝑏

2

⟹

⟹
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Theorem 6.9: Prove that Ԧ𝑎 × 𝑏 × Ԧ𝑐 + 𝑏 × Ԧ𝑐 × Ԧ𝑎

+ Ԧ𝑐 × Ԧ𝑎 × 𝑏 = 0

𝐿. 𝐻. 𝑆. = Ԧ𝑎 × 𝑏 × Ԧ𝑐 + 𝑏 × Ԧ𝑐 × Ԧ𝑎 + Ԧ𝑐 × Ԧ𝑎 × 𝑏

= Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐 + 𝑏. Ԧ𝑎 Ԧ𝑐 − 𝑏. Ԧ𝑐 Ԧ𝑎 + Ԧ𝑐. 𝑏 Ԧ𝑎 − Ԧ𝑐. Ԧ𝑎 𝑏

= 0 = 𝑅. 𝐻. 𝑆

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟔. 𝟑

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟔. 𝟏𝟎: 𝑺𝒄𝒂𝒍𝒂𝒓 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒇𝒐𝒖𝒓 𝒗𝒆𝒄𝒕𝒐𝒓𝒔

𝑻𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 𝒂 × 𝒃 . 𝒄 × 𝒅 = 𝒂. 𝒄 𝒂. 𝒅

𝒃. 𝒄 𝒃. 𝒅

𝐿. 𝐻. 𝑆 = Ԧ𝑎 × 𝑏 . 𝑐 × 𝑑

𝐿𝑒𝑡 Ԧ𝑥 = Ԧ𝑐 × Ԧ𝑑

= Ԧ𝑎 × 𝑏 . Ԧ𝑥 (interchange dot and cross)

= Ԧ𝑎. 𝑏 × Ԧ𝑐 × Ԧ𝑑

= Ԧ𝑎. 𝑏. Ԧ𝑑 Ԧ𝑐 − 𝑏. Ԧ𝑐 Ԧ𝑑 = Ԧ𝑎. Ԧ𝑐 𝑏. Ԧ𝑑 − 𝑏. Ԧ𝑐 Ԧ𝑎. Ԧ𝑑

= 𝑎. 𝑐 Ԧ𝑎. 𝑑

𝑏. 𝑐 𝑏. 𝑑

= Ԧ𝑎. 𝑏 × Ԧ𝑥

Example 6.19: Prove that 𝒂 × 𝒃 , 𝒃 × 𝒄 , 𝒄 × 𝒂 = 𝒂, 𝒃, 𝒄
𝟐

L.H.S = Ԧ𝑎 × 𝑏 , 𝑏 × Ԧ𝑐 , Ԧ𝑐 × Ԧ𝑎

= Ԧ𝑎 × 𝑏 . 𝑏 × Ԧ𝑐 × Ԧ𝑐 × Ԧ𝑎

= Ԧ𝑎 × 𝑏 . 𝑏, Ԧ𝑐, Ԧ𝑎 Ԧ𝑐 − 𝑏, Ԧ𝑐, Ԧ𝑐 Ԧ𝑎

= Ԧ𝑎 × 𝑏 . Ԧ𝑎, 𝑏, Ԧ𝑐 Ԧ𝑐 − 0

= Ԧ𝑎 × 𝑏 . Ԧ𝑎, 𝑏, Ԧ𝑐 Ԧ𝑐 = Ԧ𝑎, 𝑏, Ԧ𝑐 Ԧ𝑎 × 𝑏 . Ԧ𝑐

= Ԧ𝑎, 𝑏, Ԧ𝑐 Ԧ𝑎, 𝑏, Ԧ𝑐 = Ԧ𝑎, 𝑏, Ԧ𝑐
2

Ԧ𝑎. 𝑚𝑏 = 𝑚 Ԧ𝑎. 𝑏

𝑏, Ԧ𝑐, Ԧ𝑐 = 0

Ԧ𝑎, 𝑏, Ԧ𝑐 = 𝑠𝑐𝑎𝑙𝑎𝑟

Example 6.20: Prove that 𝒂. 𝒃 × 𝒄 𝒂 = 𝒂 × 𝒃 × 𝒂 × 𝒄

R.H.S = Ԧ𝑎 × 𝑏 × Ԧ𝑎 × Ԧ𝑐

= Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑎 − Ԧ𝑎 𝑏 Ԧ𝑎 Ԧ𝑐

= Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑎 − 0 Ԧ𝑐 = Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑎 = Ԧ𝑎. 𝑏 × Ԧ𝑐 Ԧ𝑎
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟏: 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒇𝒐𝒖𝒓 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒂, 𝒃, 𝒄, 𝒅, 𝒘𝒆 𝒉𝒂𝒗𝒆

𝒂 × 𝒃 × 𝒄 × 𝒅 = 𝒂, 𝒃, 𝒅 𝒄 − 𝒂, 𝒃, 𝒄 𝒅 = 𝒂, 𝒄, 𝒅 𝒃 − 𝒃, 𝒄, 𝒅 𝒂.

a × b × Ԧc × d

𝑇𝑎𝑘𝑒 Ԧ𝑝 = a × b

a × b × Ԧc × d = Ԧ𝑝 × Ԧc × d

= Ԧ𝑝. Ԧ𝑑 Ԧ𝑐 − Ԧ𝑝. Ԧ𝑐 Ԧ𝑑

= Ԧ𝑎 × 𝑏 . d Ԧc − Ԧ𝑎 × 𝑏 . Ԧc d

= a, b, d Ԧ𝑐 − a, b, Ԧc Ԧ𝑑

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑇𝑎𝑘𝑒 Ԧ𝑞 = Ԧc × d

a × b × Ԧc × d = a × b × Ԧ𝑞

= Ԧ𝑎. Ԧ𝑞 𝑏 − 𝑏. Ԧ𝑞 Ԧ𝑎

= Ԧ𝑎. Ԧc × d 𝑏 − 𝑏. Ԧc × d Ԧ𝑎

= a, Ԧc, d 𝑏 − b, Ԧc, d Ԧ𝑎

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟐 ∶ 𝑰𝒇 𝒂 = −𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝟐𝒌, 𝒃 = 𝟑 Ƹ𝒊 − Ƹ𝒋 + 𝟑𝒌, 𝒄 = 𝟐 Ƹ𝒊 − 𝟓 Ƹ𝒋 + 𝒌,

𝒇𝒊𝒏𝒅 𝒂 × 𝒃 × 𝒄 𝒂𝒏𝒅 𝒂 × 𝒃 × 𝒄 . 𝑺𝒕𝒂𝒕𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆𝒚 𝒂𝒓𝒆 𝒆𝒒𝒖𝒂𝒍.

𝑻𝒐 𝒇𝒊𝒏𝒅 𝒂 × 𝒃 × 𝒄

Ԧ𝑎 × 𝑏 =
Ƹ𝑖 Ƹ𝑗 𝑘

−2 3 −2
3 −1 3

= Ƹ𝑖 9 − 2 − Ƹ𝑗 −6 + 6 + 𝑘 (2 − 9)

Ԧ𝑎 × 𝑏 = 7 Ƹ𝑖 − 7𝑘

Ԧ𝑎 × 𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

7 0 −7
2 −5 1

= Ƹ𝑖 0 − 35 − Ƹ𝑗 7 + 14 + 𝑘 (−35 − 0)

a × b × Ԧc = −35 Ƹ𝑖 − 21 Ƹ𝑗 − 35𝑘 … 1

𝑻𝒐 𝒇𝒊𝒏𝒅 𝒂 × 𝒃 × 𝒄

𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

3 −1 3
2 −5 1

= Ƹ𝑖 −1 + 15 − Ƹ𝑗 3 − 6 + 𝑘 (−15 + 2)

𝑏 × Ԧ𝑐 = 14 Ƹ𝑖 + 3 Ƹ𝑗 − 13𝑘
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Ԧ𝑎 × 𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

−2 3 −2
14 3 −13

= Ƹ𝑖 −39 + 6 − Ƹ𝑗 26 + 28 + 𝑘 (−6 − 42)

Ԧ𝑎 × 𝑏 × Ԧ𝑐 = −33 Ƹ𝑖 − 54 Ƹ𝑗 − 48𝑘 … 2

𝐹𝑟𝑜𝑚 1 & (2)

∴ a b × c ≠ a × b × c

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 𝟔. 𝟐𝟑: 𝐋𝐞𝐭 𝒂 = Ƹ𝒊 − Ƹ𝒋, 𝒃 = Ƹ𝒊 − Ƹ𝒋 − 𝟒𝒌, 𝒄 = 𝟑 Ƹ𝒋 − 𝒌 𝐚𝐧𝐝 𝒅 = 𝟐 Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝒌

𝐛𝐞 𝐚𝐧𝐲 𝐟𝐨𝐮𝐫 𝐯𝐞𝐜𝐭𝐨𝐫𝐬 𝐭𝐡𝐞𝐧

𝒊 𝒂 × 𝒃 × 𝒄 × 𝒅 = 𝒂 𝒃 𝒅 𝒄 − 𝒂 𝒃 𝒄 𝒅

𝒊𝒊 𝒂 × 𝒃 × 𝒄 × 𝒅 = 𝒂 𝒄 𝒅 𝒃 − 𝒃 𝒄𝒅 𝒂

L. H. S = a × b × Ԧc × d

a × b =
Ƹi Ƹj k

1 −1 0
1 −1 −4

= Ƹi 4 − 0 − Ƹj −4 + 0 + k (−1 + 1)

a × b = 4 Ƹi + 4 Ƹj

𝒊 𝒂 × 𝒃 × 𝒄 × 𝒅 = 𝒂 𝒃 𝒅 𝒄 − 𝒂 𝒃 𝒄 𝒅

Ԧc × d =
Ƹi Ƹj k

0 3 −1
2 5 1

= Ƹi 3 + 5 − Ƹj 0 + 2 + k (0 − 6)

Ԧc × d = 8 Ƹi − 2 Ƹj − 6k

Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

4 4 0
8 −2 −6

= Ƹ𝑖 −24 + 0 − Ƹ𝑗 −24 + 0 + 𝑘 (−8 − 32)

Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑 = −24 Ƹ𝑖 + 24 Ƹ𝑗 − 40𝑘

𝑅. 𝐻. 𝑆 = Ԧ𝑎 𝑏 Ԧ𝑑 Ԧ𝑐 − Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑑

= 1( − 1 + 20) + 1 1 + 8 − 0

= 1(19) + 1 9

Ԧ𝑎 𝑏 Ԧ𝑑 = 28

=
1 −1 0
1 −1 −4
2 5 1
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= 1(13) + 1 −1

Ԧ𝑎 𝑏 Ԧ𝑐 = 12

Ԧ𝑎 𝑏 Ԧ𝑑 Ԧ𝑐 − Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑑 = 28 3 Ƹ𝑗 − 𝑘 − 12 2 Ƹ𝑖 + 5 Ƹ𝑗 + 𝑘

= 84 Ƹ𝑗 − 28𝑘 − 24 Ƹ𝑖 − 60 Ƹ𝑗 − 12𝑘

Ԧ𝑎 𝑏 Ԧ𝑐 = 1(1+12) + 1 −1 + 0 − 0=
1 −1 0
1 −1 −4
0 3 −1

Ԧ𝑎 𝑏 Ԧ𝑑 Ԧ𝑐 − Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑑 = −24 Ƹ𝑖 + 24 Ƹ𝑗 − 40𝑘 … 1

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 (2)

Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑 = Ԧ𝑎 𝑏 Ԧ𝑑 Ԧ𝑐 − Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑑

𝟏. 𝑰𝒇 𝒂 = Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟑𝒌, 𝒃 = 𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐𝒌, 𝒄 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌,

𝒇𝒊𝒏𝒅 𝒊 𝒂 × 𝒃 × 𝒄 𝒊𝒊 𝒂 × 𝒃 × 𝒄 .

Ԧ𝑎 × 𝑏 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 −2 3
2 1 −2

= Ƹ𝑖 4 − 3 − Ƹ𝑗 −2 − 6 + 𝑘 (1 + 4)

Ԧ𝑎 × 𝑏 = Ƹ𝑖 + 8 Ƹ𝑗 + 5𝑘

Ԧ𝑎 × 𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 8 5
3 2 1

= Ƹ𝑖 8 − 10 − Ƹ𝑗 1 − 15 + 𝑘 (2 − 24)

a × b × Ԧc = −2 Ƹ𝑖 + 14 Ƹ𝑗 − 22𝑘

𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 1 −2
3 2 1

= Ƹ𝑖 1 + 4 − Ƹ𝑗 2 + 6 + 𝑘 (4 − 3)

𝑏 × Ԧ𝑐 = 5 Ƹ𝑖 − 8 Ƹ𝑗 + 𝑘

Ԧ𝑎 × 𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 −2 3
5 −8 1

= Ƹ𝑖 −2 + 24 − Ƹ𝑗 1 − 15 + 𝑘 (−8 + 10)

Ԧ𝑎 × 𝑏 × Ԧ𝑐 = 22 Ƹ𝑖 + 14 Ƹ𝑗 + 2𝑘

𝐿. 𝐻. 𝑆 = Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑

𝒊𝒊 𝒂 × 𝒃 × 𝒄 × 𝒅 = 𝒂 𝒄 𝒅 𝒃 − 𝒃 𝒄𝒅 𝒂
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Ԧ𝑎 × 𝑏 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 −1 0
1 −1 −4

= Ƹ𝑖 4 − 0 − Ƹ𝑗 −4 + 0 + 𝑘 (−1 + 1)

Ԧ𝑎 × 𝑏 = 4 Ƹ𝑖 + 4 Ƹ𝑗

Ԧ𝑐 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

0 3 −1
2 5 1

= Ƹ𝑖 3 + 5 − Ƹ𝑗 0 + 2 + 𝑘 (0 − 6)

Ԧ𝑐 × Ԧ𝑑 = 8 Ƹ𝑖 − 2 Ƹ𝑗 − 6𝑘

Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

4 4 0
8 −2 −6

= Ƹ𝑖 −24 + 0 − Ƹ𝑗 −24 + 0 + 𝑘 (−8 − 32)

Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑 = −24 Ƹ𝑖 + 24 Ƹ𝑗 − 40𝑘 … 1

𝑅. 𝐻. 𝑆 = Ԧ𝑎 Ԧ𝑐 Ԧ𝑑 𝑏 − 𝑏 Ԧ𝑐 Ԧ𝑑 Ԧ𝑎

= 1(3 + 5) + 1 0 + 2 − 0

= 1(8) + 1 2

Ԧ𝑎 Ԧ𝑐 Ԧ𝑑 =
1 −1 0
0 3 −1
2 5 1

Ԧ𝑎 Ԧ𝑐 Ԧ𝑑 = 10

𝑏 Ԧ𝑐 Ԧ𝑑 = 1(3 + 5) + 1 0 + 2 − 4 0 − 6

= 1(8) + 1 2 − 4 −6 = 8 + 2 + 24

𝑏 Ԧ𝑐 Ԧ𝑑 = 34

=
1 −1 −4
0 3 −1
2 5 1

Ԧ𝑎 Ԧ𝑐 Ԧ𝑑 𝑏 − 𝑏 Ԧ𝑐 Ԧ𝑑 Ԧ𝑎 = 10 Ƹ𝑖 − Ƹ𝑗 − 4𝑘 − 34 Ƹ𝑖 − Ƹ𝑗

= 10 Ƹ𝑖 − 10 Ƹ𝑗 − 40𝑘 − 34 Ƹ𝑖 + 34 Ƹ𝑗

Ԧ𝑎 Ԧ𝑐 Ԧ𝑑 𝑏 − 𝑏 Ԧ𝑐 Ԧ𝑑 Ԧ𝑎 = −24 Ƹ𝑖 + 24 Ƹ𝑗 − 40𝑘 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 (2)

Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑 = Ԧ𝑎 Ԧ𝑐 Ԧ𝑑 𝑏 − 𝑏 Ԧ𝑐 Ԧ𝑑 Ԧ𝑎
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𝟐. 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 Ƹ𝒊 × 𝒂 × Ƹ𝒊 + Ƹ𝒋 × 𝒂 × Ƹ𝒋

+ 𝒌 × 𝒂 × 𝒌 = 𝟐𝒂

L.H.S. = Ƹ𝑖 × Ԧ𝑎 × Ƹ𝑖 + Ƹ𝑗 × Ԧ𝑎 × Ƹ𝑗 + 𝑘 × Ԧ𝑎 × 𝑘

= Ƹ𝑖. Ƹ𝑖 Ԧ𝑎 − Ƹ𝑖. Ԧ𝑎 Ƹ𝑖 + Ƹ𝑗. Ƹ𝑗 Ԧ𝑎 − Ƹ𝑗. Ԧ𝑎 Ƹ𝑗 + 𝑘. 𝑘 Ԧ𝑎 − 𝑘. Ԧ𝑎 𝑘

= 1 Ԧ𝑎 − Ƹ𝑖. Ԧ𝑎 Ƹ𝑖 + 1 Ԧ𝑎 − Ƹ𝑗. Ԧ𝑎 Ƹ𝑗 + 1 Ԧ𝑎 − 𝑘. Ԧ𝑎 𝑘

= Ԧ𝑎 − Ƹ𝑖. Ԧ𝑎 Ƹ𝑖 + Ԧ𝑎 − Ƹ𝑗. Ԧ𝑎 Ƹ𝑗 + Ԧ𝑎 − 𝑘. Ԧ𝑎 𝑘

= 3 Ԧ𝑎 − Ƹ𝑖. Ԧ𝑎 Ƹ𝑖 − Ƹ𝑗. Ԧ𝑎 Ƹ𝑗 − 𝑘. Ԧ𝑎 𝑘 = 3 Ԧ𝑎 − Ƹ𝑖. Ԧ𝑎 Ƹ𝑖 + Ƹ𝑗. Ԧ𝑎 Ƹ𝑗 + 𝑘. Ԧ𝑎 𝑘

= 3 Ԧ𝑎 − Ԧ𝑎 = 2 Ԧ𝑎 Let Ԧ𝑎 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

Ƹ𝑖. Ԧ𝑎 = Ƹ𝑖. 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 = 𝑥

Ƹ𝑗. Ԧ𝑎 = Ƹ𝑗. 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 = 𝑦

Ƹ𝑖. Ԧ𝑎 Ƹ𝑖 + Ƹ𝑗. Ԧ𝑎 Ƹ𝑗 + 𝑘. Ԧ𝑎 𝑘

𝑘. Ԧ𝑎 = 𝑘. 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 = 𝑧

= 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

Ƹ𝑖. Ԧ𝑎 Ƹ𝑖 + Ƹ𝑗. Ԧ𝑎 Ƹ𝑗 + 𝑘. Ԧ𝑎 𝑘 = Ԧ𝑎

𝟑. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒂 − 𝒃, 𝒃 − 𝒄, 𝒄 − 𝒂 = 𝟎

L.H.S. = Ԧ𝑎 − 𝑏, 𝑏 − Ԧ𝑐, Ԧ𝑐 − Ԧ𝑎

= Ԧ𝑎 − 𝑏 . 𝑏 − Ԧ𝑐 × Ԧ𝑐 − Ԧ𝑎

= Ԧ𝑎 − 𝑏 . 𝑏 × Ԧ𝑐 − 𝑏 × Ԧ𝑎 − Ԧ𝑐 × Ԧ𝑐 + Ԧ𝑐 × Ԧ𝑎 ∵ Ԧ𝑐 × Ԧ𝑐 = 0

= Ԧ𝑎 − 𝑏 . 𝑏 × Ԧ𝑐 − 𝑏 × Ԧ𝑎 − 0 + Ԧ𝑐 × Ԧ𝑎

= Ԧ𝑎 𝑏 Ԧ𝑐 − Ԧ𝑎 𝑏 Ԧ𝑎 + Ԧ𝑎 Ԧ𝑐 Ԧ𝑎 − 𝑏 𝑏 Ԧ𝑐 + 𝑏 𝑏 Ԧ𝑎 − 𝑏 Ԧ𝑐 Ԧ𝑎

∵ Ԧ𝑎 𝑏 Ԧ𝑎 = 𝑏 𝑏 Ԧ𝑐 = 0

= Ԧ𝑎 𝑏 Ԧ𝑐 − 0 + 0 − 0 + 0 − 𝑏 Ԧ𝑐 Ԧ𝑎

= Ԧ𝑎 𝑏 Ԧ𝑐 − Ԧ𝑎 𝑏 Ԧ𝑐

= 0 = 𝑅. 𝐻. 𝑆

𝟒. 𝐈𝐟 𝒂 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝒌, 𝒃 = 𝟑 Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝟐𝒌, 𝒄 = − Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟑𝒌, 𝐯𝐞𝐫𝐢𝐟𝐲 𝐭𝐡𝐚𝐭

𝒊 𝒂 × 𝒃 × 𝒄 = 𝒂. 𝒄 𝒃 − 𝒃. 𝒄 𝒂 𝒊𝒊 𝒂 × 𝒃 × 𝒄 = 𝒂. 𝒄 𝒃 − 𝒂. 𝒃 𝒄.

𝒊 𝒂 × 𝒃 × 𝒄 = 𝒂. 𝒄 𝒃 − 𝒃. 𝒄 𝒂
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L. H. S = a × b × Ԧc

a × b =
Ƹi Ƹj k

2 3 −1
3 5 2

= Ƹi 6 + 5 − Ƹj 4 + 3 + k (10 − 9)

a × b = 11 Ƹi − 7 Ƹj + k

a × b × Ԧc =
Ƹi Ƹj k

11 −7 1
−1 −2 3

= Ƹi −21 + 2 − Ƹj 33 + 1 + k (−22 − 7)

a × b × Ԧc = −19 Ƹi − 34 Ƹj − 29k … 1

𝑅. 𝐻. 𝑆 = Ԧ𝑎. Ԧ𝑐 𝑏 − 𝑏. Ԧ𝑐 Ԧ𝑎

Ԧ𝑎. Ԧ𝑐 = 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 . − Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘 = −2 − 6 − 3

Ԧ𝑎. Ԧ𝑐 = −11

𝑏. Ԧ𝑐 = 3 Ƹ𝑖 + 5 Ƹ𝑗 + 2𝑘 . − Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘 = −3 − 10 + 6

𝑏. Ԧ𝑐 = −7

Ԧ𝑎. Ԧ𝑐 𝑏 − 𝑏. Ԧ𝑐 Ԧ𝑎 = −11 3 Ƹ𝑖 + 5 Ƹ𝑗 + 2𝑘 + 7 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘

= −33 Ƹ𝑖 − 55 Ƹ𝑗 − 22𝑘 + 14 Ƹ𝑖 + 21 Ƹ𝑗 − 7𝑘

= −19 Ƹ𝑖 − 34 Ƹ𝑗 − 29𝑘

Ԧ𝑎. Ԧ𝑐 𝑏 − 𝑏. Ԧ𝑐 Ԧ𝑎 = 19 Ƹ𝑖 − 34 Ƹ𝑗 − 29𝑘
… 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2

Ԧ𝑎 × 𝑏 × Ԧ𝑐 = Ԧ𝑎. Ԧ𝑐 𝑏 − 𝑏. Ԧ𝑐 Ԧ𝑎

𝐿. 𝐻. 𝑆 = Ԧ𝑎 × 𝑏 × Ԧ𝑐

𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

3 5 2
−1 −2 3

= Ƹ𝑖 15 + 4 − Ƹ𝑗 9 + 2 + 𝑘 (−6 + 5)

𝒊𝒊 𝒂 × 𝒃 × 𝒄 = 𝒂. 𝒄 𝒃 − 𝒂. 𝒃 𝒄

𝑏 × Ԧ𝑐 = 19 Ƹ𝑖 − 11 Ƹ𝑗 − 𝑘
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Ԧ𝑎 × 𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 −1
19 −11 −1

= Ƹ𝑖 −3 − 11 − Ƹ𝑗 −2 + 19 + 𝑘 (−22 − 57)

Ԧ𝑎 × 𝑏 × Ԧ𝑐 = −14 Ƹ𝑖 − 17 Ƹ𝑗 − 79𝑘 … 1

𝑅. 𝐻. 𝑆 = Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐

Ԧ𝑎. Ԧ𝑐 = 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 . − Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘 = −2 − 6 − 3

Ԧ𝑎. Ԧ𝑐 = −11

Ԧ𝑎. 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 . 3 Ƹ𝑖 + 5 Ƹ𝑗 + 2𝑘 = 6 + 15 − 2

Ԧ𝑎. 𝑏 = 19

Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐 = −11 3 Ƹ𝑖 + 5 Ƹ𝑗 + 2𝑘 − 19 − Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘

= −33 Ƹ𝑖 − 55 Ƹ𝑗 − 22𝑘 + 19 Ƹ𝑖 + 38 Ƹ𝑗 − 57𝑘

= −14 Ƹ𝑖 − 17 Ƹ𝑗 − 79𝑘

Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐 = −14 Ƹ𝑖 − 17 Ƹ𝑗 − 79𝑘 … 2

𝐹𝑟𝑜𝑚 1 𝑎𝑛𝑑 2 Ԧ𝑎 × 𝑏 × Ԧ𝑐 = Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐

𝟓. 𝒂 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝒌, 𝒃 = − Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟒𝒌, 𝒄 = Ƹ𝒊 + Ƹ𝒋 + 𝒌, 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇

𝒂 × 𝒃 . 𝒂 × 𝒄 .

Ԧ𝑎 × 𝑏 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 −1
−1 2 −4

= Ƹ𝑖 −12 + 2 − Ƹ𝑗 −8 + 1 + 𝑘 (4 + 3)

Ԧ𝑎 × 𝑏 = −10 Ƹ𝑖 + 9 Ƹ𝑗 + 7𝑘

Ԧ𝑎 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 −1
1 1 1

= Ƹ𝑖 3 + 1 − Ƹ𝑗 2 + 1 + 𝑘 (2 − 3)

Ԧ𝑎 × Ԧ𝑐 = 4 Ƹ𝑖 − 3 Ƹ𝑗 − 𝑘

∴ Ԧ𝑎 × 𝑏 . Ԧ𝑎 × Ԧ𝑐 = −10 Ƹ𝑖 + 9 Ƹ𝑗 + 7𝑘 . 4 Ƹ𝑖 − 3 Ƹ𝑗 − 𝑘

= −40 − 27 − 7

Ԧ𝑎 × 𝑏 . Ԧ𝑎 × Ԧ𝑐 = −74
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𝟔. 𝑰𝒇 𝒂, 𝒃, 𝒄, 𝒅 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓 𝒗𝒆𝒄𝒕𝒐𝒓𝒔, 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂 × 𝒃 × 𝒄 × 𝒅 = 𝟎.

𝐿. 𝐻. 𝑆 = Ԧ𝑎 × 𝑏 × Ԧ𝑐 × Ԧ𝑑 = Ԧ𝑎 𝑏 Ԧ𝑑 Ԧ𝑐 − Ԧ𝑎 𝑏 Ԧ𝑐 Ԧ𝑑

𝐼𝑓 Ԧ𝑎, 𝑏, Ԧ𝑐, Ԧ𝑑 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑡ℎ𝑒𝑛 Ԧ𝑎, 𝑏, Ԧ𝑐 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 𝑜𝑟

Ԧ𝑎, 𝑏, Ԧ𝑑 𝑎𝑟𝑒 𝑎𝑙𝑠𝑜 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟

𝐻𝑒𝑛𝑐𝑒 Ԧ𝑎 𝑏 Ԧ𝑐 = 0 𝑎𝑛𝑑 Ԧ𝑎 𝑏 Ԧ𝑑 = 0

= 0 Ԧ𝑐 − 0 Ԧ𝑑 = 0 = 𝑅. 𝐻. 𝑆

𝟕. 𝑰𝒇 𝒂 = Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟑𝒌, 𝒃 = 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝒌, 𝒄 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌 𝒂𝒏𝒅

𝒂 × 𝒃 × 𝒄 = 𝒍𝒂 + 𝒎𝒃 + 𝒏𝒄, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒍, 𝒎, 𝒏.

𝐺𝑖𝑣𝑒𝑛 Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘, 𝑏 = 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘, Ԧ𝑐 = 3 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

Ԧ𝑎 × 𝑏 × Ԧ𝑐 = Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐

Ԧ𝑎. Ԧ𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 . 3 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 = 3 + 4 + 3

Ԧ𝑎. Ԧ𝑐 = 10

Ԧ𝑎. 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘 = 2 − 2 + 3

Ԧ𝑎. 𝑏 = 3

Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐 = 10𝑏 − 3 Ԧ𝑐

Ԧ𝑎 × 𝑏 × Ԧ𝑐 = Ԧ𝑎. Ԧ𝑐 𝑏 − Ԧ𝑎. 𝑏 Ԧ𝑐

𝑙 Ԧ𝑎 + 𝑚𝑏 + 𝑛 Ԧ𝑐 = 10𝑏 − 3 Ԧ𝑐

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜 − 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑙𝑖𝑘𝑒 𝑡𝑒𝑟𝑚𝑠

𝑙 Ԧ𝑎 + 𝑚𝑏 + 𝑛 Ԧ𝑐 = 0 Ԧ𝑎 + 10𝑏 − 3 Ԧ𝑐

𝑙 = 0, 𝑚 = 10, 𝑛 = −3

𝟖. 𝑰𝒇 ෝ𝒂, 𝒃, ො𝒄 𝒂𝒓𝒆 𝒕𝒉𝒓𝒆𝒆 𝒖𝒏𝒊𝒕 𝒗𝒆𝒄𝒕𝒐𝒓𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒃 𝒂𝒏𝒅 ො𝒄 𝒂𝒓𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍

𝒂𝒏𝒅 ෝ𝒂 × 𝒃 × ො𝒄 =
𝟏

𝟐
𝒃, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 ෝ𝒂 𝒂𝒏𝒅 ො𝒄

ො𝑎 × 𝑏 × Ƹ𝑐 =
1

2
𝑏 ො𝑎. Ƹ𝑐 𝑏 − ො𝑎. 𝑏 Ƹ𝑐 =

1

2
𝑏

ℎ𝑒𝑟𝑒 ො𝑎 𝑎𝑛𝑑 𝑏 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡ℎ𝑒𝑛 ො𝑎. 𝑏 = 0

⟹

⟹

ො𝑎. Ƹ𝑐 𝑏 − 0 Ƹ𝑐 =
1

2
𝑏 ⟹ ො𝑎. Ƹ𝑐 𝑏 =

1

2
𝑏 ො𝑎. Ƹ𝑐 =

1

2
⟹ ො𝑎 Ƹ𝑐 cos 𝜃 =

1

2

∵ ො𝑎 = Ƹ𝑐 = 1

1 1 cos 𝜃 =
1

2
⟹ cos 𝜃 =

1

2

θ = 60°
⟹ θ =

𝜋

3

⟹
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟒: 𝑨 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, 𝟐, −𝟑

𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝟒 Ƹ𝒊 + 𝟓 Ƹ𝒋 − 𝟕𝒌. 𝑭𝒊𝒏𝒅 𝒊 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒏 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄
𝒇𝒐𝒓𝒎 𝒊𝒊 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒏 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎

(𝒊𝒊𝒊) 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆.

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 − 3 𝑘 𝑎𝑛𝑑 𝑏 = 4 Ƹ𝑖 + 5 Ƹ𝑗 − 7 𝑘

𝑖 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚

Ԧ𝑟 = Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 + 𝑡 4 Ƹ𝑖 + 5 Ƹ𝑗 − 7 𝑘

Ԧ𝑟 = Ԧ𝑎 + 𝑡𝑏 𝑤ℎ𝑒𝑟𝑒 𝑡 ∈ 𝑅

𝑖𝑖 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑛𝑜𝑛 − 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚

Ԧ𝑟 − Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 × (4 Ƹ𝑖 + 5 Ƹ𝑗 − 7 𝑘) = 0

Ԧ𝑟 − Ԧ𝑎 × 𝑏 = 0

(𝑖𝑖𝑖) 𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒.
𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3

𝑥 − 1

4
=

𝑦 − 2

5
=

𝑧 + 3

−7

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1, 𝑧1 = 1, 2, −3 & 𝑏1, 𝑏2, 𝑏3 = (4, 5, −7)

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟓: 𝑻𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒏 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒂 𝒍𝒊𝒏𝒆 𝒊𝒔

𝒓 = 𝟑 Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟔𝒌 + 𝒕 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝟑𝒌 . 𝑭𝒊𝒏𝒅 𝒊 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆

𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒊𝒊 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒏 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆
𝒍𝒊𝒏𝒆 𝒊𝒊𝒊 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆.

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑤𝑖𝑡ℎ Ԧ𝑟 = Ԧ𝑎 + 𝑡𝑏

𝐿𝑒𝑡 Ԧ𝑎 = 3 Ƹ𝑖 − 2 Ƹ𝑗 + 6𝑘 𝑎𝑛𝑑 𝑏 = 2 Ƹ𝑖 − Ƹ𝑗 + 3 𝑘

𝑖 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒

𝐻𝑒𝑟𝑒 𝑏1, 𝑏2, 𝑏3 = 2, −1, 3

𝑏 = 2 Ƹ𝑖 − Ƹ𝑗 + 3𝑘

Ԧ𝑟 = 3 Ƹ𝑖 − 2 Ƹ𝑗 + 6 𝑘 + 𝑡 2 Ƹ𝑖 − Ƹ𝑗 + 3 𝑘 .

𝑏 = 22 + −1 2 + 32 = 4 + 1 + 9

𝑏 = 14

=
𝑏1

𝑏
,

𝑏2

𝑏
,

𝑏3

𝑏
𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 =

2

14
,

−1

14
,

3

14

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 ∶ 𝟔. 𝟒

𝑖𝑖 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑛𝑜𝑛 − 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 ∶

Ԧ𝑟 − 3 Ƹ𝑖 − 2 Ƹ𝑗 + 6 𝑘 × (2 Ƹ𝑖 − Ƹ𝑗 + 3 𝑘) = 0

Ԧ𝑟 − Ԧ𝑎 × 𝑏 = 0

𝑖𝑖𝑖 𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒: 𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1, 𝑧1 = 3, −2, 6 & 𝑏1, 𝑏2, 𝑏3 = (2, −1, 3)
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟔: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒏 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒂𝒏𝒅
𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 −𝟒, 𝟐, −𝟑 𝒂𝒏𝒅 𝒊𝒔

𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
−𝒙 − 𝟐

𝟒
=

𝒚 + 𝟑

−𝟐
=

𝟐𝒛 − 𝟔

𝟑
.

−𝑥 − 2

4
=

𝑦 + 3

−2
=

2𝑧 − 6

3

𝐿𝑒𝑡 Ԧ𝑎 = −4 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘

⟹

𝑥 + 2

−4
=

𝑦 + 3

−2
=

𝑧 − 3

3
2

𝑏 = −4 Ƹ𝑖 − 2 Ƹ𝑗 +
3

2
𝑘 𝑏 = −

1

2
8 Ƹ𝑖 + 4 Ƹ𝑗 − 3𝑘

− 𝑥 + 2

4
=

𝑦 + 3

−2
=

2 𝑧 − 3

3

Ԧ𝑎 = 𝜆𝑏

⟹

𝑏 𝑖𝑠 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 8 Ƹ𝑖 + 4 Ƹ𝑗 − 3 𝑘 . 𝐻𝑒𝑛𝑐𝑒 𝑏 = 8 Ƹ𝑖 + 4 Ƹ𝑗 − 3𝑘

𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚

Ԧ𝑟 = −4 Ƹ𝑖 + 2 Ƹ𝑗 − 3 𝑘 + 𝑡 8 Ƹ𝑖 + 4 Ƹ𝑗 − 3 𝑘

Ԧ𝑟 = Ԧ𝑎 + 𝑡𝑏 𝑤ℎ𝑒𝑟𝑒 𝑡 ∈ 𝑅

𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠
𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3
⟹

𝑥 + 4

8
=

𝑦 − 2

4
=

𝑧 + 3

−3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒏 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒂𝒏𝒅
𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔
−𝟓, 𝟕, −𝟒 𝒂𝒏𝒅 𝟏𝟑, −𝟓, 𝟐 . 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒉𝒆𝒓𝒆 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒚𝒕 𝒍𝒊𝒏𝒆

𝒄𝒓𝒐𝒔𝒔𝒔𝒆𝒔 𝒕𝒉𝒆 𝒙𝒚 − 𝒑𝒍𝒂𝒏𝒆.

𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚

𝐻𝑒𝑟𝑒 Ԧ𝑎 = −5 Ƹ𝑖 + 7 Ƹ𝑗 − 4 𝑘, 𝑏 = 13 Ƹ𝑖 − 5 Ƹ𝑗 + 2 𝑘

𝑏 − Ԧ𝑎 = 13 Ƹ𝑖 − 5 Ƹ𝑗 + 2 𝑘 + 5 Ƹ𝑖 − 7 Ƹ𝑗 + 4 𝑘 𝑏 − Ԧ𝑎 = 18 Ƹ𝑖 − 12 Ƹ𝑗 + 6 𝑘

Ԧ𝑟 = Ԧ𝑎 + 𝑡 𝑏 − Ԧ𝑎

Ԧ𝑟 = −5 Ƹ𝑖 + 7 Ƹ𝑗 − 4 𝑘 + 𝑡 18 Ƹ𝑖 − 12 Ƹ𝑗 + 6 𝑘

𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏:

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 , 𝑧1 = −5, 7, −4 𝑎𝑛𝑑 𝑥2, 𝑦2 , 𝑧2 = 13, −5, 2 .

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

⟹
𝑥 + 5

18
=

𝑦 − 7

−12
=

𝑧 + 4

6
3 −2 1

𝑥 + 5

3
=

𝑦 − 7

−2
=

𝑧 + 4

1

𝐴𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚

𝑥 + 5

3
=

𝑦 − 7

−2
=

𝑧 + 4

1
= 𝑡

𝑥 + 5

3
= 𝑡,

𝑦 − 7

−2
= 𝑡,

𝑧 + 4

1
= 𝑡

⟹

𝑥 − 3

2
=

𝑦 + 2

−1
=

𝑧 − 6

3
⟹
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3𝑡 − 5, −2𝑡 + 7, 𝑡 − 4𝑥 = 3𝑡 − 5, 𝑦 = −2𝑡 + 7, 𝑧 = 𝑡 − 4 ⟹

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑐𝑟𝑜𝑠𝑠𝑒𝑠 𝑡ℎ𝑒 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒, 𝑖. 𝑒 𝑧 = 0

∴ 𝑡 − 4 = 0 ⟹ 𝑡 = 4

3 4 − 5, −2 4 + 7, 4 − 4 = 12 − 5, −8 + 7, 0 = 7, −1, 0

𝑠𝑢𝑏 𝑡 = 4 𝑖𝑛 3𝑡 − 5, −2𝑡 + 7, 𝑡 − 4

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑐𝑟𝑜𝑠𝑠𝑒𝑠 𝑡ℎ𝑒 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 𝑎𝑡 7, −1, 0

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆
𝒙 + 𝟑

𝟐
=

𝒚 − 𝟏

𝟐
= −𝒛 𝒘𝒊𝒕𝒉 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔.

𝑥 + 3

2
=

𝑦 − 1

2
= −𝑧 ⟹

𝑥 + 3

2
=

𝑦 − 1

2
=

𝑧

−1

𝐿𝑒𝑡 𝑏 = 2 Ƹ𝑖 + 2 Ƹ𝑗 − 𝑘

=
𝑏1

𝑏
,

𝑏2

𝑏
,

𝑏3

𝑏

𝑏 = 22 + 22 + −1 2 = 4 + 4 + 1

𝑏 = 9

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 =
2

3
,
2

3
,
−1

3

⟹ 𝑏 = 3

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 =
2

3
,
2

3
,
−1

3
=

2

3
,
2

3
,
−1

3
𝑐𝑜𝑠𝛼, 𝑐𝑜𝑠𝛽, 𝑐𝑜𝑠𝛾

𝐴𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑎𝑥𝑒𝑠

𝑎𝑟𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑚𝑎𝑑𝑒 𝑏𝑦 𝑏 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑎𝑥𝑒𝑠,

⟹

𝑊ℎ𝑒𝑟𝑒 𝛼, 𝛽, 𝛾 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑚𝑎𝑑𝑒 𝑏𝑦 𝑏 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑥 − 𝑎𝑥𝑖𝑠, 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒
𝑦 − 𝑎𝑥𝑖𝑠, 𝑎𝑛𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑧 − 𝑎𝑥𝑖𝑠

𝑐𝑜𝑠𝛼 =
2

3
, 𝑐𝑜𝑠𝛽 =

2

3
, 𝑐𝑜𝑠𝛾 = −

1

3

𝛼 = 𝑐𝑜𝑠−1
2

3
, 𝛽 = 𝑐𝑜𝑠−1

2

3
, 𝛾 = 𝑐𝑜𝑠−1

−1

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟐𝟗: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔

𝒓 = Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟒𝒌 + 𝒕 𝟐 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈

𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 (𝟓, 𝟏, 𝟒) 𝒂𝒏𝒅 (𝟗, 𝟐, 𝟏𝟐).

Ԧ𝑟 = Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘 + 𝑡 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 5, 1, 4
𝑎𝑛𝑑 (9, 2, 12).

𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 Ԧ𝑟 = Ԧ𝑎 + 𝑡 𝑏 − Ԧ𝑎

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 5 Ƹ𝑖 + Ƹ𝑗 + 4 𝑘, 𝑏 = 9 Ƹ𝑖 + 2 Ƹ𝑗 + 12𝑘

𝑏 − Ԧ𝑎 = 9 Ƹ𝑖 + 2 Ƹ𝑗 + 12𝑘 − 5 Ƹ𝑖 − Ƹ𝑗 − 4𝑘
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𝑏 − Ԧ𝑎 = 4 Ƹ𝑖 + Ƹ𝑗 + 8𝑘

𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 4 Ƹ𝑖 + Ƹ𝑗 + 8𝑘

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡𝑤𝑜 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 𝑐𝑜𝑠 𝜃 =
𝑏. Ԧ𝑑

𝑏 Ԧ𝑑
𝑤ℎ𝑒𝑟𝑒 𝑏 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 Ԧ𝑑 = 4 Ƹ𝑖 + Ƹ𝑗 + 8𝑘

𝑐𝑜𝑠𝜃 =
8 + 2 + 8

22 + 22 + 12 42 + 12 + 82

𝑐𝑜𝑠𝜃 =
18

4 + 4 + 1 16 + 1 + 64

𝜃 = 𝑐𝑜𝑠−1
18

3 × 9

𝜃 = 𝑐𝑜𝑠−1
18

9 81

𝜃 = 𝑐𝑜𝑠−1
2

3

𝑐𝑜𝑠𝜃 =
2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 . (4 Ƹ𝑖 + Ƹ𝑗 + 8 𝑘)

2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 4 Ƹ𝑖 + Ƹ𝑗 + 8𝑘
⟹

⟹

⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟎: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟒

𝟐
=

𝒚

𝟏
=

𝒛 + 𝟏

−𝟐
𝒂𝒏𝒅

𝒙 − 𝟏

𝟒
=

𝒚 + 𝟏

−𝟒
=

𝒛 − 𝟐

𝟐
𝒂𝒏𝒅 𝒔𝒕𝒂𝒕𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆𝒚

𝒂𝒓𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒐𝒓 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓.

𝑥 − 4

2
=

𝑦

1
=

𝑧 + 1

−2
𝑎𝑛𝑑

𝑥 − 1

4
=

𝑦 + 1

−4
=

𝑧 − 2

2
𝐻𝑒𝑟𝑒 𝑏 = 2 Ƹ𝑖 + Ƹ𝑗 − 2 𝑘 𝑎𝑛𝑑 Ԧ𝑑 = 4 Ƹ𝑖 − 4 Ƹ𝑗 + 2𝑘

𝑇ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑡𝑤𝑜 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 𝑐𝑜𝑠 𝜃 =
𝑏. Ԧ𝑑

𝑏 Ԧ𝑑

𝑐𝑜𝑠𝜃 =
8 − 4 − 4

22 + 1 2 + −2 2 42 + −4 2 + 22

𝑐𝑜𝑠𝜃 =
2 Ƹ𝑖 + Ƹ𝑗 − 2𝑘 . (4 Ƹ𝑖 − 4 Ƹ𝑗 + 2 𝑘)

2 Ƹ𝑖 + Ƹ𝑗 − 2𝑘 4 Ƹ𝑖 − 4 Ƹ𝑗 + 2𝑘

𝑐𝑜𝑠𝜃 =
8 − 4 − 4

4 + 1 + 4 16 + 16 + 4
⟹ 𝑐𝑜𝑠𝜃 =

0

9 36

𝑐𝑜𝑠𝜃 = 0 ⟹ 𝜃 =
𝜋

2
𝑇ℎ𝑢𝑠 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟏: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆
𝒑𝒐𝒊𝒏𝒕𝒔 𝑨 𝟔, 𝟕, 𝟓 𝒂𝒏𝒅 𝑩 𝟖, 𝟏𝟎, 𝟔 𝒊𝒔 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆
𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝑪 𝟏𝟎, 𝟐, −𝟓 𝒂𝒏𝒅 𝑫 𝟖, 𝟑, −𝟒 .

𝑂𝐴 = 6 Ƹ𝑖 + 7 Ƹ𝑗 + 5 𝑘, 𝑂𝐵 = 8 Ƹ𝑖 + 10 Ƹ𝑗 + 6 𝑘

𝑏 = 𝐴𝐵 = 𝑂𝐵 − 𝑂𝐴 = 8 Ƹ𝑖 + 10 Ƹ𝑗 + 6𝑘 − 6 Ƹ𝑖 + 7 Ƹ𝑗 + 5 𝑘

= 8 Ƹ𝑖 + 10 Ƹ𝑗 + 6𝑘 − 6 Ƹ𝑖 − 7 Ƹ𝑗 − 5𝑘
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𝑂𝐶 = 10 Ƹ𝑖 + 2 Ƹ𝑗 − 5 𝑘, 𝑂𝐷 = 8 Ƹ𝑖 + 3 Ƹ𝑗 − 4 𝑘

Ԧ𝑑 = 𝐶𝐷 = 𝑂𝐷 − 𝑂𝐶 = 8 Ƹ𝑖 + 3 Ƹ𝑗 − 4 𝑘 − 10 Ƹ𝑖 + 2 Ƹ𝑗 − 5 𝑘

= 8 Ƹ𝑖 + 3 Ƹ𝑗 − 4 𝑘 − 10 Ƹ𝑖 − 2 Ƹ𝑗 + 5𝑘

Ԧ𝑑 = −2 Ƹ𝑖 + Ƹ𝑗 + 𝑘

𝑏. Ԧ𝑑 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘 . −2 Ƹ𝑖 + Ƹ𝑗 + 𝑘 = −4 + 3 + 1 = 0

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟, 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠
𝑎𝑟𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟐: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟒
=

𝟐 − 𝒚

𝟔
=

𝒛 − 𝟒

𝟏𝟐
𝒂𝒏𝒅

𝒙 − 𝟑

−𝟐
=

𝒚 − 𝟑

𝟑
=

𝟓 − 𝒛

𝟔
𝒂𝒓𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍.

𝑇ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒
𝑥 − 1

4
=

𝑦 − 2

−6
=

𝑧 − 4

12
𝑖𝑠 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟

4 Ƹ𝑖 − 6 Ƹ𝑗 + 12 𝑘 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒
𝑥 − 3

−2
=

𝑦 − 3

3
=

5 − 𝑧

6
𝑖𝑠 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜

𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 − 2 Ƹ𝑖 + 3 Ƹ𝑗 − 6 𝑘

𝑠𝑖𝑛𝑐𝑒 4 Ƹ𝑖 − 6 Ƹ𝑗 + 12 𝑘

𝑥 − 1

4
=

𝑦 − 2

−6
=

𝑧 − 4

12
𝑎𝑛𝑑

𝑥 − 3

−2
=

𝑦 − 3

3
=

𝑧 − 5

−6

= −2 −2 Ƹ𝑖 + 3 Ƹ𝑗 − 6𝑘

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙, 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙.

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅
𝒄𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆

𝒑𝒐𝒊𝒏𝒕 𝒘𝒊𝒕𝒉 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝟒 Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝟕𝒌 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓
𝟐 Ƹ𝒊 − 𝟔 Ƹ𝒋 + 𝟕𝒌

𝐿𝑒𝑡 Ԧ𝑎 = 4 Ƹ𝑖 + 3 Ƹ𝑗 − 7 𝑘 𝑎𝑛𝑑 𝑏 = 2 Ƹ𝑖 − 6 Ƹ𝑗 + 7 𝑘

𝑁𝑜𝑛 − 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠

Ԧ𝑟 − 4 Ƹ𝑖 + 3 Ƹ𝑗 − 7 𝑘 × (2 Ƹ𝑖 − 6 Ƹ𝑗 + 7𝑘) = 0

𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠
𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3

∵ 𝑥1, 𝑦1, 𝑧1 = 4,3,7 𝑎𝑛𝑑 𝑏1, 𝑏2, 𝑏3 = (2, −6,7)

Ԧ𝑟 − Ԧ𝑎 × 𝑏 = 0

𝑥 − 4

2
=

𝑦 − 3

−6
=

𝑧 + 7

7

𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘
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𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒄𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒐𝒓𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 −𝟐, 𝟑, 𝟒

𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆
𝒙 − 𝟏

−𝟒
=

𝒚 + 𝟑

𝟓
=

𝟖 − 𝒛

𝟔

𝐿𝑒𝑡 Ԧ𝑎 = −2 Ƹ𝑖 + 3 Ƹ𝑗 + 4𝑘

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑖𝑠 Ԧ𝑟 = Ԧ𝑎 + 𝑡𝑏 𝑤ℎ𝑒𝑟𝑒 𝑡 ∈ 𝑅

𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠

Ԧ𝑟 = −2 Ƹ𝑖 + 3 Ƹ𝑗 + 4 𝑘 + 𝑡 −4 Ƹ𝑖 + 5 Ƹ𝑗 − 6 𝑘

𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3

∵ 𝑥1, 𝑦1, 𝑧1 = −2,3,4 𝑎𝑛𝑑 𝑏1, 𝑏2, 𝑏3 = −4,5, −6

𝑥 + 2

−4
=

𝑦 − 3

5
=

𝑧 − 4

−6

𝑎𝑛𝑑 𝑏 = −4 Ƹ𝑖 + 5 Ƹ𝑗 − 6𝑘

𝑥 − 1

−4
=

𝑦 + 3

5
=

8 − 𝑧

6
⟹

𝑥 − 1

−4
=

𝑦 + 3

5
=

𝑧 − 8

−6

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝒘𝒉𝒆𝒓𝒆 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝟔, 𝟕, 𝟒
𝒂𝒏𝒅 𝟖, 𝟒, 𝟗 𝒄𝒖𝒕𝒔 𝒕𝒉𝒆 𝒙𝒛 𝒂𝒏𝒅 𝒚𝒛 𝒑𝒍𝒂𝒏𝒆𝒔.

𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 , 𝑧1 = 6,7,4 𝑎𝑛𝑑 𝑥2, 𝑦2 , 𝑧2 = 8, 4, 9

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

⟹

𝑥 − 6

2
=

𝑦 − 7

−3
=

𝑧 − 4

5

𝐴𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚

𝑥 − 6

2
=

𝑦 − 7

−3
=

𝑧 − 4

5
= 𝑡

𝑥 − 6

8 − 6
=

𝑦 − 7

4 − 7
=

𝑧 − 4

9 − 4

⟹
𝑥 − 6

2
= 𝑡,

𝑦 − 7

−3
= 𝑡,

𝑧 − 4

5
= 𝑡

2𝑡 + 6, −3𝑡 + 7, 5𝑡 + 4𝑥 = 2𝑡 + 6, 𝑦 = −3𝑡 + 7, 𝑧 = 5𝑡 + 4 ⟹

∴ 𝑃𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 2𝑡 + 6, −3𝑡 + 7, 5𝑡 + 4 … (1)

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑐𝑢𝑡 𝑥𝑧 𝑝𝑙𝑎𝑛𝑒 𝑖. 𝑒 𝑦 = 0

∴ −3𝑡 + 7 = 0 ⟹ −3𝑡 = −7 𝑡 =
7

3
⟹

𝑆𝑢𝑏 𝑡 =
7

3
𝑖𝑛 1 2

7

3
+ 6, −3

7

3
+ 7, 5

7

3
+ 4

= 2
7

3
+ 6, −3

7

3
+ 7, 5

7

3
+ 4 =

14

3
+ 6, −7 + 7,

35

3
+ 4

=
14 + 18

3
, 0,

35 + 12

3
𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑐𝑢𝑡 𝑡ℎ𝑒 𝑥𝑧 − 𝑝𝑙𝑎𝑛𝑒 𝑎𝑡

32

3
, 0,

47

3
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𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑐𝑢𝑡 𝑦𝑧 𝑝𝑙𝑎𝑛𝑒 𝑖. 𝑒 𝑥 = 0

∴ 2𝑡 + 6 = 0 𝑡 = −3⟹ 2𝑡 = −6 ⟹

𝑆𝑢𝑏 𝑡 = −3 𝑖𝑛 1 2𝑡 + 6, −3𝑡 + 7, 5𝑡 + 4

= 2 −3 + 6, −3 −3 + 7, 5 −3 + 4 = −6 + 6, 9 + 7, −15 + 4

= (0, 16, −11)

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑐𝑢𝑡 𝑡ℎ𝑒 𝑦𝑧 − 𝑝𝑙𝑎𝑛𝑒 𝑎𝑡 (0, 16, −11)

𝐿𝑒𝑡 𝑏 = 5 Ƹ𝑖 + 6 Ƹ𝑗 + 7𝑘 𝑎𝑛𝑑 Ԧ𝑎 = 7 Ƹ𝑖 + 9 Ƹ𝑗 + 13 𝑘

𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔

𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 Ԧ𝑎 𝑎𝑛𝑑𝑏 𝑖𝑠

Ԧ𝑟 = Ԧ𝑎 + 𝑡 𝑏 − Ԧ𝑎 , 𝑡 ∈ 𝑅

∴ Ԧ𝑟 = 7 Ƹ𝑖 + 9 Ƹ𝑗 + 13 𝑘 + 𝑡 7 − 5 Ƹ𝑖 + 9 − 6 Ƹ𝑗 + (13 − 7) 𝑘

Ԧ𝑟 = 7 Ƹ𝑖 + 9 Ƹ𝑗 + 13 𝑘 + t 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6 𝑘

𝑇ℎ𝑒 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 𝑖𝑠

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

, 𝑡 ∈ 𝑅

𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 5 Ƹ𝑖 + 6 Ƹ𝑗 + 7 𝑘, 𝑏 = 7 Ƹ𝑖 + 9 Ƹ𝑗 + 13 𝑘

𝑏 − Ԧ𝑎 = 7 Ƹ𝑖 + 9 Ƹ𝑗 + 13 𝑘 − 5 Ƹ𝑖 − 6 Ƹ𝑗 − 7 𝑘

𝑏 − Ԧ𝑎 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘

Ԧ𝑟 = Ԧ𝑎 + 𝑡 𝑏 − Ԧ𝑎

Ԧ𝑟 = 5 Ƹ𝑖 + 6 Ƹ𝑗 + 7𝑘 + 𝑡 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6 𝑘

𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏:

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

⟹
𝑥 − 5

2
=

𝑦 − 6

3
=

𝑧 − 7

6

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆
𝒑𝒐𝒊𝒏𝒕𝒔 𝟓, 𝟔, 𝟕 𝒂𝒏𝒅 𝟕, 𝟗, 𝟏𝟑 . 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓
𝒂𝒏𝒅 𝒄𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒘𝒐
𝒈𝒊𝒗𝒆𝒏 𝒑𝒐𝒊𝒏𝒕𝒔

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 , 𝑧1 = 5, 6, 7 𝑎𝑛𝑑 𝑥2, 𝑦2 , 𝑧2 = 7, 9, 13 .

𝐿𝑒𝑡 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 𝑜𝑓𝑔𝑖𝑣𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑡ℎ𝑒

𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 𝑜𝑓 𝑏 .

𝑏 = 22 + 32 +62 = 4 + 9 + 36

𝑏 = 49 ⟹ 𝑏 = 7
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=
𝑏1

𝑏
,

𝑏2

𝑏
,

𝑏3

𝑏
𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 =

2

7
,
3

7
,
6

7

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 =
2

7
,
3

7
,
6

7

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒍𝒊𝒏𝒆𝒔:

𝒊 𝒓 = 𝟒 Ƹ𝒊 − Ƹ𝒋 + 𝒕 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐𝒌 , 𝒓 = Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟒𝒌 + 𝒔 − Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝟐𝒌

𝒊𝒊
𝒙 + 𝟒

𝟑
=

𝒚 − 𝟕

𝟒
=

𝒛 + 𝟓

𝟓
, 𝒓 = 𝟒𝒌 + 𝒕 𝟐 Ƹ𝒊 + Ƹ𝒋 + 𝒌

𝒊𝒊𝒊 𝟐𝒙 = 𝟑𝒚 = −𝟐 𝒂𝒏𝒅 𝟔𝒙 = −𝒚 − 𝟒𝒛

𝑖 𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒

Ԧ𝑟 = 4 Ƹ𝑖 − Ƹ𝑗 + 𝑡 Ƹ𝑖 + 2 Ƹ𝑗 − 2 𝑘

∴ 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘

𝑎𝑛𝑑 𝑟 = Ƹ𝑖 − 2 Ƹ𝑗 + 4 𝑘 + 𝑠 − Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘

∴ 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 Ԧ𝑑 = − Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘

𝐿𝑒𝑡 𝜃 𝑏𝑒 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠

𝑐𝑜𝑠 𝜃 =
𝑏. Ԧ𝑑

𝑏 Ԧ𝑑

𝑐𝑜𝑠 𝜃 =
Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 . − Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘

12 + 22 + (−2)2 (−1)2+(−2)2+(2)2

=
−9

9 9
=

−9

9

cos 𝜃 = −1

𝑐𝑜𝑠 𝜃 =
−1 − 4 − 4

1 + 4 + 4 1 + 4 + 4

⟹ 𝜃 = cos−1 −1

𝜃 = 𝜋

𝑖𝑖 𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒
𝑥 + 4

3
=

𝑦 − 7

4
=

𝑧 + 5

5

𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 𝑏 = 3 Ƹ𝑖 + 4 Ƹ𝑗 + 5 𝑘

𝑎𝑛𝑑 Ԧ𝑟 = 4 𝑘 + 𝑡 2 Ƹ𝑖 + Ƹ𝑗 + 𝑘 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 Ԧ𝑑 = 2 Ƹ𝑖 + Ƹ𝑗 + 𝑘

∴ 𝑐𝑜𝑠 𝜃 =
𝑏. Ԧ𝑑

𝑏 Ԧ𝑑

𝒊𝒊
𝒙 + 𝟒

𝟑
=

𝒚 − 𝟕

𝟒
=

𝒛 + 𝟓

𝟓
, 𝒓 = 𝟒𝒌 + 𝒕 𝟐 Ƹ𝒊 + Ƹ𝒋 + 𝒌
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𝑐𝑜𝑠 𝜃 =
(3 Ƹ𝑖 + 4 Ƹ𝑗 + 5 𝑘)(2 Ƹ𝑖 + Ƹ𝑗 + 𝑘)

32 + 42 + 52 22 + 12 + 12
=

6 + 4 + 5

9 + 16 + 25 4 + 1 + 1

𝑐𝑜𝑠 𝜃 =
15

5 2 6

∴ 𝜃 = 𝑐𝑜𝑠−1
3

2 3

𝑐𝑜𝑠 𝜃 =
6 + 4 + 5

50 6
⟹ ⟹ 𝑐𝑜𝑠 𝜃 =

3

2 3

𝒊𝒊𝒊 𝑮𝒊𝒗𝒆𝒏 𝒍𝒊𝒏𝒆𝒔 𝒂𝒓𝒆 𝟐𝒙 = 𝟑𝒚 = −𝒛 𝒂𝒏𝒅 𝟔𝒙 = −𝒚 = −𝟒𝒛

2𝑥 = 3𝑦 = −𝑧
𝑥 − 0

1
2

=
𝑦 − 0

1
3

=
𝑧 − 0

−1

𝑏 =
1

2
Ƹ𝑖 +

1

3
Ƹ𝑗 − 𝑘

6𝑥 = −𝑦 = −4𝑧
𝑥 − 0

1
6

=
𝑦 − 0

1
−1

=
𝑧 − 0

−
1
4

Ԧ𝑑 =
1

6
Ƹ𝑖 − Ƹ𝑗 −

1

4
𝑘

⟹

⟹

𝑏. Ԧ𝑑 =
1

2
Ƹ𝑖 +

1

3
Ƹ𝑗 − 𝑘 .

1

6
Ƹ𝑖 − Ƹ𝑗 −

1

4
𝑘

=
1

12
−

1

3
+

1

4

∴ 𝑏 ⊥ Ԧ𝑑 ∴ 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑏 and 𝑑 𝑖𝑠
𝜋

2

=
1 − 4 + 3

12
= 0

𝟔. 𝑻𝒉𝒆 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝒐𝒇 ∆𝑨𝑩𝑪 𝒂𝒓𝒆 𝑨 𝟕, 𝟐, 𝟏 , 𝑩 𝟔, 𝟎, 𝟑 𝒂𝒏𝒅 𝑪 𝟒, 𝟐, 𝟎 , 𝑭𝒊𝒏𝒅 ∠𝑨𝑩𝑪

𝐺𝑖𝑣𝑒𝑛 ∶ 𝐴 7, 2, 1 , 𝐵 6, 0, 3 𝑎𝑛𝑑 𝐶 4,2,4
∠𝐴𝐵𝐶 𝑖𝑠 𝑙𝑖𝑒𝑠 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝐴𝐵 𝑎𝑛𝑑 𝐵𝐶

𝐴𝐵 = 𝑂𝐵 − 𝑂𝐴

= 6 Ƹ𝑖 + 0 Ƹ𝑗 + 3 𝑘 − 7 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

= 6 Ƹ𝑖 + 0 Ƹ𝑗 + 3 𝑘 − 7 Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘

𝐴𝐵 = − Ƹ𝑖 − 2 Ƹ𝑗 + 2 𝑘

𝑖. 𝑒 𝑂𝐴 = 7 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘, 𝑂𝐵 = 6 Ƹ𝑖 + 0 Ƹ𝑗 + 3𝑘, 𝑂𝐶 = 4 Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘

𝐵𝐶 = 𝑂𝐶 − 𝑂𝐵

= 4 Ƹ𝑖 + 2 Ƹ𝑗 + 4 𝑘 − 6 Ƹ𝑖 + 0 Ƹ𝑗 + 3𝑘

= 4 Ƹ𝑖 + 2 Ƹ𝑗 + 4 𝑘 − 6 Ƹ𝑖 − 0 Ƹ𝑗 − 3 𝑘

𝐵𝐶 = −2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

∴ 𝑐𝑜𝑠 𝜃 =
𝐴𝐵. 𝐵𝐶

𝐴𝐵 𝐵𝐶
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𝐻𝑒𝑟𝑒 𝐴𝐵 = − Ƹ𝑖 − 2 Ƹ𝑗 + 2 𝑘 𝑎𝑛𝑑 𝐵𝐶 = −2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

𝑐𝑜𝑠 𝜃 =
− Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘 . (−2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘)

−1 2 + −1 2 + 22 22 + −2 2 + 32
=

2 − 4 + 2

9 + 16 + 25 4 + 1 + 1

𝑐𝑜𝑠 𝜃 =
0

25 6
⟹ 𝑐𝑜𝑠 𝜃 = 0 ⟹ 𝜃 = 90°

∠𝐴𝐵𝐶 = 90°

𝟕. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒊𝒂𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒋𝒐𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟏, 𝟒 𝒂𝒏𝒅 𝒂 − 𝟏, 𝟒, −𝟏
𝒊𝒔 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝟎, 𝟐, 𝒃 − 𝟏 𝒂𝒏𝒅 𝟓, 𝟑, −𝟐 . 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒂 𝒂𝒏𝒅 𝒃

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠
2,1,4 𝑎𝑛𝑑 (𝑎 − 1,4, −1)

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

∵ 𝑥1, 𝑦1, 𝑧1 = 2,1,4 , 𝑥2, 𝑦2, 𝑧2 = (𝑎 − 1,4, −1)

⟹
𝑥 − 2

𝑎 − 1 − 2
=

𝑦 − 1

4 − 1
=

𝑧 − 4

−1 − 4

𝑥 − 2

𝑎 − 3
=

𝑦 − 1

3
=

𝑧 − 4

−5
… (1)

𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 𝑏 = 𝑎 − 3 Ƹ𝑖 + 3 Ƹ𝑗 − 5𝑘

𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠
5,3, −2 𝑎𝑛𝑑 0,2, 𝑏 − 1 𝑖𝑠

∵ 𝑥1, 𝑦1, 𝑧1 = 5,3, −2 , 𝑥2, 𝑦2, 𝑧2 = 0,2, 𝑏 − 1

𝑥 − 5

0 − 5
=

𝑦 − 3

2 − 3
=

𝑧 + 2

𝑏 − 1 + 2
⟹

𝑥 − 5

−5
=

𝑦 − 3

−1
=

𝑧 + 2

𝑏 + 1
… (2)

𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠 Ԧ𝑑 = −5 Ƹ𝑖 − Ƹ𝑗 + 𝑏 + 1 𝑘

1 𝑎𝑛𝑑 2 𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

𝑏 = 𝑎 − 3 Ƹ𝑖 + 3 Ƹ𝑗 − 5𝑘 Ԧ𝑑 = −5 Ƹ𝑖 − Ƹ𝑗 + 𝑏 + 1 𝑘

𝑏 = −3 Ԧ𝑑

𝑎 − 3 Ƹ𝑖 + 3 Ƹ𝑗 − 5𝑘 = −3 −5 Ƹ𝑖 − Ƹ𝑗 + 𝑏 + 1 𝑘

𝑎 − 3 Ƹ𝑖 + 3 Ƹ𝑗 − 5𝑘 = 15 Ƹ𝑖 + 3 Ƹ𝑗 − 3 𝑏 + 1 𝑘

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 Ƹ𝑖, 𝑘

∴ 𝑎 − 3 = 15 ⟹ 𝑎 = 15 + 3

𝑎 = 18

3 𝑏 + 1 = 5 ⟹ 𝑏 + 1 =
5

3

𝑏 =
5

3
− 1 ⟹ 𝑏 =

5 − 3

3
𝑏 =

2

3

∴ 𝑎 = 18 𝑎𝑛𝑑 𝑏 =
2

3

⟹

⟹
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𝟖. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟓

𝟓𝒎 + 𝟐
=

𝟐 − 𝒚

𝟓
=

𝟏 − 𝒛

−𝟏
𝒂𝒏𝒅 𝒙 =

𝟐𝒚 + 𝟏

𝟒𝒎
=

𝟏 − 𝒛

−𝟑
𝒂𝒓𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒆𝒂𝒄𝒉 𝒐𝒕𝒉𝒆𝒓, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒎

𝑥 − 5

5𝑚 + 2
=

2 − 𝑦

5
=

1 − 𝑧

−1

∴ 𝑏 = 5𝑚 + 2 Ƹ𝑖 − 5 Ƹ𝑗 + 𝑘

𝑎𝑛𝑑 𝑥 =
2𝑦 + 1

4𝑚
=

1 − 𝑧

−3

⟹
𝑥 − 5

5𝑚 + 2
=

𝑦 − 2

−5
=

𝑧 − 1

1

⟹ 𝑥 =

2y + 1
2

4𝑚
2

=
1 − 𝑧

−3
⟹

𝑥

1
=

𝑦 +
1
2

2𝑚
=

𝑧 − 1

3

∴ Ԧ𝑑 = Ƹ𝑖 + 2𝑚 Ƹ𝑗 + 3𝑘

𝑆𝑖𝑛𝑐𝑒 𝑏 ⊥ Ԧ𝑑 ⇒ 𝑏. Ԧ𝑑 = 0

5𝑚 + 2 Ƹ𝑖 − 5 Ƹ𝑗 + 𝑘 . Ƹ𝑖 + 2𝑚 Ƹ𝑗 + 3𝑘 = 0

5𝑚 + 2 1 + 2𝑚 −5 + 3 1 = 0

5𝑚 + 2 − 10𝑚 + 3 = 0 5 − 5𝑚 = 0

𝑚 = 1

⟹

5 = 5𝑚 ⟹

𝟗. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟑, 𝟒 , −𝟏, 𝟒, 𝟓 𝒂𝒏𝒅 𝟖, 𝟏, 𝟐 𝒂𝒓𝒆 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝐴 2, 3, 4 , 𝐵 −1, 4, 5 𝑎𝑛𝑑 𝐶 8, 1, 2

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝐴𝐵 𝑖𝑠
𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 , 𝑧1 = 2, 3, 4 𝑎𝑛𝑑 𝑥2, 𝑦2 , 𝑧2 = −1, 4, 5

𝑥 − 2

−1 − 2
=

𝑦 − 3

4 − 3
=

𝑧 − 4

5 − 4

𝑥 − 2

−3
=

𝑦 − 3

1
=

𝑧 − 4

1

𝑆𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝐶 8, 1, 2 𝑖𝑛 𝑙𝑖𝑛𝑒
𝑥 − 2

−3
=

𝑦 − 3

1
=

𝑧 − 4

1
8 − 2

−3
=

1 − 3

1
=

2 − 4

1
𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝐶 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 𝐴 𝑎𝑛𝑑 𝐵
𝑎𝑙𝑙 𝑡ℎ𝑒 𝑡ℎ𝑟𝑒𝑒 𝑙𝑖𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑙𝑖𝑛𝑒

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑎𝑟𝑒 𝑐𝑜𝑙𝑙𝑖𝑛𝑒𝑎𝑟

⟹
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟐
=

𝒚 − 𝟐

𝟑
=

𝒛 − 𝟑

𝟒
𝒂𝒏𝒅

𝒙 − 𝟒

𝟓
=

𝒚 − 𝟏

𝟐
= 𝒛.

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠:
𝑥 − 1

2
=

𝑦 − 2

3
=

𝑧 − 3

4
𝑎𝑛𝑑

𝑥 − 4

5
=

𝑦 − 1

2
= 𝑧

𝑇𝑎𝑘𝑒:
𝑥 − 1

2
=

𝑦 − 2

3
=

𝑧 − 3

4
= 𝑠

𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 ∶ 2𝑠 + 1, 3𝑠 + 2, 4𝑠 + 3

⟹
𝑥 − 1

2
= 𝑠,

𝑦 − 2

3
= 𝑠,

𝑧 − 3

4
= 𝑠

𝑥 − 1 = 2𝑠, 𝑦 − 2 = 3𝑠, 𝑧 − 3 = 4𝑠 ⟹ 𝑥 = 2𝑠 + 1, 𝑦 = 3𝑠 + 2, 𝑧 = 4𝑠 + 3

𝑇𝑎𝑘𝑒:
𝑥 − 4

5
=

𝑦 − 1

2
= 𝑧 = 𝑡 ⟹

𝑥 − 4

5
= 𝑡,

𝑦 − 1

2
= 𝑡, 𝑧 = 𝑡

𝑥 − 4 = 5𝑡, 𝑦 − 1 = 2𝑡, 𝑧 = 𝑡 ⟹ 𝑥 = 5𝑡 + 4, 𝑦 = 2𝑡 + 1, 𝑧 = 𝑡

𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 5𝑡 + 4, 2𝑡 + 1, 𝑡
𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑛𝑔

2𝑠 + 1, 3𝑠 + 2, 4𝑠 + 3 = 5𝑡 + 4, 2𝑡 + 1, 𝑡

2𝑠 + 1 = 5𝑡 + 4 ⟹ 2𝑠 − 5𝑡 = 4 − 1 ⟹ 2𝑠 − 5𝑡 = 3 … 1

3𝑠 + 2 = 2𝑡 + 1 ⟹ 3𝑠 − 2𝑡 = 1 − 2 ⟹ 3𝑠 − 2𝑡 = −1… 2

𝑆𝑜𝑙𝑣𝑒 1 & 2

1 × 2 ⟹ 4𝑠 − 10𝑡 = 6

2 × 5 ⟹ 15𝑠 − 10𝑡 = −5
− + +

−11𝑠 = 11 ⟹ 𝑠 = −
11

11
⟹ 𝑠 = −1

𝑠𝑢𝑏𝑠 𝑠 = −1 𝑖𝑛 1 2𝑠 − 5𝑡 = 3

2 −1 − 5𝑡 = 3 ⟹ −2 − 5𝑡 = 3 ⟹ −5𝑡 = 3 + 2 ⟹ −5𝑡 = 5

𝑡 = −
5

5
⟹ 𝑡 = −1

𝑠 = −1 𝑖𝑛 2𝑠 + 1, 3𝑠 + 2, 4𝑠 + 3 = 2 −1 + 1, 3 −1 + 2, 4 −1 + 3

= −2 + 1, −3 + 2, −4 + 3

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 −1, −1, −1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉
𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔

𝒓 = Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝒌 + 𝒕 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟐𝒌 𝒂𝒏𝒅
𝒙 − 𝟐

𝟏
=

𝒚 − 𝟒

𝟐
=

𝒛 + 𝟑

𝟒
, 𝒂𝒏𝒅

𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒃𝒐𝒕𝒉 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔.

𝑇ℎ𝑒 𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒

Ԧ𝑟 = Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 + 𝑡 2 Ƹ𝑖 + 3 Ƹ𝑗 + 2 𝑘

𝑬𝑿𝑬𝑹𝑪𝑰𝑺𝑬 𝟔. 𝟓
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𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑖𝑠 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 2𝑠 + 1, 3𝑠 + 3, 2𝑠 − 1

⟹

𝑥 − 1 = 2𝑠, 𝑦 − 3 = 3𝑠, 𝑧 + 1 = 2𝑠 ⟹ 𝑥 = 2𝑠 + 1, 𝑦 = 3𝑠 + 3, 𝑧 = 2𝑠 − 1

𝑇𝑎𝑘𝑒:
𝑥 − 2

1
=

𝑦 − 4

2
=

𝑧 + 3

4
= 𝑡 ⟹

𝑥 − 2

1
= 𝑡,

𝑦 − 4

2
= 𝑡,

𝑧 + 3

4
= 𝑡

𝑥 − 2 = 𝑡, 𝑦 − 4 = 2𝑡, 𝑧 + 3 = 4𝑡 ⟹ 𝑥 = 𝑡 + 2, 𝑦 = 2𝑡 + 4, 𝑧 = 4𝑡 − 3

𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑖𝑠 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑡 + 2, 2𝑡 + 4, 4𝑡 − 3

𝑠𝑖𝑛𝑐𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡,
2𝑠 + 1, 3𝑠 + 3, 2𝑠 − 1 = 𝑡 + 2, 2𝑡 + 4, 4𝑡 − 3

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑥 𝑎𝑛𝑑 𝑦

2𝑠 + 1 = 𝑡 + 2

2𝑠 − 𝑡 = 1… 1

⟹ 2𝑠 − 𝑡 = 2 − 1

3𝑠 + 3 = 2𝑡 + 4 ⟹ 3𝑠 − 2𝑡 = 4 − 3

3𝑠 − 2𝑡 = 1 … 2

𝑥 − 1

2
=

𝑦 − 3

3
=

𝑧 + 1

2
= 𝑠

𝑥 − 1

2
= 𝑠,

𝑦 − 3

3
= 𝑠,

𝑧 + 1

2
= 𝑠

𝑆𝑜𝑙𝑣𝑒 1 & 2

1 × 2 ⟹ 4𝑠 − 2𝑡 = 2

2 ⟹ 3𝑠 − 2𝑡 = 1
− + −

𝑠 = 1
𝑠𝑢𝑏𝑠 𝑠 = 1 𝑖𝑛 1 2𝑠 − 𝑡 = 1

2 1 − 𝑡 = 1 ⟹ 2 − 𝑡 = 1

−𝑡 = 1 − 2 ⟹ −𝑡 = −1 ⟹ 𝑡 = 1

𝑡 = 1 𝑖𝑛 𝑡 + 2, 2𝑡 + 4, 4𝑡 − 3

= 1 + 2, 2 1 + 4, 4 1 − 3 = 3, 6, 1

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 3, 6, 1

Ԧ𝑟 = Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 + 𝑡 2 Ƹ𝑖 + 3 Ƹ𝑗 + 2𝑘 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 2 𝑘⟹

𝑥 − 2

1
=

𝑦 − 4

2
=

𝑧 + 3

4
Ԧ𝑑 = Ƹ𝑖 + 2 Ƹ𝑗 + 4 𝑘⟹

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑏𝑜𝑡ℎ 𝑏 𝑎𝑛𝑑 Ԧ𝑑

∴ 𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 2
1 2 4

= Ƹ𝑖 12 − 4 − Ƹ𝑗 8 − 2 + 𝑘(4 − 3)

𝑏 × Ԧ𝑑 = 8 Ƹ𝑖 − 6 Ƹ𝑗 + 𝑘 𝑖𝑠 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑏𝑜𝑡ℎ 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛
𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠.
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∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 Ԧ𝑟 = Ԧ𝑎 + 𝑚 𝑏 × Ԧ𝑑 , 𝑚 ∈ 𝑅

Ԧ𝑟 = 3 Ƹ𝑖 + 6 Ƹ𝑗 + 𝑘 + 𝑚 8 Ƹ𝑖 − 6 Ƹ𝑗 + 𝑘

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟓: 𝑫𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒑𝒂𝒊𝒓 𝒐𝒇 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔

𝒓 = 𝟐 Ƹ𝒊 + 𝟔 Ƹ𝒋 + 𝟑𝒌 + 𝒕 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟒𝒌 , 𝒓 = 𝟐 Ƹ𝒋 − 𝟑𝒌 + 𝒔 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟑𝒌

𝒂𝒓𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒎.

𝐺𝑖𝑣𝑒𝑛 𝑡𝑤𝑜 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 Ԧ𝑟 = 2 Ƹ𝑖 + 6 Ƹ𝑗 + 3 𝑘 + 𝑡 2 Ƹ𝑖 + 3 Ƹ𝑗 + 4𝑘

𝑎𝑛𝑑
Ԧ𝑟 = 2 Ƹ𝑖 − 3𝑘 + 𝑠 Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘

Ԧ𝑎 = 2 Ƹ𝑖 + 6 Ƹ𝑗 + 3 𝑘, 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 4 𝑘 , Ԧ𝑐 = 2 Ƹ𝑗 − 3 𝑘, Ԧ𝑑 = Ƹ𝑖 + 2 Ƹ𝑗 + 3 𝑘

𝑆𝑖𝑛𝑐𝑒 𝑏 ≠ Ԧ𝑑, 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 3,6,1 𝑎𝑛𝑑
𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑏𝑜𝑡ℎ 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑎𝑠 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡

𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 3,6,1 𝑎𝑛𝑑 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 8 Ƹ𝑖 − 6 Ƹ𝑗 + 𝑘

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑘𝑒𝑤 𝑙𝑖𝑛𝑒𝑠 𝛿 =
Ԧ𝑐 − Ԧ𝑎 . (𝑏 × Ԧ𝑑)

𝑏 × Ԧ𝑑

∴ 𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 4
1 2 3

= Ƹ𝑖 9 − 8 − Ƹ𝑗 6 − 4 + 𝑘(4 − 3)

𝑏 × Ԧ𝑑 = Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

𝑏 × Ԧ𝑑 = 12 + −2 2 + 12 = 1 + 4 + 1 = 6

𝑏 × Ԧ𝑑 = 6

Ԧ𝑐 − Ԧ𝑎 = 2 Ƹ𝑗 − 3 𝑘 − 2 Ƹ𝑖 + 6 Ƹ𝑗 + 3𝑘

Ԧ𝑐 − Ԧ𝑎 = −2 Ƹ𝑖 − 4 Ƹ𝑗 − 6𝑘

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = −2 + 8 − 6

∴ 𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑖𝑠 𝑧𝑒𝑟𝑜.

= 2 Ƹ𝑗 − 3 𝑘 − 2 Ƹ𝑖 − 6 Ƹ𝑗 − 3𝑘

= −2 Ƹ𝑖 − 4 Ƹ𝑗 − 6𝑘 . Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

= 0

𝑇ℎ𝑢𝑠, 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡 𝑒𝑎𝑐ℎ 𝑜𝑡ℎ𝑒𝑟.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟔: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒈𝒊𝒗𝒆𝒏

𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒓 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟒𝒌 + 𝒕 −𝟐 Ƹ𝒊 + Ƹ𝒋 − 𝟐𝒌 𝒂𝒏𝒅
𝒙 − 𝟑

𝟐
=

𝒚

−𝟏
=

𝒛 + 𝟐

𝟐
𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒

Ԧ𝑟 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 4𝑘 + 𝑡 −2 Ƹ𝑖 + Ƹ𝑗 − 2 𝑘 𝑎𝑛𝑑 Ԧ𝑟 = 3 Ƹ𝑖 − 2𝑘 + 𝑡 2 Ƹ𝑖 − Ƹ𝑗 + 2𝑘

Ԧ𝑎 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 4 𝑘, 𝑏 = −2 Ƹ𝑖 + Ƹ𝑗 − 2 𝑘 , Ԧ𝑐 = 3 Ƹ𝑖 − 2 𝑘, Ԧ𝑑 = 2 Ƹ𝑖 − Ƹ𝑗 + 2 𝑘
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𝑏 = − Ԧ𝑑
𝑏 𝑖𝑠 𝑎 𝑠𝑐𝑎𝑙𝑎𝑟 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 Ԧ𝑑, 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙.

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑑 =
Ԧ𝑐 − Ԧ𝑎 × 𝑏

𝑏Ԧ𝑐 − Ԧ𝑎 = 3 Ƹ𝑖 − 2 𝑘 − 2 Ƹ𝑖 + 3 Ƹ𝑗 + 4 𝑘

= 3 Ƹ𝑖 − 2 𝑘 − 2 Ƹ𝑖 − 3 Ƹ𝑗 − 4𝑘

Ԧ𝑐 − Ԧ𝑎 = Ƹ𝑖 − 3 Ƹ𝑗 − 6𝑘

∴ Ԧ𝑐 − Ԧ𝑎 × 𝑏 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 −3 −6
−2 1 −2

= Ƹ𝑖 6 + 6 − Ƹ𝑗 −2 − 12 + 𝑘(1 − 6)

Ԧ𝑐 − Ԧ𝑎 × 𝑏 = 12 Ƹ𝑖 + 14 Ƹ𝑗 − 5 𝑘

𝑑 =
12 Ƹ𝑖 + 14 Ƹ𝑗 − 5𝑘

−2 Ƹ𝑖 + Ƹ𝑗 − 2𝑘
𝑑 =

122 + 142 + −5 2

−2 2 + 12 + −2 2𝑑 =
Ԧ𝑐 − Ԧ𝑎 × 𝑏

𝑏

⟹ ⟹

𝑑 =
144 + 196 + 25

4 + 1 + 4
𝑑 =

365

9
⟹ ⟹ 𝑑 =

365

3

𝑏 = −2 Ƹ𝑖 + Ƹ𝑗 − 2𝑘 𝑏 = − 2 Ƹ𝑖 − Ƹ𝑗 + 2𝑘⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓
𝒅𝒓𝒂𝒘𝒏 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 −𝟏, 𝟐, 𝟑 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆

𝒓 = Ƹ𝒊 − 𝟒 Ƹ𝒋 + 𝟑𝒌 + 𝒕 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝒌 . 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆

𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆.

𝐺𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 ∶ Ԧ𝑟 = Ƹ𝑖 − 4 Ƹ𝑗 + 3 𝑘 + 𝑡 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘

Ԧ𝑎 = Ƹ𝑖 − 4 Ƹ𝑗 + 3 𝑘, 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘
𝑇ℎ𝑒 𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒

Ԧ𝑟 = Ƹ𝑖 − 4 Ƹ𝑗 + 3𝑘 + 𝑡 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘

𝑥 − 1

2
=

𝑦 + 4

3
=

𝑧 − 3

1
𝑥 − 1

2
=

𝑦 + 4

3
=

𝑧 − 3

1
= 𝑡 ⟹

𝑥 − 1

2
= 𝑡,

𝑦 + 4

3
= 𝑡,

𝑧 − 3

1
= 𝑡

𝑥 = 2𝑡 + 1, 𝑦 = 3𝑡 − 4, 𝑧 = 𝑡 + 3

𝐼𝑓 𝐹 𝑖𝑠 𝑡ℎ𝑒 𝑓𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒, 𝑡ℎ𝑒𝑛 𝐹
𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 (2𝑡 + 1, 3𝑡 − 4, 𝑡 + 3)

𝐷𝐹 = 𝑂𝐹 − 𝑂𝐷

= 2𝑡 + 1, 3𝑡 − 4, 𝑡 + 3 − (−1, 2, 3)

= 2𝑡 + 1 + 1, 3𝑡 − 4 − 2, 𝑡 + 3 − 3

𝑆𝑖𝑛𝑐𝑒 𝑏 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝐷𝐹

𝐷𝐹 = 2𝑡 + 2 Ƹ𝑖 + 3𝑡 − 6 Ƹ𝑗 + 𝑡 𝑘
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𝑏. 𝐷𝐹 = 0 ⟹ 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘 . 2𝑡 + 2 Ƹ𝑖 + 3𝑡 − 6 Ƹ𝑗 + 𝑡 𝑘 = 0

2 2𝑡 + 2 + 3 3𝑡 − 6 + 1 𝑡 = 0

4𝑡 + 4 + 9𝑡 − 18 + 𝑡 = 0 ⟹ 14𝑡 − 14 = 0
14𝑡 = 14 ⟹ 𝑡 = 1

𝑡 = 1 𝑖𝑛 𝐹(2𝑡 + 1, 3𝑡 − 4, 𝑡 + 3)

= 2 × 1 + 1, 3 1 − 4, 1 + 3 = 3, −1, 4

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜𝑓 𝐹 𝑖𝑠 3, −1, 4

𝐷𝐹 = 2𝑡 + 2 Ƹ𝑖 + 3𝑡 − 6 Ƹ𝑗 + 𝑡 𝑘
𝑤ℎ𝑒𝑟𝑒 𝑡 = 1

𝐷𝐹 = 2 × 1 + 2 Ƹ𝑖 + 3 × 1 − 6 Ƹ𝑗 + 1 𝑘

𝐷𝐹 = 4 Ƹ𝑖 − 3 Ƹ𝑗 + 𝑘

𝑁𝑜𝑤, 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠

𝐷𝐹 = 𝐷𝐹

= 42 + −3 2 + 12 = 16 + 9 + 1

= 26 𝑢𝑛𝑖𝑡𝑠

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝟓, 𝟐, 𝟖 𝒂𝒏𝒅 𝒊𝒔 𝒂

𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒓 = Ƹ𝒊 + Ƹ𝒋 − 𝒌 + 𝒔 𝟐 Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝒌

𝒂𝒏𝒅 𝒓 = 𝟐 Ƹ𝒊 − Ƹ𝒋 − 𝟑𝒌 + 𝒕 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐𝒌

Ԧ𝑟 = Ƹ𝑖 + Ƹ𝑗 − 𝑘 + 𝑠 2 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘 𝑏 = 2 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

Ԧ𝑟 = 2 Ƹ𝑖 − Ƹ𝑗 − 3𝑘 + 𝑡 Ƹ𝑖 + 2 Ƹ𝑗 + 2𝑘 Ԧ𝑑 = Ƹ𝑖 + 2 Ƹ𝑗 + 2 𝑘

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑏𝑜𝑡ℎ 𝑏 𝑎𝑛𝑑 Ԧ𝑑

=

= −6 Ƹ𝑖 − 3 Ƹ𝑗 + 6𝑘
= −3 2 Ƹ𝑖 + Ƹ𝑗 − 2𝑘

𝐺𝑖𝑣𝑒𝑛 ∶ 5, 2,8𝑃𝑜𝑖𝑛𝑡: ⟹ Ԧ𝑎 = 5 Ƹ𝑖 + 2 Ƹ𝑗 + 8𝑘

𝐿𝑖𝑛𝑒𝑠: ⟹

⟹

∴ 𝑏 × Ԧ𝑑 =

Ƹ𝑖 Ƹ𝑗

2

1

−2

2

1

2

𝑏 × Ԧ𝑑

Ƹ𝑖 −4 − 2 − Ƹ𝑗 4 − 1 + 𝑘(4 + 2)

𝑘
−𝟔 +𝟑 +𝟔

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑙𝑖𝑛𝑒 𝑖𝑠 Ԧ𝑟 = Ԧ𝑎 + 𝑡 𝑏 × Ԧ𝑑 , 𝑚 ∈ 𝑅

Ԧ𝑟 = 5 Ƹ𝑖 + 2 Ƹ𝑗 + 8𝑘 + 𝑡 2 Ƹ𝑖 + Ƹ𝑗 − 2𝑘

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 5, 2, 8 𝑎𝑛𝑑

𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒𝑠 𝑏 × Ԧ𝑑
𝒙𝟏, 𝒚𝟏, 𝒛𝟏
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𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3

= −3 2 Ƹ𝑖 + Ƹ𝑗 − 2𝑘𝑏 × Ԧ𝑑

𝑏1 = 2, 𝑏2 = 1, 𝑏3 = −2

⟹
𝑥 −

2
=

𝑦−

1
=

𝑧 −

−2

5 2 8

2. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒓 = 𝟔 Ƹ𝒊 + Ƹ𝒋 + 𝟐𝒌 + 𝐬 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑𝒌 𝐚𝐧𝐝

𝒓 = 𝟑 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐𝒌 + 𝐭 𝟐 Ƹ𝒊 + 𝟒 Ƹ𝒋 − 𝟓𝒌 𝒂𝒓𝒆 𝒔𝒌𝒆𝒘 𝒍𝒊𝒏𝒆𝒔 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒎.

𝐺𝑖𝑣𝑒𝑛: Ԧ𝑟 = 6 Ƹ𝑖 + Ƹ𝑗 + 2 𝑘 + 𝑠 Ƹ𝑖 + 2 Ƹ𝑗 − 3 𝑘

Ԧ𝑎 = 6 Ƹ𝑖 + Ƹ𝑗 + 2 𝑘 , 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘

Ԧ𝑟 = 3 Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 + 𝑡 2 Ƹ𝑖 + 4 Ƹ𝑗 − 5 𝑘

Ԧ𝑐 = 3 Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 , Ԧ𝑑 = 2 Ƹ𝑖 + 4 Ƹ𝑗 − 5 𝑘

𝑆𝑖𝑛𝑐𝑒 𝑏 ≠ Ԧ𝑑, 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑠ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒:

𝑺𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒔𝒌𝒆𝒘 𝒍𝒊𝒏𝒆𝒔 𝜹 =
𝒄 − 𝒂 . (𝒃 × 𝒅)

𝒃 × 𝒅

𝐿𝑖𝑛𝑒𝑠:

𝑎𝑛𝑑

Ԧ𝑐 Ԧ𝑑

𝑏Ԧ𝑎

∴ 𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 2 −3
2 4 −5

= Ƹ𝑖 −10 + 12 − Ƹ𝑗 −5 + 6 + 𝑘(4 − 4)

= 2 Ƹ𝑖 − Ƹ𝑗𝑏 × Ԧ𝑑

+𝟐 +𝟏 𝟎

Ԧ𝑐 − Ԧ𝑎 = 3 Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 − 6 Ƹ𝑖 + Ƹ𝑗 + 2 𝑘

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = −6 − 1

𝛿 =
7

5
𝑢𝑛𝑖𝑡𝑠

𝑏 × Ԧ𝑑 = 22 + −1 2 = 4 + 1

𝑏 × Ԧ𝑑 = 𝟓

= 3 Ƹ𝑖 + 2 Ƹ𝑗 − 2 𝑘 − 6 Ƹ𝑖 − Ƹ𝑗 − 2𝑘

= −3 Ƹ𝑖 + Ƹ𝑗 − 4𝑘 . 2 Ƹ𝑖 − Ƹ𝑗

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = −𝟕

=
−7

5

Ԧ𝑐 − Ԧ𝑎 = −3 Ƹ𝑖 + Ƹ𝑗 − 4𝑘

∴ 𝛿 =
Ԧ𝑐 − Ԧ𝑎 . (𝑏 × Ԧ𝑑)

𝑏 × Ԧ𝑑
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𝟑. 𝑰𝒇 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟐
=

𝒚 + 𝟏

𝟑
=

𝒛 − 𝟏

𝟒
𝒂𝒏𝒅

𝒙 − 𝟑

𝟏
=

𝒚 − 𝒎

𝟐
= 𝒛

𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕 𝒂𝒕 𝒂 𝒑𝒐𝒊𝒏𝒕 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒎.

𝐺𝑖𝑣𝑒𝑛:
𝑥 − 1

2
=

𝑦 + 1

3
=

𝑧 − 1

4
𝐿𝑖𝑛𝑒 1:

𝑇𝑎𝑘𝑒:
𝑥 − 1

2
=

𝑦 + 1

3
=

𝑧 − 1

4
= 𝑡

𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑖𝑠 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚

⟹
𝑥 − 1

2
= 𝑡,

𝑦 + 1

3
= 𝑡,

𝑧 − 1

4
= 𝑡

𝑥 − 1 = 2𝑡, 𝑦 + 1 = 3𝑡, 𝑧 − 1 = 4𝑡 ⟹ 𝑥 = 2𝑡 + 1, 𝑦 = 3𝑡 − 1, 𝑧 = 4𝑡 + 1

𝑠 + 3, 2𝑠 + 𝑚, 𝑠

𝑥 − 3

1
=

𝑦 − 𝑚

2
= 𝑧𝐿𝑖𝑛𝑒 2:

𝑇𝑎𝑘𝑒:
𝑥 − 3

1
=

𝑦 − 𝑚

2
=

𝑧 − 0

1
= 𝑠 ⟹

𝑥 − 3

1
= 𝑠,

𝑦 − 𝑚

3
= 𝑠,

𝑧 − 0

1
= 𝑠

𝑥 − 3 = 𝑠, 𝑦 − 𝑚 = 2𝑠, 𝑧 − 0 = 𝑠 𝑥 = 𝑠 + 3, 𝑦 = 2𝑠 + 𝑚, 𝑧 = 𝑠⟹

𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑖𝑠 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚

2𝑡 + 1, 3𝑡 − 1, 4𝑡 + 1

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑛𝑔, 𝑠 + 3, 2𝑠 + 𝑚, 𝑠2𝑡 + 1, 3𝑡 − 1, 4𝑡 + 1 =

2𝑡 + 1= 𝑠 + 3 ⟹ 2𝑡 − 𝑠 = 3 − 1 ⟹ 2𝑡 − 𝑠 = 2 … (1)

4𝑡 + 1 = 𝑠 … (2)⟹ 4𝑡 − 𝑠 = −1

𝑆𝑜𝑙𝑣𝑒 1 𝑎𝑛𝑑 (2)

2𝑡 − 𝑠 = 2

4𝑡 − 𝑠 = −1

(1) ⟹

(2) ⟹

−2𝑡 = 3

(−) (+) (+)

⟹ 𝑡 = −
3

2

𝑠𝑢𝑏 𝑡 = −
3

2
𝑖𝑛 1 2𝑡 − 𝑠 = 2

−𝑠 = 5

2
−3

2
− 𝑠 = 2 −3 − 𝑠 = 2⟹ −𝑠 = 2 + 3⟹

⟹ 𝑠 = −5

𝑆𝑢𝑏 𝑡 = −
3

2
𝑎𝑛𝑑 𝑠 = −5

3
−3

2
− 1 = 2 −5 + 𝑚 ⟹

−9

2
− 1 = −10 + 𝑚

−9

2
− 1 + 10 = 𝑚 ⟹

−9

2
+ 9 = 𝑚 ⟹ 𝑚 =

−9 + 18

2

𝑚 =
9

2

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑚. 3𝑡 − 1 = 2𝑠 + 𝑚
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𝟒. 𝑰𝒇 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒍𝒊𝒏𝒆𝒔
𝐱 − 𝟑

𝟑
=

𝐲 − 𝟑

−𝟏
, 𝐳 − 𝟏 = 𝟎 𝐚𝐧𝐝

𝐱 − 𝟔

𝟐
=

𝐳 − 𝟏

𝟑
, 𝐲 − 𝟐 = 𝟎

𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏.
𝑥 − 3

3
=

𝑦 − 3

−1
, 𝑧 − 1 = 0

𝑥 − 6

2
=

𝑧 − 1

3
= 𝑦 − 2𝐿𝑖𝑛𝑒 1: 𝐿𝑖𝑛𝑒 2:

𝑇𝑎𝑘𝑒:
𝑥 − 3

3
=

𝑦 − 3

−1
, 𝑧 = 1 𝑎𝑛𝑑 𝑇𝑎𝑘𝑒:

𝑥 − 6

2
=

𝑧 − 1

3
, 𝑦 = 2

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑛𝑔,

𝑠𝑢𝑏 𝑦 = 2 𝑖𝑛
𝑥 − 3

3
=

𝑦 − 3

−1

𝑥 − 3

3
=

2 − 3

−1
⟹

𝑥 − 3

3
=

−1

−1
⟹

𝑥 − 3

3
= 1 ⟹ 𝑥 = 6

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 6, 2, 1

𝟓. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒙 + 𝟏 = 𝟐𝒚 = −𝟏𝟐𝒛 𝒂𝒏𝒅
𝒙 = 𝒚 + 𝟐 = 𝟔𝒛 − 𝟔 𝒂𝒓𝒆 𝒔𝒌𝒆𝒘 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒉𝒐𝒓𝒕𝒆𝒔𝒕

𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆𝒎.

𝑥 + 1 = 2𝑦 = −12𝑧 𝑥 = 𝑦 + 2 = 6𝑧 − 6

∴ Ԧ𝑐 = −2 Ƹ𝑗 + 𝑘, መ𝑑 = Ƹ𝑖 + Ƹ𝑗 +
1

6
𝑘

Ԧ𝑐 − Ԧ𝑎 = −2 Ƹ𝑗 + 𝑘 − (− Ƹ𝑖)

Ԧ𝑐 − Ԧ𝑎 = Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

𝐺𝑖𝑣𝑒𝑛: 𝐿𝑖𝑛𝑒 1:

𝑥 − (−1)

1
=

𝑦 − 0

1/2
=

𝑧 − 0

−1/12

𝐿𝑖𝑛𝑒 2:

𝑥 − 0

1
=

𝑦 − (−2)

1
=

𝑧 − 1

1/6

𝑏 = Ƹ𝑖 +
1

2
Ƹ𝑗 −

1

12
𝑘∴ Ԧ𝑎 = − Ƹ𝑖 𝑎𝑛𝑑

𝑆𝑖𝑛𝑐𝑒 𝑏 ≠ Ԧ𝑑, 𝑡ℎ𝑒𝑦 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑠ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒:

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑠𝑘𝑒𝑤 𝑙𝑖𝑛𝑒𝑠 𝛿 =
Ԧ𝑐 − Ԧ𝑎 . (𝑏 × Ԧ𝑑)

𝑏 × Ԧ𝑑

𝑎𝑛𝑑

∴ 𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 1/2 −1/12
1 1 1/6

= Ƹ𝑖
1

12
+

1

12
− Ƹ𝑗

1

6
+

1

12
+ 𝑘 1 −

1

2

= Ƹ𝑖
1

12
+

1

12
− Ƹ𝑗

1

6
+

1

12
+ 𝑘 1 −

1

2

𝑏 × Ԧ𝑑 =
1

6
Ƹ𝑖 −

1

4
Ƹ𝑗 +

1

2
𝑘

= Ƹ𝑖
2

12
− Ƹ𝑗

2 + 1

12
+ 𝑘

1

2

𝑏 × Ԧ𝑑 = Ƹ𝑖
2

12
− Ƹ𝑗

3

12
+ 𝑘

1

2
𝟔

𝟏 𝟏

𝟒

⟹
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=
1

6
+

2

4
+

1

2
=

1

6
+ 1=

1

6
+

1

2
+

1

2
=

1 + 6

6

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 =
7

6

𝟏

𝟐

∴ 𝑏 × Ԧ𝑑 =
1

6

2

+
1

4

2

+
1

2

2

=
1

36
+

1

16
+

1

4
=

4 + 9 + 36

144

𝑺𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒔𝒌𝒆𝒘 𝒍𝒊𝒏𝒆𝒔 𝜹 =
𝒄 − 𝒂 . 𝒃 × 𝒅

𝒃 × 𝒅

=
7/6

7/12

𝑏 × Ԧ𝑑 =
49

144

=
7

6
×

12

7
𝛿 = 2

𝑏 × Ԧ𝑑 =
7

12

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑠𝑘𝑒𝑤 𝑙𝑖𝑛𝑒𝑠 = 2 𝑢𝑛𝑖𝑡𝑠

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆
𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 −𝟏, 𝟐, 𝟏 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆

𝒓 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 − 𝒌 + 𝒕 Ƹ𝒊 − 𝟐 Ƹ𝒋 + 𝒌 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒔𝒉𝒐𝒓𝒕𝒆𝒔𝒕 𝒃𝒆𝒕𝒘𝒆𝒆𝒏

𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔

𝐺𝑖𝑣𝑒𝑛: Ԧ𝑟 = 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 + 𝑡 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑣𝑒𝑐𝑡𝑜𝑟:

∴ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 Ԧ𝑟 = Ԧ𝑎 + 𝑡𝑏

Ԧ𝑟 = − Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 + 𝑡 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

𝑏 = Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘Ԧ𝑎 = − Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 𝑎𝑛𝑑

𝐺𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒: Ԧ𝑟 = 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 + 𝑡 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

Ԧ𝑐 − Ԧ𝑎 = 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 − − Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

= 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 + Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘

Ԧ𝑐 Ԧ𝑑

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘 .
1

6
Ƹ𝑖 −

1

4
Ƹ𝑗 +

1

2
𝑘

Ԧ𝑐 − Ԧ𝑎 = 3 Ƹ𝑖 + Ƹ𝑗 − 2𝑘
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𝑯
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𝑶
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S
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𝑹
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𝑶
𝑶
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Ԧ𝑐 − Ԧ𝑎 × 𝑏 =
Ƹ𝑖 Ƹ𝑗 𝑘

3 1 −2
1 −2 1

= Ƹ𝑖 1 − 4 − Ƹ𝑗 3 + 2 + 𝑘(−6 − 1)

Ԧ𝑐 − Ԧ𝑎 × 𝑏 = −3 Ƹ𝑖 − 5 Ƹ𝑗 − 7 𝑘

Ԧ𝑐 − Ԧ𝑎 × 𝑏 = −3 2 + (−5)2+(−7)2 = 9 + 25 + 49

= 83Ԧ𝑐 − Ԧ𝑎 × 𝑏

𝑏 = 12 + (−2)2+12 = 1 + 4 + 1

𝑏 = 6

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝛿 =
Ԧ𝑐 − Ԧ𝑎 × 𝑏

𝑏
=

83

6

=
83

6
𝛿

𝑆ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠
83

6
𝑢𝑛𝑖𝑡𝑠

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒅𝒓𝒂𝒘𝒏 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟓, 𝟒, 𝟐

𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
𝒙 + 𝟏

𝟐
=

𝒚 − 𝟑

𝟑
=

𝒛 − 𝟏

−𝟏
. 𝑨𝒍𝒔𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆

𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓

𝑥 + 1

2
=

𝑦 − 3

3
=

𝑧 − 1

−1
𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘𝐿𝑖𝑛𝑒: ⟹

𝑥 + 1

2
=

𝑦 − 3

3
=

𝑧 − 1

−1
= 𝑡

𝑥 + 1

2
= 𝑡, 𝑦 − 3

3
= 𝑡,

𝑧 − 1

−1
= 𝑡

𝑥 = 2𝑡 − 1, 𝑦 = 3𝑡 + 3, 𝑧 = −𝑡 + 1
𝑝𝑜𝑖𝑛𝑡 𝐹 𝑜𝑛 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑖𝑠

𝑥 + 1 = 2𝑡, 𝑦 − 3 = 3𝑡 , 𝑧 − 1 = −𝑡

… 12𝑡 − 1,3𝑡 + 3, −𝑡 + 1

𝑂𝐹 = 2𝑡 − 1 Ƹ𝑖 + 3𝑡 + 3 Ƹ𝑗 + (−𝑡 + 1) 𝑘
𝐺𝑖𝑣𝑒𝑛 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 𝐷(5, 4, 2)

𝑂𝐷 = 5 Ƹ𝑖 + 4 Ƹ𝑗 + 2 𝑘

∴ 𝐷𝐹 = 𝑂𝐹 − 𝑂𝐷

= 2𝑡 − 1 Ƹ𝑖 + 3𝑡 + 3 Ƹ𝑗 + −𝑡 + 1 𝑘 − 5 Ƹ𝑖 − 4 Ƹ𝑗 − 2𝑘

𝐷𝐹 = 2𝑡 − 1 − 5 Ƹ𝑖 + 3𝑡 + 3 − 4 Ƹ𝑗 + −𝑡 + 1 − 2 𝑘

𝐷𝐹 = 2𝑡 − 6 Ƹ𝑖 + 3𝑡 − 1 Ƹ𝑗 + −𝑡 − 1 𝑘

𝑆𝑖𝑛𝑐𝑒 𝑏 ⊥ 𝐷𝐹
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2 2𝑡 − 6 + 3 3𝑡 − 1 − 1 −𝑡 − 1 = 0

4𝑡 − 12 + 9𝑡 − 3 + 𝑡 + 1 = 0
14𝑡 − 14 = 0 𝑡 − 1 = 0

𝐹 𝑖𝑠 (2 1 − 1, 3 1 + 3, −1 + 1) = (1, 6, 0)

∴ 𝐹𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑖𝑠 (𝟏, 𝟔, 𝟎)

𝑡 = 1⟹ ⟹

𝑡 = 1 𝑖𝑛 𝑂𝐹 = 2𝑡 − 1 Ƹ𝑖 + 3𝑡 + 3 Ƹ𝑗 + (−𝑡 + 1) 𝑘

∴ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝐷𝐹 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔
𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 5, 4, 2 𝑎𝑛𝑑 1, 6, 0 .

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

𝑥 − 5

1 − 5
=

𝑦 − 4

6 − 4
=

𝑧 − 2

0 − 2

𝑥 − 5

−4
=

𝑦 − 4

2
=

𝑧 − 2

−2

𝑏. 𝐷𝐹 = 0 2 Ƹ𝑖 + 3 Ƹ𝑗 − 𝑘 . 2𝑡 − 6 Ƹ𝑖 + 3𝑡 − 1 Ƹ𝑗 + −𝑡 − 1 𝑘 = 0⟹

∴ 𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠
𝑥 − 5

−4
=

𝑦 − 4

2
=

𝑧 − 2

−2

⟹
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𝑳

𝐄𝐱𝐜𝐞𝐫𝐜𝐢𝐬𝐞 𝟔. 𝟔
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔
𝒐𝒇 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒂𝒕 𝒂 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝟏𝟐 𝒖𝒏𝒊𝒕𝒔 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒂𝒏𝒅

𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝟔 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑𝒌.

𝐿𝑒𝑡 Ԧ𝑑 = 6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘, 𝑝 = 12

መ𝑑 =
Ԧ𝑑

Ԧ𝑑
መ𝑑 =

6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘

6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘
⟹ መ𝑑 =

6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘

62 + 22 + −3 2

መ𝑑 =
6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘

36 + 4 + 9

⟹

⟹ መ𝑑 =
6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘

49
⟹ መ𝑑 =

1

7
6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘

𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑛 𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚 𝑖𝑠 Ԧ𝑟. መ𝑑 = 𝑝

Ԧ𝑟.
1

7
6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 = 12

𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 = 84

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑙𝑎𝑛𝑒.

6𝑥 + 2𝑦 − 3𝑧 = 84

Ԧ𝑟. 6 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 = 84⟹

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟑𝟗: 𝑰𝒇 𝒕𝒉𝒆 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒊𝒔
𝟑𝒙 − 𝟒𝒚 + 𝟑𝒛 = −𝟖, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒊𝒏 𝒕𝒉𝒆
𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒇𝒐𝒓𝒎.

𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘

3𝑥 − 4𝑦 + 3𝑧 = −8

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘 . 3 Ƹ𝑖 − 4 Ƹ𝑗 + 3 𝑘 = −8

Ԧ𝑟. 3 Ƹ𝑖 − 4 Ƹ𝑗 + 3𝑘 = −8

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 𝑖𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑓𝑜𝑟𝑚.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟎: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒂𝒏𝒅 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆

𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒓. 𝟑 Ƹ𝒊 − 𝟒 Ƹ𝒋 + 𝟏𝟐𝒌 = 𝟓.

𝐿𝑒𝑡 Ԧ𝑑 = 3 Ƹ𝑖 − 4 Ƹ𝑗 + 12𝑘, 𝑞 = 5

Ԧ𝑟. 3 Ƹ𝑖 − 4 Ƹ𝑗 + 12𝑘 = 5

Ԧ𝑟. Ԧ𝑑 = 𝑞

𝑝 =
𝑞

Ԧ𝑑
⟹ 𝑝 =

5

13

Ԧ𝑑 = 32 + −4 2 + 122

Ԧ𝑑 = 169 Ԧ𝑑 = 13

⟹

መ𝑑 =
Ԧ𝑑

Ԧ𝑑
መ𝑑 =

3 Ƹ𝑖 − 4 Ƹ𝑗 + 12𝑘

13
⟹

Ԧ𝑑 = 9 + 16 + 144

⟹

266
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𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑛 𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑟𝑚 𝑖𝑠 Ԧ𝑟. መ𝑑 = 𝑝

Ԧ𝑟.
3 Ƹ𝑖 − 4 Ƹ𝑗 + 12𝑘

13
=

5

13

Ԧ𝑟.
3

13
Ƹ𝑖 −

4

13
Ƹ𝑗 +

12

13
𝑘 =

5

13

𝑇ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 𝑜𝑓 መ𝑑 𝑎𝑟𝑒
3

13
, −

4

13
,
12

13
𝑎𝑛𝑑

𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠
5

13

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆

𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒊𝒕𝒉 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝟒 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟑𝒌 𝒂𝒏𝒅
𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒗𝒆𝒄𝒕𝒐𝒓 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝒌.

𝐺𝑖𝑣𝑒𝑛 ∶ Ԧ𝑎 = 4 Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 𝑎𝑛𝑑 𝑛 = 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘,

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑎𝑛𝑑 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑜 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑠

𝑟. 𝑛 = 𝑎. 𝑛

𝑟. 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘 = 8 − 2 − 3

𝑟. (2 Ƹ𝑖 − Ƹ𝑗 + 𝑘) = 4 Ƹ𝑖 + 2 Ƹ𝑗 − 3 𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘

𝑟. 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘 = 3

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒

𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘 = 3

2𝑥 − 𝑦 + 𝑧 = 3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟐: 𝑨 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆 𝒑𝒍𝒂𝒏𝒆 𝒎𝒐𝒗𝒆𝒔 𝒊𝒏 𝒔𝒖𝒄𝒉 𝒂 𝒘𝒂𝒚 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒐𝒇
𝒕𝒉𝒆 𝒓𝒆𝒄𝒊𝒑𝒓𝒐𝒄𝒂𝒍𝒔 𝒐𝒇 𝒊𝒕𝒔 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔 𝒊𝒔 𝒂

𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒂 𝒇𝒊𝒙𝒆𝒅 𝒑𝒐𝒊𝒏𝒕

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 ℎ𝑎𝑣𝑖𝑛𝑔 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 𝑎, 𝑏, 𝑐 𝑜𝑛 𝑡ℎ𝑒 𝑥, 𝑦, 𝑧 𝑎𝑥𝑒𝑠
𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝑖𝑠 𝑥

𝑎
+

𝑦

𝑏
+

𝑧

𝑐
= 1

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑐𝑖𝑝𝑟𝑜𝑐𝑎𝑙𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑎𝑥𝑒𝑠
𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 1

𝑎
+

1

𝑏
+

1

𝑐
= 𝑘. 𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

÷ 𝑘

1

𝑎

1

𝑘
+

1

𝑏

1

𝑘
+

1

𝑐

1

𝑘
= 1. 𝐿𝑒𝑡 𝑢𝑠 𝑡𝑎𝑘𝑒 𝑥 = 𝑦 = 𝑧 =

1

𝑘

𝑇ℎ𝑖𝑠 𝑠ℎ𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒
𝑥

𝑎
+

𝑦

𝑏
+

𝑧

𝑐
= 1 𝑎𝑛𝑑 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒

𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡
1

𝑘
,
1

𝑘
,
1

𝑘 267
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𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔
𝒂𝒕 𝒂 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝟕 𝒖𝒏𝒊𝒕𝒔 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏 𝒉𝒂𝒗𝒊𝒏𝒈 𝟑, −𝟒, 𝟓 𝒂𝒔 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏
𝒓𝒂𝒕𝒊𝒐𝒔 𝒐𝒇 𝒂 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒊𝒕.

𝐺𝑖𝑣𝑒𝑛 𝑝 = 7

Ԧ𝑟. መ𝑑 = 𝑝𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 𝑟.
3 Ƹ𝑖 − 4 Ƹ𝑗 + 5𝑘

5 2
= 7

, Ԧ𝑑 = 3 Ƹ𝑖 − 4 Ƹ𝑗 + 5𝑘

Ԧ𝑑 = 32 + −4 2 + 52

Ԧ𝑑 = 50 Ԧ𝑑 = 5 2

⟹

መ𝑑 =
Ԧ𝑑

Ԧ𝑑
መ𝑑 =

3 Ƹ𝑖 − 4 Ƹ𝑗 + 5𝑘

5 2
⟹

Ԧ𝑑 = 9 + 16 + 25

⟹ Ԧ𝑑 = 25 × 2 ⟹

⟹

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆
𝟏𝟐𝒙 + 𝟑𝒚 − 𝟒𝒛 = 𝟔𝟓. 𝑨𝒍𝒔𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒐𝒓𝒊𝒈𝒊𝒏

𝐺𝑖𝑣𝑒𝑛 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠12𝑥 + 3𝑦 − 4𝑧 = 65

𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 Ԧ𝑟. 12 Ƹ𝑖 + 3 Ƹ𝑗 − 4𝑘 = 65

Ԧ𝑑 = 12 Ƹ𝑖 + 3 Ƹ𝑗 − 4𝑘, 𝑞 = 65

⟹ 𝑝 =
65

13
= 5

Ԧ𝑑 = 122 + 32 + −4 2

Ԧ𝑑 = 169

⟹ Ԧ𝑑 = 144 + 9 + 16

⟹ Ԧ𝑑 = 13

𝑝 =
𝑞

Ԧ𝑑
𝑇ℎ𝑒 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑜𝑟𝑖𝑔𝑖𝑛 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 5

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 𝑖𝑠
12

13
,

3

13
,
−4

13
.

መ𝑑 =
Ԧ𝑑

Ԧ𝑑
መ𝑑 =

12 Ƹ𝑖 + 3 Ƹ𝑗 − 4𝑘

13
⟹

𝑁𝑜𝑛 − 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 Ԧ𝑟. መ𝑑 = 𝑝

Ԧ𝑟.
12 Ƹ𝑖 + 3 Ƹ𝑗 − 4𝑘

13
= 5

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝒄𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈

𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒊𝒕𝒉 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝟐 Ƹ𝒊 + 𝟔 Ƹ𝒋 + 𝟑𝒌 𝒂𝒏𝒅 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐

𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟓𝒌

𝐺𝑖𝑣𝑒𝑛: Ԧ𝑎 = 2 Ƹ𝑖 + 6 Ƹ𝑗 + 3𝑘 , 𝑛 = Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘

𝑉𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑎 𝑝𝑜𝑖𝑛𝑡 Ԧ𝑎
𝑎𝑛𝑑 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑜 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑛 𝑖𝑠 Ԧ𝑟. 𝑛 = Ԧ𝑎. 𝑛
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Ԧ𝑟. 𝑛 = Ԧ𝑎. 𝑛

Ԧ𝑟. Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘 = 2 Ƹ𝑖 + 6 Ƹ𝑗 + 3𝑘 . Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘

= 2 + 18 + 15

Ԧ𝑟. Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘 = 35

𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘 = 35

𝑥 + 3𝑦 + 5𝑧 = 35

𝟒. 𝑨 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, 𝟏, 𝟐 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒓𝒎𝒂𝒍 𝒕𝒐 𝒕𝒉𝒆

𝒑𝒍𝒂𝒏𝒆 𝒐𝒇 𝒎𝒂𝒈𝒏𝒊𝒕𝒖𝒅𝒆 𝟑 𝟑 𝒎𝒂𝒌𝒆𝒔 𝒆𝒒𝒖𝒂𝒍 𝒂𝒄𝒖𝒕𝒆 𝒂𝒏𝒈𝒍𝒆𝒔 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆
𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆.

𝑇ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 Ԧ𝑎 = − Ƹ𝑖 + Ƹ𝑗 + 2𝑘

𝐺𝑖𝑣𝑒𝑛: 𝑛 = 3 3

α = β = γ i. e cosα = cosβ = cosγ 𝑒𝑞𝑢𝑎𝑙 𝑎𝑐𝑢𝑡𝑒 𝑎𝑛𝑔𝑙𝑒

cos2α + cos2β + cos2γ = 1

𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛼 + 𝑐𝑜𝑠2𝛼 = 1 3𝑐𝑜𝑠2𝛼 = 1 𝑐𝑜𝑠2𝛼 =
1

3

cosα =
1

3
cosα = cosβ = cosγ =

1

3

⟹ ⟹

𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 = 𝑐𝑜𝑠𝛼, 𝑐𝑜𝑠𝛽, 𝑐𝑜𝑠𝛾 ⟹ 𝐷𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒𝑠 =
1

3
,

1

3
,

1

3
𝑛 = 𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑎𝑛𝑑 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑖𝑛𝑒

∴ 𝑛 = 3 3
1

3
Ƹ𝑖 +

1

3
Ƹ𝑗 +

1

3
𝑘

∴ 𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 𝑟. 𝑛 = 𝑎. 𝑛

𝑟. (3 Ƹ𝑖 + 3 Ƹ𝑗 + 3𝑘) = −3 + 3 + 6

𝑛 = 3 Ƹ𝑖 + 3 Ƹ𝑗 + 3𝑘

𝑟. (3 Ƹ𝑖 + 3 Ƹ𝑗 + 3𝑘) = − Ƹ𝑖 + Ƹ𝑗 + 2𝑘 . 3 Ƹ𝑖 + 3 Ƹ𝑗 + 3𝑘

𝑟. (3 Ƹ𝑖 + 3 Ƹ𝑗 + 3𝑘) = 6 ⟹ 𝑟. 3( Ƹ𝑖 + Ƹ𝑗 + 𝑘) = 6

𝑟. Ƹ𝑖 + Ƹ𝑗 + 𝑘 = 2

𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑙𝑎𝑛𝑒

𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . Ƹ𝑖 + Ƹ𝑗 + 𝑘 = 2

𝑥 + 𝑦 + 𝑧 = 2
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𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒕𝒆𝒓𝒄𝒆𝒑𝒕𝒔 𝒄𝒖𝒕 𝒐𝒇𝒇 𝒃𝒚 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒓. 𝟔𝒊 + 𝟒 Ƹ𝒋 − 𝟑𝒌 = 𝟏𝟐 𝒐𝒏 𝒕𝒉𝒆

𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔.

Ԧ𝑟. 6𝑖 + 4 Ƹ𝑗 − 3𝑘 = 12

𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘 . 6𝑖 + 4 Ƹ𝑗 − 3𝑘 = 12

6𝑥 + 4𝑦 − 3𝑧 = 12
÷ 12

6𝑥

12
+

4𝑦

12
−

3𝑧

12
= 1

∴ 𝑇ℎ𝑒 𝑥 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 2, 𝑦 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑖𝑠 3 𝑎𝑛𝑑
𝑧 − 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑖𝑠 − 4

⟹

𝑥

2
+

𝑦

3
+

𝑧

−4
= 1

𝑥

2
+

𝑦

3
−

𝑧

4
= 1

𝟔. 𝑰𝒇 𝒂 𝒑𝒍𝒂𝒏𝒆 𝒎𝒆𝒆𝒕𝒔 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆 𝒂𝒙𝒆𝒔 𝒂𝒕 𝑨, 𝑩, 𝑪 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆
𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑨𝑩𝑪 𝒊𝒔 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒖, 𝒗, 𝒘 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏
𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑎𝑥𝑒𝑠 𝑏𝑒 𝑎, 𝑏, 𝑐
𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦.

𝑦

𝑥

𝑧

𝑎, 0, 0

0, 𝑏, 0

0,0, 𝑐

𝑎
𝑏

𝑐

∴ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑛 𝑖𝑛𝑡𝑒𝑟𝑐𝑒𝑝𝑡 𝑓𝑜𝑟𝑚 𝑖𝑠
𝑥

𝑎
+

𝑦

𝑏
+

𝑧

𝑐
= 1

𝐴

𝐵

𝐶

𝑢, 𝑣, 𝑤

𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑 𝑜𝑓 ∆𝐴𝐵𝐶 = (𝑢, 𝑣, 𝑤)

𝑎 + 0 + 0

3
,
0 + 𝑏 + 0

3
,
0 + 0 + 𝑐

3
= 𝑢, 𝑣, 𝑤

𝑎

3
,
𝑏

3
,
𝑐

3
= 𝑢, 𝑣, 𝑤

𝐸𝑞𝑢𝑎𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑙𝑖𝑘𝑒 𝑐𝑜 − 𝑜𝑟𝑑𝑖𝑎𝑛𝑡𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡,

𝑢 =
𝑎

3

𝑎 = 3𝑢,

, 𝑣 =
𝑏

3
, 𝑤 =

𝑐

3

𝑏 = 3𝑣 , 𝑐 = 3𝑤
𝑥

𝑎
+

𝑦

𝑏
+

𝑧

𝑐
= 1 𝑤ℎ𝑒𝑟𝑒 𝑎 = 3𝑢, 𝑏 = 3𝑣, 𝑐 = 3𝑤

𝑥

3𝑢
+

𝑦

3𝑣
+

𝑧

3𝑤
= 1

𝑥

𝑢
+

𝑦

𝑣
+

𝑧

𝑤
= 3 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑙𝑎𝑛𝑒

1

3

𝑥

𝑢
+

𝑦

𝑣
+

𝑧

𝑤
= 1⟹
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏,
𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕
𝟎, 𝟏, −𝟓 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒓 = Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟒𝒌 + 𝒔 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟔𝒌 𝒂𝒏𝒅 𝒓 = Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟓𝒌 + 𝒕 Ƹ𝒊 + Ƹ𝒋 − 𝒌

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑗 − 5𝑘, 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘, Ԧ𝑐 = Ƹ𝑖 + Ƹ𝑗 − 𝑘

Ԧ𝑟 − Ԧ𝑎 . 𝑏 × Ԧ𝑐 = 0

𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 6
1 1 −1

= Ƹ𝑖 −3 − 6 − Ƹ𝑗 −2 − 6 + 𝑘 (2 − 3)

𝑏 × Ԧ𝑐 = −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘

Ԧ𝑟 − Ƹ𝑗 − 5𝑘 . −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 0

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 − Ƹ𝑗 − 5𝑘 . −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 0

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 − 8 + 5 = 0

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 − 13 = 0

𝐄𝐱𝐜𝐞𝐫𝐜𝐢𝐬𝐞 𝟔. 𝟕

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 13

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 13

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

−9𝑥 + 8𝑦 − 𝑧 = 13⟹ 9𝑥 − 8𝑦 + 𝑧 = −13

9𝑥 − 8𝑦 + 𝑧 + 13 = 0
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄, 𝒗𝒆𝒄𝒕𝒐𝒓 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄
𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉
𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 −𝟏, 𝟐, 𝟎 𝒂𝒏𝒅 𝟐, 𝟐, −𝟏 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆
𝒙 − 𝟏

𝟏
=

𝟐𝒚 + 𝟏

𝟐
=

𝒛 + 𝟏

−𝟏

Vector equation : Ԧ𝑟 = 𝑎 + 𝑠 𝑏 − 𝑎 + 𝑡 𝑐

Here Ԧ𝑎 = − Ƹ𝑖 + 2 Ƹ𝑗 ,𝑏 = 2 Ƹ𝑖 + 2 Ƹ𝑗 − 𝑘 𝑎𝑛𝑑 Ԧ𝑐 = Ƹ𝑖 + Ƹ𝑗 − 𝑘

Ԧ𝑟 = − Ƹ𝑖 + 2 Ƹ𝑗 + 𝑠 3 Ƹ𝑖 − 𝑘 + 𝑡 Ƹ𝑖 + Ƹ𝑗 − 𝑘

2 Ƹ𝑖 + 2 Ƹ𝑗 − 𝑘 b − a = 3 Ƹ𝑖 − 𝑘⟹+ Ƹ𝑖 − 2 Ƹ𝑗b − a =

Vector non – parametric equation : Ԧ𝑟 − 𝑎 . 𝑏 − 𝑎 × 𝑐 = 0

𝑏 − 𝑎 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

3 0 −1
1 1 −1

= Ƹ𝑖 0 + 1 − Ƹ𝑗 −3 + 1 + 𝑘 (3 + 0)

𝑏 − 𝑎 × 𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 271
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Ԧ𝑟 − − Ƹ𝑖 + 2 Ƹ𝑗 . Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 0

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 3

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 3

𝑥 + 2𝑦 + 3𝑧 − 3 = 0

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 − − Ƹ𝑖 + 2 Ƹ𝑗 . Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 0

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 − −1 + 4 = 0

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 − 3 = 0

𝑥 + 2𝑦 + 3𝑧 = 3

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟐, 𝟑, 𝟔 𝒂𝒏𝒅

𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟐
=

𝒚 + 𝟏

𝟑
=

𝒛 − 𝟑

𝟏
𝒂𝒏𝒅

𝒙 + 𝟑

𝟐
=

𝒚 − 𝟑

−𝟓
=

𝒛 + 𝟏

−𝟑

Vector non – parametric equation : Ԧ𝑟 − 𝑎 . 𝑏 × 𝑐 = 0

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 , 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 Ԧ𝑐 = 2 Ƹ𝑖 − 5 Ƹ𝑗 − 3𝑘

𝑏 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 1
2 −5 −3

= Ƹ𝑖 −9 + 5 − Ƹ𝑗 −6 − 2 + 𝑘 (−10 − 6)

𝑏 × 𝑐 = −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘

Ԧ𝑟 − 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 . −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 = 0

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 − 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 . −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 = 0

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 − −8 + 24 − 96 = 0

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 = −80

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 + 80 = 0

÷ −4
Ԧ𝑟. Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 = 20

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 = 20

𝑥 − 2𝑦 + 4𝑧 = 20

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 − 2𝑦 + 4𝑧 − 20 = 0
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𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟐, 𝟏 , 𝟗, 𝟑, 𝟔
𝒂𝒏𝒅 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟐𝒙 + 𝟔𝒚 + 𝟔𝒛 = 𝟗

Vector equation : Ԧ𝑟 = 𝑎 + 𝑠 𝑏 − 𝑎 + 𝑡 𝑐

Here Ԧ𝑎 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 ,𝑏 = 9 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 𝑎𝑛𝑑 Ԧ𝑐 = 2 Ƹ𝑖 + 6 Ƹ𝑗 + 6𝑘

Ԧ𝑟 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 + 𝑠 7 Ƹ𝑖 + Ƹ𝑗 + 5𝑘 + 𝑡 2 Ƹ𝑖 + 6 Ƹ𝑗 + 6𝑘

Cartesian equation : 

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1

𝑐1 𝑐2 𝑐3

= 0 ⟹

b − a = 7 Ƹ𝑖 + Ƹ𝑗 + 5𝑘⟹9 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 − 2 Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘b − a =

𝑥1, 𝑦1, z1 = 2, 2, 1 ; 𝑥2, 𝑦2, 𝑧2 = 9, 3, 6 ; 𝑐1, 𝑐2, 𝑐3 = 2, 6, 6

𝑥 − 2 − 𝑦 − 2 + 𝑧 − 1 = 06 − 30 (42 − 42 − 2

𝑥 − 2 𝑦− 2 z − 1

7 1 5

2 6 6
= 0

+ − +

𝑥 − 2 + 𝑧 − 1− 𝑦 − 2 = 0(−24) 32 40

10)

−24𝑥 − 32𝑦 + 40𝑧+ 64 = 0+ 48 − 40
−24𝑥 − 32𝑦 + 40𝑧

3𝑥 + 4𝑦 − 5𝑧 − 9 = 0

+ 72 = 0
÷ −8

∴ 𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 Ԧ𝑟. 3 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘 = 9

𝟑. 𝑭𝒊𝒏𝒅 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔
𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟐, 𝟏 , 𝟏, −𝟐, 𝟑 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍
𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟏, −𝟑 𝒂𝒏𝒅
−𝟏, 𝟓, −𝟖 .

Vector equation : Ԧ𝑟 = 𝑎 + 𝑠 𝑏 − 𝑎 + 𝑡 𝑐

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 , 𝑏 = Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘

𝑇ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 2, 1, −3 𝑎𝑛𝑑 −1, 5, −8 𝑖𝑠

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

𝑥 − 2

−1 − 2
=

𝑦 − 1

5 − 1
=

𝑧 + 3

−8 + 3

𝑥1 𝑦1 𝑧1 𝑥2 𝑦2 𝑧2

𝑥 − 2

−3
=

𝑦 − 1

4
=

𝑧 + 3

−5

b − a = − Ƹ𝑖 − 4 Ƹ𝑗 + 2𝑘⟹Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘 − 2 Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘b − a =

⟹

Ԧ𝑐 = −3 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘

Ԧ𝑟 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 + 𝑠 − Ƹ𝑖 − 4 Ƹ𝑗 + 2𝑘 + 𝑡 −3 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘
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Cartesian equation : 

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1

𝑐1 𝑐2 𝑐3

= 0 ⟹

𝑥1, 𝑦1, z1 = 2, 2, 1 ; 𝑥2, 𝑦2, 𝑧2 = 1, −2, 3 ; 𝑐1, 𝑐2, 𝑐3 = −3, 4, −5

𝑥 − 2 − 𝑦 − 2 + 𝑧 − 1 = 020 − 8 (5 − −4 − 12

𝑥 − 2 𝑦− 2 z − 1

−1 − 4 2

−3 4 − 5
= 0

+ − +

𝑥 − 2 + 𝑧 − 1− 𝑦 − 2 = 0(12) 11 −16

+ 6)

12𝑥 − 11𝑦 − 16𝑧+ 22 = 0− 24 + 16

12𝑥 − 11𝑦 − 16𝑧 + 14 = 0

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆
𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, −𝟐, 𝟒 𝒂𝒏𝒅 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆

𝒙 + 𝟐𝒚 − 𝟑𝒛 = 𝟏𝟏 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
𝒙 + 𝟕

𝟑
=

𝒚 + 𝟑

−𝟏
=

𝒛

𝟏

Non – parametric Vector equation : 𝑟 − 𝑎 . 𝑏 × 𝑐 = 0

𝐻𝑒𝑟𝑒 Ԧ𝑎 = Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 , 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 𝑎𝑛𝑑 Ԧ𝑐 = 3 Ƹ𝑖 − Ƹ𝑗 + 𝑘

𝑏 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 2 −3
3 −1 1

= Ƹ𝑖 2 − 3 − Ƹ𝑗 1 + 9 + 𝑘 (−1 − 6)

𝑏 × 𝑐 = − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘

Ԧ𝑟 − Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 . − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 − Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 . − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 − −1 + 20 − 28 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 + 9 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 = −9
× −

Ԧ𝑟. Ƹ𝑖 + 10 Ƹ𝑗 + 7𝑘 = 9

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘 . Ƹ𝑖 + 10 Ƹ𝑗 + 7𝑘 = 9

𝑥 + 10𝑦 + 7𝑧 − 9 = 0

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 + 10𝑦 + 7𝑧 = 9

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆

𝒓 = Ƹ𝒊 − Ƹ𝒋 + 𝟑𝒌 + 𝒕 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝟒𝒌 𝒂𝒏𝒅 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒑𝒍𝒂𝒏𝒆

𝒓. Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌 = 𝟖.
274
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Vector equation : Ԧ𝑟 = 𝑎 + 𝑠𝑏 + 𝑡 𝑐

𝐻𝑒𝑟𝑒 Ԧ𝑎 = Ƹ𝑖 − Ƹ𝑗 + 3𝑘 , 𝑏 = 2 Ƹ𝑖 − Ƹ𝑗 + 4𝑘 𝑎𝑛𝑑 Ԧ𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

Ԧ𝑟 = Ƹ𝑖 − Ƹ𝑗 + 3𝑘 + 𝑠 2 Ƹ𝑖 − Ƹ𝑗 + 4𝑘 + 𝑡 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

Cartesian equation : 

𝑥1, y1, z1 = 1, −1, 3 ; 𝑏1, 𝑏2, 𝑏3 = 2, −1, 4 ; 𝑐1, 𝑐2, 𝑐3 = 1, 2 , 1

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑏1 𝑏2 𝑏3

𝑐1 𝑐2 𝑐3

= 0 ⟹

𝑥 − 1 − 𝑦 + 1 + 𝑧 − 3 = 0−1 − 8 2 − 4 4 + 1

𝑥 − 1 𝑦−+ 1 z − 3

2 − 1 4

1 2 1
= 0

+ − +
−

𝑥 − 1 + 𝑧 − 3− 𝑦 + 1 = 0(−9) −2 5

−9𝑥 + 2𝑦 + 5𝑧+ 2 = 0+ 9 − 15

−9𝑥 + 2𝑦 + 5𝑧 − 4 = 0

9𝑥 − 2𝑦 − 5𝑧 + 4 = 0

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒗𝒆𝒄𝒕𝒐𝒓, 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔
𝟑, 𝟔, −𝟐 , −𝟏, −𝟐, 𝟔 , 𝒂𝒏𝒅 𝟔, −𝟒, −𝟐

Vector equation: 

𝑎𝑛𝑑 Ԧ𝑐 = 6 Ƹ𝑖 − 4 Ƹ𝑗 − 2𝑘

Ԧ𝑟 = a + s b − a + t c − a

− 3 Ƹ𝑖 − 6 Ƹ𝑗 + 2𝑘

b − a = −4 Ƹ𝑖 − 8 Ƹ𝑗 + 8𝑘

6 Ƹ𝑖 − 4 Ƹ𝑗 − 2𝑘

c − a = 3 Ƹ𝑖 − 10 Ƹ𝑗

Ԧ𝑟 = 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘 + s −4 Ƹ𝑖 − 8 Ƹ𝑗 + 8𝑘 + t 3 Ƹ𝑖 − 10 Ƹ𝑗

Ԧ𝑎 = 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘, 𝑏 = − Ƹ𝑖 − 2 Ƹ𝑗 + 6𝑘

b − a = − Ƹ𝑖 − 2 Ƹ𝑗 + 6𝑘

c − a = − 3 Ƹ𝑖 − 6 Ƹ𝑗 + 2𝑘

Non – parametric Vector equation: Ԧ𝑟 − a . b − a × c − a = 0

𝑏 − 𝑎 × c − a =
Ƹ𝑖 Ƹ𝑗 𝑘

−4 −8 8
3 −10 0

= Ƹ𝑖 0 + 80 − Ƹ𝑗 0 − 24 + 𝑘 (40 + 24)

𝑏 − 𝑎 × c − a = 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘

Ԧ𝑟 − 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘 . 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 = 0

Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 − 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘 . 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 = 0

Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 − 240 + 144 − 128 = 0

Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 − 256 = 0 Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 = 256⟹
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𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 10 Ƹ𝑖 + 3 Ƹ𝑗 + 8𝑘 = 32

Ԧ𝑟. 10 Ƹ𝑖 + 3 Ƹ𝑗 + 8𝑘 = 32

10𝑥 + 3𝑦 + 8𝑧 = 32

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆

𝒓 = 𝟔 Ƹ𝒊 − Ƹ𝒋 + 𝒌 + 𝒔 − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌 + 𝒕 −𝟓 Ƹ𝒊 − 𝟒 Ƹ𝒋 − 𝟓𝒌 .

Non – parametric Vector equation : 𝑟 − 𝑎 . 𝑏 × 𝑐 = 0

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 6 Ƹ𝑖 − Ƹ𝑗 + 𝑘 , 𝑏 = − Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 Ԧ𝑐 = −5 Ƹ𝑖 − 4 Ƹ𝑗 − 5𝑘

𝑏 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

−1 2 1
−5 −4 −5

= Ƹ𝑖 −10 + 4 − Ƹ𝑗 5 + 5 + 𝑘 (4 + 10)

𝑏 × 𝑐 = −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘

Ԧ𝑟 − 6 Ƹ𝑖 − Ƹ𝑗 + 𝑘 . −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 = 0

Ԧ𝑟. −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 − 6 Ƹ𝑖 − Ƹ𝑗 + 𝑘 . −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 = 0

Ԧ𝑟. −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 − −36 + 10 + 14 = 0

Ԧ𝑟. −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 + 12 = 0

÷ −2

Ԧ𝑟. 3 Ƹ𝑖 + 5 Ƹ𝑗 − 7𝑘 − 6 = 0

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . 3 Ƹ𝑖 + 5 Ƹ𝑗 − 7𝑘 − 6 = 0

3𝑥 + 5𝑦 − 7𝑧 − 6 = 0

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘
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𝐄𝐱𝐜𝐞𝐫𝐜𝐢𝐬𝐞 𝟔. 𝟖

𝐿𝑒𝑡 𝑥1, 𝑦1, 𝑧1 = 3, 4, −3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟓: 𝑽𝒆𝒓𝒊𝒇𝒚 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
𝒙 − 𝟑

−𝟒
=

𝒚 − 𝟒

−𝟕
=

𝒛 + 𝟑

𝟏𝟐
𝒍𝒊𝒆𝒔 𝒊𝒏

𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟓𝒙 − 𝒚 + 𝒛 = 𝟖.

𝑎, 𝑏, 𝑐 = −4, −7, 12 𝐴, 𝐵, 𝐶 = 5, −1, 1

Condition for a line to lie in a plane 𝑎𝐴 + 𝑏𝐵 + 𝑐𝐶 = 0

𝑎𝐴 + 𝑏𝐵 + 𝑐𝐶 = −4 5 + −7 −1 + 12 1

= −20 + 7 + 12 = −1 ≠ 0

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑙𝑖𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟔: 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔 𝒓 = − Ƹ𝒊 − 𝟑 Ƹ𝒋 − 𝟓𝒌 + 𝒔 𝟑 Ƹ𝒊 + 𝟓 Ƹ𝒋 + 𝟕𝒌
𝒂𝒏𝒅 𝒓 = 𝟐 Ƹ𝒊 + 𝟒 Ƹ𝒋 + 𝟔𝒌 + 𝒕 Ƹ𝒊 + 𝟒 Ƹ𝒋 + 𝟕𝒌 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓. 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆
𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆
𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒍𝒊𝒏𝒆𝒔.

𝐿𝑒𝑡 Ԧ𝑎 = − Ƹ𝑖 − 3 Ƹ𝑗 − 5𝑘, 𝑏 = 3 Ƹ𝑖 + 5 Ƹ𝑗 + 7𝑘, Ԧ𝑐 = 2 Ƹ𝑖 + 4 Ƹ𝑗 + 6𝑘, Ԧ𝑑 = Ƹ𝑖 + 4 Ƹ𝑗 + 7𝑘

Ԧ𝑟 = − Ƹ𝑖 − 3 Ƹ𝑗 − 5𝑘 + 𝑠 3 Ƹ𝑖 + 5 Ƹ𝑗 + 7𝑘 𝑎𝑛𝑑 Ԧ𝑟 = 2 Ƹ𝑖 + 4 Ƹ𝑗 + 6𝑘 + 𝑡 Ƹ𝑖 + 4 Ƹ𝑗 + 7𝑘

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑐 − Ԧ𝑎 = 2 Ƹ𝑖 + 4 Ƹ𝑗 + 6𝑘 − − Ƹ𝑖 − 3 Ƹ𝑗 − 5𝑘

= 2 Ƹ𝑖 + 4 Ƹ𝑗 + 6𝑘 + Ƹ𝑖 + 3 Ƹ𝑗 + 5𝑘

Ԧ𝑐 − Ԧ𝑎 = 3 Ƹ𝑖 + 7 Ƹ𝑗 + 11𝑘

𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

3 5 7
1 4 7

= Ƹ𝑖 35 − 28 − Ƹ𝑗 21 − 7 + 𝑘 (12 − 5)

𝑏 × Ԧ𝑑 = 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘

= 3 Ƹ𝑖 + 7 Ƹ𝑗 + 11𝑘 . 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑

= 21 − 98 + 77 = 98 − 98

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0 ∴ 𝑇ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡 ℎ𝑒 𝑛𝑜𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒
𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑛𝑜𝑛 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 𝑙𝑖𝑛𝑒𝑠.

Ԧ𝑟 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑟 − − Ƹ𝑖 − 3 Ƹ𝑗 − 5𝑘 . 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘 = 0

Ԧ𝑟. 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘 − − Ƹ𝑖 − 3 Ƹ𝑗 − 5𝑘 . 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘 = 0

Ԧ𝑟. 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘 − −7 + 42 − 35 = 0
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Ԧ𝑟. 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘 = 0 Ԧ𝑟. 7 Ƹ𝑖 − 14 Ƹ𝑗 + 7𝑘 − 0 = 0

Ԧ𝑟. Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘 = 0

⟹

𝟏. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔 𝒓 = 𝟓 Ƹ𝒊 + 𝟕 Ƹ𝒋 − 𝟑𝒌 + 𝒔 𝟒 Ƹ𝒊 + 𝟒 Ƹ𝒋 − 𝟓𝒌 𝒂𝒏𝒅
𝒓 = 𝟖 Ƹ𝒊 + 𝟒 Ƹ𝒋 + 𝟓𝒌 + 𝒕 𝟕 Ƹ𝒊 + Ƹ𝒋 + 𝟑𝒌 𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒐𝒓𝒎 𝒐𝒇
𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒊𝒏 𝒘𝒉𝒊𝒄𝒉 𝒕𝒉𝒆𝒚 𝒍𝒊𝒆.

𝐿𝑒𝑡 Ԧ𝑎 = 5 Ƹ𝑖 + 7 Ƹ𝑗 − 3𝑘, 𝑏 = 4 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘, Ԧ𝑐 = 8 Ƹ𝑖 + 4 Ƹ𝑗 + 5𝑘, Ԧ𝑑 = 7 Ƹ𝑖 + Ƹ𝑗 + 3𝑘

Ԧ𝑟 = 5 Ƹ𝑖 + 7 Ƹ𝑗 − 3𝑘 + 𝑠 4 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘 𝑎𝑛𝑑 Ԧ𝑟 = 8 Ƹ𝑖 + 4 Ƹ𝑗 + 5𝑘 + 𝑡 7 Ƹ𝑖 + Ƹ𝑗 + 3𝑘

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑐 − Ԧ𝑎 = 8 Ƹ𝑖 + 4 Ƹ𝑗 + 5𝑘 − 5 Ƹ𝑖 + 7 Ƹ𝑗 − 3𝑘

= 8 Ƹ𝑖 + 4 Ƹ𝑗 + 5𝑘 − 5 Ƹ𝑖 − 7 Ƹ𝑗 + 3𝑘

Ԧ𝑐 − Ԧ𝑎 = 3 Ƹ𝑖 − 3 Ƹ𝑗 + 8𝑘

𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

4 4 −5
7 1 3

= Ƹ𝑖 12 + 5 − Ƹ𝑗 12 + 35 + 𝑘 (4 − 28)

𝑏 × Ԧ𝑑 = 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘

= 3 Ƹ𝑖 − 3 Ƹ𝑗 + 8𝑘 . 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘

= 51 + 141 − 192

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑

= 192 − 192 = 0 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟.

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡 ℎ𝑒 𝑛𝑜𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒
𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟 𝑙𝑖𝑛𝑒𝑠.

Ԧ𝑟 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑟 − 5 Ƹ𝑖 + 7 Ƹ𝑗 − 3𝑘 . 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘 = 0

Ԧ𝑟. 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘 − 5 Ƹ𝑖 + 7 Ƹ𝑗 − 3𝑘 . 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘 = 0

Ԧ𝑟. 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘 − 85 − 329 + 72 = 0

Ԧ𝑟. 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘 − 172 = 0

Ԧ𝑟. 17 Ƹ𝑖 − 47 Ƹ𝑗 − 24𝑘 = 172

𝐿𝑒𝑡 Ԧ𝑎 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 4𝑘,

𝟐. 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟐

𝟏
=

𝒚 − 𝟑

𝟏
=

𝒛 − 𝟒

𝟑
𝒂𝒏𝒅

𝒙 − 𝟏

−𝟑
=

𝒚 − 𝟒

𝟐
=

𝒛 − 𝟓

𝟏
𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓. 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒍𝒊𝒏𝒆𝒔.

𝑏 = Ƹ𝑖 + Ƹ𝑗 + 3𝑘, Ԧ𝑐 = Ƹ𝑖 + 4 Ƹ𝑗 + 5𝑘, Ԧ𝑑 = −3 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜 − 𝑝𝑙𝑎𝑛𝑎𝑟 Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0
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𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑏1 𝑏2 𝑏3

𝑑1 𝑑2 𝑑3

= 0 ⟹

𝑥 − 1 − 𝑦 − 4 + 𝑧 − 5 = 01 − 6 (1 − 2 + 3

𝑥 − 1 𝑦− 4 z − 5

1 1 3

−3 2 1
= 0

+ − +

𝑥 − 1 + 𝑧 − 5− 𝑦 − 4 = 0(−5) 10 5

+ 9)

−5𝑥 − 10𝑦 + 5𝑧+ 40 = 0+ 5 − 25

−5𝑥 − 10𝑦 + 5𝑧 + 20 = 0
÷ −5

𝑥 + 2𝑦 − 𝑧 − 4 = 0

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠.

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘,

𝟑. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟏
=

𝒚 − 𝟐

𝟐
=

𝒛 − 𝟑

𝒎𝟐
𝒂𝒏𝒅

𝒙 − 𝟑

𝟏
=

𝒚 − 𝟐

𝒎𝟐
=

𝒛 − 𝟏

𝟐
𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒎.

𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑚2 𝑘, Ԧ𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘, Ԧ𝑑 = Ƹ𝑖 + 𝑚2 Ƹ𝑗 + 2𝑘

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜 − 𝑝𝑙𝑎𝑛𝑎𝑟

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑐 − Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 − Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘

= Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 − Ƹ𝑖 − 2 Ƹ𝑗 − 3𝑘

Ԧ𝑐 − Ԧ𝑎 = − Ƹ𝑖 + Ƹ𝑗 + 𝑘

𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 1 3
−3 2 1

= Ƹ𝑖 1 − 6 − Ƹ𝑗 1 + 9 + 𝑘 (2 + 3)

𝑏 × Ԧ𝑑 = −5 Ƹ𝑖 − 10 Ƹ𝑗 + 5𝑘

= − Ƹ𝑖 + Ƹ𝑗 + 𝑘 . −5 Ƹ𝑖 − 10 Ƹ𝑗 + 5𝑘

= 5 − 10 + 5

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑

= 10 − 10

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0
𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜𝑝𝑙𝑎𝑛𝑎𝑟.

Cartesian equation : 

𝑥1, 𝑦1, z1 = 1, 4, 5 ; 𝑏1, 𝑏2, 𝑏3 = 1, 1, 3 ; 𝑑1, 𝑑2, 𝑑3 = −3, 2, 1

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑏1 𝑏2 𝑏3

𝑑1 𝑑2 𝑑3

= 0 ⟹

𝑥 − 1 𝑦− 4 z − 5

1 1 3

−3 2 1
= 0

+ − +
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𝑥 − 1 − 𝑦 − 4 + 𝑧 − 5 = 01 − 6 (1 − 2 + 3

𝑥 − 1 + 𝑧 − 5− 𝑦 − 4 = 0(−5) 10 5

+ 9)

−5𝑥 − 10𝑦 + 5𝑧+ 40 = 0+ 5 − 25

−5𝑥 − 10𝑦 + 5𝑧 + 20 = 0
÷ −5

𝑥 + 2𝑦 − 𝑧 − 4 = 0

𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠.

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘,

𝟑. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟏
=

𝒚 − 𝟐

𝟐
=

𝒛 − 𝟑

𝒎𝟐
𝒂𝒏𝒅

𝒙 − 𝟑

𝟏
=

𝒚 − 𝟐

𝒎𝟐
=

𝒛 − 𝟏

𝟐
𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒎.

𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑚2 𝑘, Ԧ𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘, Ԧ𝑑 = Ƹ𝑖 + 𝑚2 Ƹ𝑗 + 2𝑘

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜 − 𝑝𝑙𝑎𝑛𝑎𝑟

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑐 − Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 − Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘

= Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 − Ƹ𝑖 − 2 Ƹ𝑗 − 3𝑘

Ԧ𝑐 − Ԧ𝑎 = −2𝑘

𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 2 𝑚2

1 𝑚2 2

= Ƹ𝑖 4 − 𝑚4 − Ƹ𝑗 2 − 𝑚2 + 𝑘 (𝑚2 − 2)

−2𝑘 . Ƹ𝑖 4 − 𝑚4 − Ƹ𝑗 2 − 𝑚2 + 𝑘 (𝑚2 − 2) = 0

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

−2 𝑚2 − 2 = 0

𝑚2 = 2 𝑚 = ± 2

⟹ 𝑚2 − 2 = 0

⟹

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑖 − Ƹ𝑗,

𝟒. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟐
=

𝒚 + 𝟏

𝝀
=

𝒛

𝟐
𝒂𝒏𝒅

𝒙 + 𝟏

𝟓
=

𝒚 + 𝟏

𝟐
=

𝒛

𝝀
𝒂𝒓𝒆

𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓, 𝒇𝒊𝒏𝒅 𝝀 𝒂𝒏𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒕𝒘𝒐
𝒍𝒊𝒏𝒆𝒔.

𝑏 = 2 Ƹ𝑖 + 𝜆 Ƹ𝑗 + 2𝑘, Ԧ𝑐 = − Ƹ𝑖 − Ƹ𝑗, Ԧ𝑑 = 5 Ƹ𝑖 + 2 Ƹ𝑗 + 𝜆 𝑘

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜 − 𝑝𝑙𝑎𝑛𝑎𝑟

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑐 − Ԧ𝑎 = − Ƹ𝑖 − Ƹ𝑗 − Ƹ𝑖 − Ƹ𝑗

= − Ƹ𝑖 − Ƹ𝑗 − Ƹ𝑖 + Ƹ𝑗

Ԧ𝑐 − Ԧ𝑎 = −2 Ƹ𝑖
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𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 𝜆 2
5 2 𝜆

= Ƹ𝑖 𝜆2 − 4 − Ƹ𝑗 2𝜆 − 10 + 𝑘 (4 − 5𝜆)

−2 Ƹ𝑖 . Ƹ𝑖 𝜆2 − 4 − Ƹ𝑗 2𝜆 − 10 + 𝑘 (4 − 5𝜆) = 0

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

−2 𝜆2 − 4 = 0 𝜆2 − 4 = 0

𝜆2 = 4 𝜆 = ± 4

𝜆 = ±2

Cartesian equation : 

𝑥1, 𝑦1, z1 = 1, −1, 0 ;

⟹

⟹

𝑏1, 𝑏2, 𝑏3 = 2, 2, 2 ; 𝑑1, 𝑑2, 𝑑3 = 5, 2, 2

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑏1 𝑏2 𝑏3

𝑑1 𝑑2 𝑑3

= 0 ⟹

𝑥 − 1 − 𝑦 + 1 + 𝑧4 − 4 (4 − 4 − 10
= 0

𝑥 −1 𝑦 + 1 z

2 2 2

5 2 2

= 0

+ − +

𝑥 − 1 + 𝑧− 𝑦 + 1 = 0(0) −6 −6

10)

6 𝑦 + 1 − 6𝑧 = 0 ⟹ 6 𝑦 + 1 − 𝑧 = 0

𝑦 − 𝑧 + 1 = 0 𝑓𝑜𝑟 𝜆 = 2

𝑦 + 𝑧 + 1 = 0 𝑓𝑜𝑟 𝜆 = −2
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282

𝐄𝐱𝐜𝐞𝐫𝐜𝐢𝐬𝐞 𝟔. 𝟗
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒄𝒖𝒕𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔

𝒓. 𝟐 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐𝒌 = 𝟏𝟏 𝒂𝒏𝒅 𝟒𝒙 − 𝟐𝒚 + 𝟐𝒛 = 𝟏𝟓.

Ԧ𝑟. 2 Ƹ𝑖 + 2 Ƹ𝑗 + 2𝑘 = 11 𝑎𝑛𝑑 4𝑥 − 2𝑦 + 2𝑧 = 15

𝑛1 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 2𝑘 𝑎𝑛𝑑 𝑛2 = 4 Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘

𝑐𝑜𝑠 𝜃 =
𝑛1. 𝑛2

𝑛1 𝑛2

𝑐𝑜𝑠 𝜃 =
2 Ƹ𝑖 + 2 Ƹ𝑗 + 2𝑘 . 4 Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘

22 + 22 + 22 42 + −2 2 + 22

𝑐𝑜𝑠 𝜃 =
8 − 4 + 4

4 + 4 + 4 16 + 4 + 4
𝑐𝑜𝑠 𝜃 =

8

12 24
⟹

𝑐𝑜𝑠 𝜃 =
8

2 3 × 2 6
⟹ 𝑐𝑜𝑠 𝜃 =

2

18
𝑐𝑜𝑠 𝜃 =

2

3 2
⟹

⟹𝑐𝑜𝑠 𝜃 =
2 × 2

3 2
⟹ 𝑐𝑜𝑠 𝜃 =

2

3
𝜃 = cos−1

2

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆

𝒓 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝒌 + 𝒕 Ƹ𝒊 − Ƹ𝒋 + 𝒌 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟐𝒙 − 𝒚 + 𝒛 = 𝟓.

𝐿𝑒𝑡 𝑏 = Ƹ𝑖 − Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 𝑛 = 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘

𝐴𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 𝑠𝑖𝑛 𝜃 =
𝑏. 𝑛

𝑏 𝑛

𝑠𝑖𝑛 𝜃 =
Ƹ𝑖 − Ƹ𝑗 + 𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘

12 + −1 2 + 12 22 + −1 2 + 12

𝑠𝑖𝑛 𝜃 =
2 + 1 + 1

1 + 1 + 1 4 + 1 + 1

𝑠𝑖𝑛 𝜃 =
4

3 6
⟹ 𝑠𝑖𝑛 𝜃 =

4

18
⟹ 𝑠𝑖𝑛 𝜃 =

4

2 × 3 × 3

𝑠𝑖𝑛 𝜃 =
4

3 2
⟹ 𝑠𝑖𝑛 𝜃 =

4 2

3 2 × 2
⟹ 𝑠𝑖𝑛 𝜃 =

4 2

3 × 2

𝑠𝑖𝑛 𝜃 =
2 2

3
⟹ 𝜃 = 𝑠𝑖𝑛−1

2 2

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟗: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟐, 𝟓, −𝟑 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏
𝒓. 𝟔 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟐𝒌 = 𝟓
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𝑹
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𝑪
𝑺

𝑪
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𝑶
𝑶

𝑳

𝑎 = 6, 𝑏 = −3, 𝑐 = 2, 𝑑 = −5

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 =
𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑

𝑎2 + 𝑏2 + 𝑐2

Ԧ𝑟. 6 Ƹ𝑖 − 3 Ƹ𝑗 + 2𝑘 = 5 𝑤ℎ𝑒𝑟𝑒 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 6 Ƹ𝑖 − 3 Ƹ𝑗 + 2𝑘 = 5 ⟹ 6𝑥 − 3𝑦 + 2𝑧 = 5

6𝑥 − 3𝑦 + 2𝑧 − 5 = 0

𝑥1, 𝑦1, 𝑧1 = 2, 5, −3

=
6 2 + −3 5 + 2 −3 − 5

62 + −3 2 + 22

=
12 − 15 − 6 − 5

36 + 9 + 4

=
12 − 26

49
=

−14

7
= 2 𝑢𝑛𝑖𝑡𝑠

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟎: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒂 𝒑𝒐𝒊𝒏𝒕 𝟓, −𝟓, −𝟏𝟎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕
𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨 𝟒, 𝟏, 𝟐
𝒂𝒏𝒅 𝑩 𝟕, 𝟓, 𝟒 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒙 − 𝒚 + 𝒛 = 𝟓.

𝑇ℎ𝑒 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 𝐴 𝑎𝑛𝑑 𝐵 𝑖𝑠

𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏:

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 , 𝑧1 = 4, 1, 2 𝑎𝑛𝑑 𝑥2, 𝑦2 , 𝑧2 = 7, 5, 4 .

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

𝑥 − 4

3
=

𝑦 − 1

4
=

𝑧 − 2

2
= 𝑡

⟹
𝑥 − 4

3
=

𝑦 − 1

4
=

𝑧 − 2

2

⟹
𝑥 − 4

3
= 𝑡,

𝑦 − 1

4
= 𝑡,

𝑧 − 2

2
= 𝑡

3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2𝑥 = 3𝑡 + 4, 𝑦 = 4𝑡 + 1, 𝑧 = 2𝑡 + 2 ⟹

∴ 𝐴𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚
3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒

3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2 𝑖𝑛 𝑥 − 𝑦 + 𝑧 = 5

3𝑡 + 4 − 4𝑡 + 1 + 2𝑡 + 2 = 5

3𝑡 + 4 − 4𝑡 − 1 + 2𝑡 + 2 = 5

𝑡 + 5 − 5 = 0 ⟹ 𝑡 = 0
𝑠𝑢𝑏 𝑡 = 0 𝑖𝑛 3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2 ⟹ 3 × 0 + 4, 4 × 0 + 1, 2 × 0 + 2

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 4, 1, 2 .

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 4, 1, 2 𝑎𝑛𝑑 5, −5, −10 𝑖𝑠
𝑦1𝑥1 𝑧1 𝑦2𝑥2 𝑧2

= 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2 + 𝑧2 − 𝑧1
2

283
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𝑶
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= 5 − 4 2 + −5 − 1 2 + −10 − 2 2

= 1 2 + −6 2 + −12 2 = 1 + 36 + 144

= 181 𝑢𝑛𝑖𝑡𝑠

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒑𝒍𝒂𝒏𝒆𝒔
𝒙 + 𝟐𝒚 − 𝟐𝒛 + 𝟏 = 𝟎 𝒂𝒏𝒅 𝟐𝒙 + 𝟒𝒚 − 𝟒𝒛 + 𝟓 = 𝟎.

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑝𝑙𝑎𝑛𝑒𝑠

𝑑1 = 1 , 𝑑2 =
5

2

𝑥 + 2𝑦 − 2𝑧 + 1 = 0 𝑎𝑛𝑑

𝑎 = 1 , 𝑏 = 2, 𝑐 = −2,

÷ 2
2𝑥 + 4𝑦 − 4𝑧 + 5 = 0

𝑥 + 2𝑦 − 2𝑧 +
5

2
= 0

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
𝑑1 − 𝑑2

𝑎2 + 𝑏2 + 𝑐2
=

1 −
5
2

12 + 22 + −2 2

=

2 − 5
2

1 + 4 + 4
=

3
2

9
=

3
2
3

=
3

2
×

1

3

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
1

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟐: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔

𝒓. 𝟐 Ƹ𝒊 − Ƹ𝒋 − 𝟐𝒌 = 𝟔 𝒂𝒏𝒅 𝒓. 𝟔 Ƹ𝒊 − 𝟑 Ƹ𝒋 − 𝟔𝒌 = 𝟐𝟕.

Ԧ𝑟. 2 Ƹ𝑖 − Ƹ𝑗 − 2𝑘 = 6

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 − 2𝑘 = 6

𝑤ℎ𝑒𝑟𝑒 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

⟹ 2𝑥 − 𝑦 − 2𝑧 = 6

Ԧ𝑟. 6 Ƹ𝑖 − 3 Ƹ𝑗 − 6𝑘 = 27 𝑤ℎ𝑒𝑟𝑒 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 6 Ƹ𝑖 − 3 Ƹ𝑗 − 6𝑘 = 27⟹ 6𝑥 − 3𝑦 − 6𝑧 = 27

÷ 32𝑥 − 𝑦 − 2𝑧 = 9
The Cartesian equation of the planes are 2𝑥 − 𝑦 − 2𝑧 = 3
𝑎𝑛𝑑 2𝑥 − 𝑦 − 2𝑧 = 9

𝑑1 = 6 , 𝑑2 = 9𝑎 = 2 , 𝑏 = −1, 𝑐 = −2,

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
𝑑1 − 𝑑2

𝑎2 + 𝑏2 + 𝑐2
=

6 − 9

22 + −1 2 + −2 2

=
−3

4 + 1 + 4
=

−3

9
=

−3

3
= 1

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆

𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒓. Ƹ𝒊 + Ƹ𝒋 + 𝒌 + 𝟏 = 𝟎 𝒂𝒏𝒅

𝒓. 𝟐 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟓𝒌 = 𝟐 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 −𝟏, 𝟐, 𝟏 . 284
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𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛
𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒𝑠

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . Ƹ𝑖 + Ƹ𝑗 + 𝑘 + 1 + 𝜆 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 2 Ƹ𝑖 − 3 Ƹ𝑗 + 5𝑘 − 2 = 0

𝑥 + 𝑦 + 𝑧 + 1 + 𝜆 2𝑥 − 3𝑦 + 5𝑧 − 2 = 0

Ԧ𝑟. 𝑛1 − 𝑑1 + 𝜆 Ԧ𝑟. 𝑛2 − 𝑑2 = 0

Ԧ𝑟. Ƹ𝑖 + Ƹ𝑗 + 𝑘 + 1 = 0 𝑎𝑛𝑑 Ԧ𝑟. 2 Ƹ𝑖 − 3 Ƹ𝑗 + 5𝑘 − 2 = 0

Ԧ𝑟. Ƹ𝑖 + Ƹ𝑗 + 𝑘 + 1 + 𝜆 Ԧ𝑟. 2 Ƹ𝑖 − 3 Ƹ𝑗 + 5𝑘 − 2 = 0

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 −1, 2, 1

−1 + 2 + 1 + 1 + 𝜆 2 −1 − 3 2 + 5 1 − 2 = 0

3 + 𝜆 −2 − 6 + 5 − 2 = 0 ⟹ 3 + 𝜆 −5 = 0

−5𝜆 = −3 ⟹ 𝜆 =
3

5

𝑥 + 𝑦 + 𝑧 + 1 + 𝜆 2𝑥 − 3𝑦 + 5𝑧 − 2 = 0 𝑤ℎ𝑒𝑟𝑒 𝜆 =
3

5
𝑥 + 𝑦 + 𝑧 + 1 +

3

5
2𝑥 − 3𝑦 + 5𝑧 − 2 = 0

𝑥 + 𝑦 + 𝑧 + 1 +
3

5
2𝑥 − 3𝑦 + 5𝑧 − 2 = 0

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 5 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

5 𝑥 + 𝑦 + 𝑧 + 1 + 3 2𝑥 − 3𝑦 + 5𝑧 − 2 = 0

5𝑥 + 5𝑦 + 5𝑧 + 5 + 6𝑥 − 9𝑦 + 15𝑧 − 6 = 0 ⟹ 11𝑥 − 4𝑦 + 20𝑧 − 1 = 0

𝐻𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 11𝑥 − 4𝑦 + 20𝑧 = 1.

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆
𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝟐𝒙 + 𝟑𝒚 − 𝒛 + 𝟕 = 𝟎 𝒂𝒏𝒅 𝒙 + 𝒚 − 𝟐𝒛 + 𝟓 = 𝟎
𝒂𝒏𝒅 𝒊𝒔 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒙 + 𝒚 − 𝟑𝒛 − 𝟓 = 𝟎.

𝑇ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒𝑠
2𝑥 + 3𝑦 − 𝑧 + 7 = 0 𝑎𝑛𝑑 𝑥 + 𝑦 − 2𝑧 + 5 = 0 𝑖𝑠

2𝑥 + 3𝑦 − 𝑧 + 7 + 𝜆 𝑥 + 𝑦 − 2𝑧 + 5 = 0

2𝑥 + 3𝑦 − 𝑧 + 7 + 𝜆 𝑥 + 𝜆𝑦 − 2𝜆𝑧 + 5𝜆 = 0

2 + 𝜆 𝑥 + 3 + 𝜆 𝑦 + −1 − 2𝜆 𝑧 + 7 + 5𝜆 = 0

𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 𝑥 + 𝑦 − 3𝑧 − 5 = 0

1 2 + 𝜆 + 1 3 + 𝜆 + −3 −1 − 2𝜆 = 0
2 + 𝜆 + 3 + 𝜆 + 3 + 6𝜆 = 0

2 + 3 + 3 + 8𝜆 = 0 ⟹ 8 + 8𝜆 = 0 ⟹ 8𝜆 = −8

𝜆 = −1
2𝑥 + 3𝑦 − 𝑧 + 7 + 𝜆 𝑥 + 𝑦 − 2𝑧 + 5 = 0 𝑤ℎ𝑒𝑟𝑒 𝜆 = −1

2𝑥 + 3𝑦 − 𝑧 + 7 − 𝑥 + 𝑦 − 2𝑧 + 5 = 0

2𝑥 + 3𝑦 − 𝑧 + 7 − 𝑥 − 𝑦 + 2𝑧 − 5 = 0

𝑥 + 2𝑦 + 𝑧 + 2 = 0
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟓: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒉𝒐𝒔𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒐𝒏 𝒗𝒆𝒄𝒕𝒐𝒓 𝒊𝒔

Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟑𝒌 𝒊𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒓. Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟒𝒌 = 𝟑𝟖.

Let 𝑢 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘, 𝑛 = Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘, 𝑝 = 38

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑚𝑎𝑔𝑒 Ԧ𝑣 𝑜𝑓 Ԧ𝑣 = 𝑢 +
2 𝑝 − 𝑢. 𝑛

𝑛 2
𝑛

𝑛 2 = 𝑛. 𝑛

Ԧ𝑣 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 +
2 38 − Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 . Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘

Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘 . Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘
Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘

Ԧ𝑣 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 +
2 38 − 1 + 4 + 12

1 + 4 + 16
Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘

Ԧ𝑣 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 +
2 38 − 17

21
Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘

Ԧ𝑣 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 +
2 × 21

21
Ƹ𝑖 + 2 Ƹ𝑗 + 4𝑘

Ԧ𝑣 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 + 2 Ƹ𝑖 + 4 Ƹ𝑗 + 8𝑘 ⟹ Ԧ𝑣 = 3 Ƹ𝑖 + 6 Ƹ𝑗 + 11𝑘

∴ 𝑇ℎ𝑒 𝑖𝑚𝑎𝑔𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑤𝑖𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 𝑖𝑠 3 Ƹ𝑖 + 6 Ƹ𝑗 + 11𝑘

𝑇ℎ𝑒 𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 Ԧ𝑟 = 2 Ƹ𝑖 − Ƹ𝑗 + 2𝑘 + 𝑡 3 Ƹ𝑖 + 4 Ƹ𝑗 + 2𝑘

𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3

𝑥1, 𝑦1, 𝑧1 = 2, −1, 2 𝑎𝑛𝑑 𝑏1, 𝑏2, 𝑏3 = (3, 4, 2)

𝑥 − 2

3
= 𝑡,

𝑦 + 1

4
= 𝑡,

𝑧 − 2

2
= 𝑡

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟔: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒉𝒆𝒓𝒆 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕

𝒍𝒊𝒏𝒆𝒓 = 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝟐𝒌 + 𝒕 𝟑 Ƹ𝒊 + 𝟒 Ƹ𝒋 + 𝟐𝒌 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒔 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆

𝒙 − 𝒚 + 𝒛 − 𝟓 = 𝟎.

⟹ 𝑥 − 2

3
=

𝑦 + 1

4
=

𝑧 − 2

2

𝑥 − 2

3
=

𝑦 + 1

4
=

𝑧 − 2

2
= 𝑡 ⟹

𝑥 = 3𝑡 + 2, 𝑦 = 4𝑡 − 1, 𝑧 = 2𝑡 + 2

3𝑡 + 2, 4𝑡 − 1, 2𝑡 + 2

The point 3t + 2, 4t − 1, 2t + 2 lies on the plane 𝑥 − 𝑦 + 𝑧 − 5 = 0

3𝑡 + 2 − 4𝑡 − 1 + 2𝑡 + 2 − 5 = 0

3𝑡 + 2 − 4𝑡 + 1 + 2𝑡 + 2 − 5 = 0

𝑡 + 5 − 5 = 0 ⟹ 𝑡 = 0

𝑠𝑢𝑏 𝑡 = 0 𝑖𝑛 3𝑡 + 2, 4𝑡 − 1, 2𝑡 + 2

3 × 0 + 2, 4 × 0 − 1,2 × 0 + 2 = 2, −1, 2
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∴ 𝑇ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑖𝑠 2, −1, 2

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒐𝒇

𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒓. 𝟐 Ƹ𝒊 − 𝟕 Ƹ𝒋 + 𝟒𝒌 = 𝟑 𝒂𝒏𝒅

𝟑𝒙 − 𝟓𝒚 + 𝟒𝒛 + 𝟏𝟏 = 𝟎, 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 −𝟐, 𝟏, 𝟑 .

Ԧ𝑟. 2 Ƹ𝑖 − 7 Ƹ𝑗 + 4𝑘 = 3

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘 . 2 Ƹ𝑖 − 7 Ƹ𝑗 + 4𝑘 = 3

𝑤ℎ𝑒𝑟𝑒 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘

⟹ 2𝑥 − 7𝑦 + 4𝑧 = 3

𝐺𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑙𝑎𝑛𝑒𝑠 𝑎𝑟𝑒2𝑥 − 7𝑦 + 4𝑧 = 3 𝑎𝑛𝑑 3𝑥 − 5𝑦 + 4𝑧 + 11 = 0

2𝑥 − 7𝑦 + 4𝑧 − 3 + 𝜆 3𝑥 − 5𝑦 + 4𝑧 + 11 = 0 … (1)

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 −2, 1, 3

2 −2 − 7 1 + 4 3 − 3 + 𝜆 3 −2 − 5 1 + 4 3 + 11 = 0

−4 − 7 + 12 − 3 + 𝜆 −6 − 5 + 12 + 11 = 0

−2 + 12𝜆 = 0 ⟹ 12𝜆 = 2

𝜆 =
2

12
𝜆 =

1

6
⟹

𝑆𝑢𝑏𝑠 𝜆 =
1

6
𝑖𝑛 1

2𝑥 − 7𝑦 + 4𝑧 − 3 +
1

6
3𝑥 − 5𝑦 + 4𝑧 + 11 = 0

× 6

6 2𝑥 − 7𝑦 + 4𝑧 − 3 + 3𝑥 − 5𝑦 + 4𝑧 + 11 = 0

12𝑥 − 42𝑦 + 24𝑧 − 18 + 3𝑥 − 5𝑦 + 4𝑧 + 11 = 0

15𝑥 − 47𝑦 + 28𝑧 − 7 = 0 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒.

𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒐𝒇
𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒙 + 𝟐𝒚 + 𝟑𝒛 = 𝟐 𝒂𝒏𝒅 𝒙 − 𝒚 + 𝒛 = 𝟑, 𝒂𝒏𝒅 𝒂𝒕 𝒂

𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆
𝟐

𝟑
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟑, 𝟏, −𝟏 .

𝐺𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑙𝑎𝑛𝑒𝑠 𝑎𝑟𝑒 𝑥 + 2𝑦 + 3𝑧 − 2 = 0 𝑎𝑛𝑑 𝑥 − 𝑦 + 𝑧 − 3 = 0

𝑇𝑜 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒𝑠

𝑥 + 2𝑦 + 3𝑧 − 2 + 𝜆 𝑥 − 𝑦 + 𝑧 − 3 = 0

𝑥 + 2𝑦 + 3𝑧 − 2 + 𝜆𝑥 − 𝜆𝑦 + 𝜆𝑧 − 3𝜆 = 0

𝑥 + 𝜆𝑥 + 2𝑦 − 𝜆𝑦 + 3𝑧 + 𝜆𝑧 − 2 − 3𝜆 = 0

1 + 𝜆 𝑥 + 2 − 𝜆 𝑦 + 3 + 𝜆 𝑧 − 2 − 3𝜆 = 0

… (1)

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 3, 1, −1 𝑡𝑜 𝑡ℎ𝑖𝑠 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠
2

3𝑥1, 𝑦1 , 𝑧1

𝐻𝑒𝑟𝑒 𝑎 = 1 + 𝜆 , 𝑏 = 2 − 𝜆 , 𝑐 = 3 + 𝜆 𝑎𝑛𝑑 𝑑 = −2 − 3𝜆 287
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.𝑺
𝑬

𝑪
𝑺
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𝑶
𝑶

𝑳

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠
𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑

𝑎2 + 𝑏2 + 𝑐2

1 + 𝜆 3 + 2 − 𝜆 1 + 3 + 𝜆 −1 − 2 − 3𝜆

1 + 𝜆 2 + 2 − 𝜆 2 + 3 + 𝜆 2
=

2

3

3 + 3𝜆 + 2 − 𝜆 − 3 − 𝜆 − 2 − 3𝜆

1 + 𝜆2 + 2𝜆 + 4 + 𝜆2 − 4𝜆 + 9 + 𝜆2 + 6𝜆
=

2

3

𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑

𝑎2 + 𝑏2 + 𝑐2
=

2

3

−2𝜆

3𝜆2 + 4𝜆 + 14
=

2

3
⟹

2 3𝜆 = 2 3𝜆2 + 4𝜆 + 14
𝑆𝑞𝑢𝑎𝑟𝑖𝑛𝑔 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠

3𝜆2 = 3𝜆2 + 4𝜆 + 14 ⟹ 4𝜆 + 14 = 0

4𝜆 = −14

2𝜆

3𝜆2 + 4𝜆 + 14
=

2

3

⟹ 3𝜆 = 3𝜆2 + 4𝜆 + 14

2 7
⟹ 𝜆 = −

7

2

𝑆𝑢𝑏𝑠 𝜆 = −
7

2
𝑖𝑛 1 𝑥 + 2𝑦 + 3𝑧 − 2 + 𝜆 𝑥 − 𝑦 + 𝑧 − 3 = 0

𝑥 + 2𝑦 + 3𝑧 − 2 −
7

2
𝑥 − 𝑦 + 𝑧 − 3 = 0

× 2

2 𝑥 + 2𝑦 + 3𝑧 − 2 − 7 𝑥 − 𝑦 + 𝑧 − 3 = 0

2𝑥 + 4𝑦 + 6𝑧 − 4 − 7𝑥 + 7𝑦 − 7𝑧 + 21 = 0

−5𝑥 + 11𝑦 − 𝑧 + 17 = 0 ⟹ 5𝑥 − 11𝑦 + 𝑧 − 17 = 0

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒓 = 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝒌 + 𝒕 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐𝒌 𝒂𝒏𝒅

𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒓. 𝟔 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟐𝒌 = 𝟖.

𝐿𝑒𝑡 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 𝑎𝑛𝑑 𝑛 = 6 Ƹ𝑖 + 3 Ƹ𝑗 + 2𝑘

𝐴𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠

𝑠𝑖𝑛 𝜃 =
𝑏. 𝑛

𝑏 𝑛

𝑠𝑖𝑛 𝜃 =
Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 . 6 Ƹ𝑖 + 3 Ƹ𝑗 + 2𝑘

12 + 22 + −2 2 62 + 32 + 22

𝑠𝑖𝑛 𝜃 =
6 + 6 − 4

1 + 4 + 4 36 + 9 + 4
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𝑶
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𝑳

𝑠𝑖𝑛 𝜃 =
8

9 49
𝑠𝑖𝑛 𝜃 =

8

3 × 7
⟹ 𝑠𝑖𝑛 𝜃 =

8

21

𝜃 = 𝑠𝑖𝑛−1
8

21

⟹

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒓. Ƹ𝒊 + Ƹ𝒋 − 𝟐𝒌 = 𝟑 𝒂𝒏𝒅

𝟐𝒙 − 𝟐𝒚 + 𝒛 = 𝟐.

Ԧ𝑟. Ƹ𝑖 + Ƹ𝑗 − 2𝑘 = 3 𝑎𝑛𝑑 2𝑥 − 2𝑦 + 𝑧 = 2

𝑛1 = Ƹ𝑖 + Ƹ𝑗 − 2𝑘 𝑎𝑛𝑑 𝑛2 = 2 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

cos 𝜃 =
𝑛1. 𝑛2

𝑛1 𝑛2

cos 𝜃 =
Ƹ𝑖 + Ƹ𝑗 − 2𝑘 . 2 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

12 + 12 + −2 2 22 + −2 2 + 12

cos 𝜃 =
2 − 2 − 2

1 + 1 + 4 4 + 4 + 1

cos 𝜃 =
2

3 6
cos 𝜃 =

−2

6 9
⟹

𝜃 = 𝑐𝑜𝑠−1
2

3 6

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒘𝒉𝒊𝒄𝒉 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕
𝟑, 𝟒, −𝟏 𝒂𝒏𝒅 𝒊𝒔 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟐𝒙 − 𝟑𝒚 + 𝟓𝒛 + 𝟕 = 𝟎. 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅

𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒕𝒘𝒐𝒑𝒍𝒂𝒏𝒆𝒔.

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 2𝑥 − 3𝑦 + 5𝑧 + 7 = 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 2𝑥 − 3𝑦 + 5𝑧 + 𝑘 = 0

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 3, 4, −1 .

2 3 − 3 4 + 5 −1 + 𝑘 = 0

−11 + 𝑘 = 0 ⟹ 𝑘 = 11

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 2𝑥 − 3𝑦 + 5𝑧 + 11 = 0

⟹ 6 − 12 − 5 + 𝑘 = 0

𝑘 = 11 𝑖𝑛 2𝑥 − 3𝑦 + 5𝑧 + 𝑘 = 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑎𝑟𝑒 2𝑥 − 3𝑦 + 5𝑧 + 7 = 0 𝑎𝑛𝑑 2𝑥 − 3𝑦 + 5𝑧 + 11 = 0

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑝𝑙𝑎𝑛𝑒𝑠 𝑑 =
𝑑1 − 𝑑2

𝑎2 + 𝑏2 + 𝑐2

𝑑1 = 7 , 𝑑2 = 11𝑎 = 2 , 𝑏 = −3, 𝑐 = 5,

289
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𝑑 =
7 − 11

22 + −3 2 + 52
=

−4

4 + 9 + 25
=

−4

38

𝑑 =
4

38
𝑢𝑛𝑖𝑡𝑠

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, −𝟐, 𝟑 𝒕𝒐
𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒙 − 𝒚 + 𝒛 = 𝟓.

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑥1, 𝑦1, 𝑧1 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 − 𝑑 = 0

𝑖𝑠
𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 − 𝑑

𝑎2 + 𝑏2 + 𝑐2

∴ 𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 1, −2, 3 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑥 − 𝑦 + 𝑧 − 5 = 0 𝑖𝑠

𝑑 = −5𝑎 = 1 , 𝑏 = −1, 𝑐 = 1,
𝑥1, 𝑦1 , 𝑧1

=
1 1 − 1 −2 + 1 3 − 5

12 + −1 2 + 12
=

1 + 2 + 3 − 5

1 + 1 + 1

=
1

3
=

1

3
𝑢𝑛𝑖𝑡𝑠

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒙 − 𝟏 =
𝒚

𝟐
= 𝒛 + 𝟏 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆

𝒑𝒍𝒂𝒏𝒆 𝟐𝒙 − 𝒚 + 𝟐𝒛 = 𝟐. 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆
𝒑𝒍𝒂𝒏𝒆.
𝐺𝑖𝑣𝑒𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑥 − 1 =

𝑦

2
= 𝑧 + 1

𝑥 − 1 = 𝑡,

𝑥 = 𝑡 + 1,

𝑦

2
= 𝑡,

𝑦 = 2𝑡, 𝑧 = 𝑡 − 1

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑡 + 1, 2𝑡, 𝑡 − 1 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 2𝑥 − 𝑦 + 2𝑧 = 2

2 𝑡 + 1 − 2𝑡 + 2 𝑡 − 1 = 2

2𝑡 = 2 𝑡 = 1

𝑥 − 1 =
𝑦

2
= 𝑧 + 1 = 𝑡 ⟹ 𝑧 + 1 = 𝑡

∴ 𝐴𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 𝑡 + 1, 2𝑡, 𝑡 − 1

⟹ 2𝑡 + 2 − 2𝑡 + 2𝑡 − 2 = 2

⟹

𝑡 = 1 𝑖𝑛

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 2, 2, 0

𝑡 + 1, 2𝑡, 𝑡 − 1 1 + 1, 2 1 , 1 − 1 = 2, 2, 0⟹

𝐿𝑒𝑡 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 𝑛 = 2 Ƹ𝑖 − Ƹ𝑗 + 2𝑘

𝐴𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 𝑠𝑖𝑛 𝜃 =
𝑏. 𝑛

𝑏 𝑛

𝐿𝑖𝑛𝑒 𝑥 − 1 =
𝑦

2
= 𝑧 + 1 𝑎𝑛𝑑 𝑝𝑙𝑎𝑛𝑒 2𝑥 − 𝑦 + 2𝑧 = 2

290



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑠𝑖𝑛 𝜃 =
Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 + 2𝑘

12 + 22 + 12 22 + −1 2 + 22
𝑠𝑖𝑛 𝜃 =

2 − 2 + 2

1 + 4 + 1 4 + 1 + 4
⟹

𝑠𝑖𝑛 𝜃 =
2

6 9
𝑠𝑖𝑛 𝜃 =

2

3 6
⟹ 𝜃 = 𝑠𝑖𝑛−1

2

3 6

𝟖. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒐𝒓𝒅𝒊𝒏𝒂𝒕𝒆𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒐𝒐𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒂𝒏𝒅 𝒍𝒆𝒏𝒈𝒕𝒉
𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟒, 𝟑, 𝟐 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆
𝒙 + 𝟐𝒚 + 𝟑𝒛 = 𝟐.

𝐺𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 𝑥 + 2𝑦 + 3𝑧 = 2.

𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑜𝑟𝑚 ∶ Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 2

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒

𝑝𝑜𝑖𝑛𝑡 4,3, 2 𝑎𝑛𝑑 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘
𝑥 − 𝑥1

𝑏1
=

𝑦 − 𝑦1

𝑏2
=

𝑧 − 𝑧1

𝑏3

𝑥 − 4

1
=

𝑦 − 3

2
=

𝑧 − 2

3

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1, 𝑧1 = 4, 3, 2 & 𝑏1, 𝑏2, 𝑏3 = (1, 2, 3)

𝑥 − 4

1
=

𝑦 − 3

2
=

𝑧 − 2

3
= 𝑡 ⟹

𝑥 − 4

1
= 𝑡,

𝑦 − 3

2
= 𝑡,

𝑧 − 2

3
= 𝑡

𝑡 + 4, 2𝑡 + 3, 3𝑡 + 2𝑥 = 𝑡 + 4, 𝑦 = 2𝑡 + 3, 𝑧 = 3𝑡 + 2 ⟹

𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑡 + 4, 2𝑡 + 3, 3𝑡 + 2 𝑙𝑖𝑒𝑠 𝑜𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑥 + 2𝑦 + 3𝑧 = 2.

𝑡 + 4 + 2 2𝑡 + 3 + 3 3𝑡 + 2 = 2 ⟹ 𝑡 + 4 + 4𝑡 + 6 + 9𝑡 + 6 = 2

14𝑡 + 16 = 2 ⟹ 14𝑡 = 2 − 16 ⟹ 14𝑡 = −14

𝑡 =
−14

14
⟹ 𝑡 = −1

𝑡 = −1 𝑖𝑛 𝑡 + 4, 2𝑡 + 3, 3𝑡 + 2 −1 + 4, 2 −1 + 3, 3 −1 + 2⟹

= 3, −2 + 3, −3 + 2 = 3, 1, −1

𝑇ℎ𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑜𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑖𝑠 3, 1, −1

∴ 𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 4, 3, 2 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑥 + 2𝑦 + 3𝑧 − 2 = 0 𝑖𝑠

𝑑 = −2𝑎 = 1 , 𝑏 = 2, 𝑐 = 3,
𝑥1, 𝑦1 , 𝑧1

=
1 4 + 2 3 + 3 2 − 2

12 + 22 + 32
=

4 + 6 + 6 − 2

1 + 4 + 9

=
14

14
=

14 × 14

14
= 14 𝑢𝑛𝑖𝑡𝑠

=
𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 − 𝑑

𝑎2 + 𝑏2 + 𝑐2

⟹
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟑: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏,
𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕
𝟎, 𝟏, −𝟓 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒓 = Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟒𝒌 + 𝒔 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟔𝒌 𝒂𝒏𝒅 𝒓 = Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟓𝒌 + 𝒕 Ƹ𝒊 + Ƹ𝒋 − 𝒌

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑗 − 5𝑘, 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘, Ԧ𝑐 = Ƹ𝑖 + Ƹ𝑗 − 𝑘

Ԧ𝑟 − Ԧ𝑎 . 𝑏 × Ԧ𝑐 = 0

𝑏 × Ԧ𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 6
1 1 −1

= Ƹ𝑖 −3 − 6 − Ƹ𝑗 −2 − 6 + 𝑘 (2 − 3)

𝑏 × Ԧ𝑐 = −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘

Ԧ𝑟 − Ƹ𝑗 − 5𝑘 . −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 0

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 − Ƹ𝑗 − 5𝑘 . −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 0

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 − 8 + 5 = 0

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 − 13 = 0

𝐄𝐱𝐜𝐞𝐫𝐜𝐢𝐬𝐞 𝟔. 𝟕

Ԧ𝑟. −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 13

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . −9 Ƹ𝑖 + 8 Ƹ𝑗 − 𝑘 = 13

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

−9𝑥 + 8𝑦 − 𝑧 = 13⟹ 9𝑥 − 8𝑦 + 𝑧 = −13

9𝑥 − 8𝑦 + 𝑧 + 13 = 0
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟒: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒗𝒆𝒄𝒕𝒐𝒓 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄, 𝒗𝒆𝒄𝒕𝒐𝒓 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄
𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉
𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 −𝟏, 𝟐, 𝟎 𝒂𝒏𝒅 𝟐, 𝟐, −𝟏 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆
𝒙 − 𝟏

𝟏
=

𝟐𝒚 + 𝟏

𝟐
=

𝒛 + 𝟏

−𝟏

Vector equation : Ԧ𝑟 = 𝑎 + 𝑠 𝑏 − 𝑎 + 𝑡 𝑐

Here Ԧ𝑎 = − Ƹ𝑖 + 2 Ƹ𝑗 ,𝑏 = 2 Ƹ𝑖 + 2 Ƹ𝑗 − 𝑘 𝑎𝑛𝑑 Ԧ𝑐 = Ƹ𝑖 + Ƹ𝑗 − 𝑘

Ԧ𝑟 = − Ƹ𝑖 + 2 Ƹ𝑗 + 𝑠 3 Ƹ𝑖 − 𝑘 + 𝑡 Ƹ𝑖 + Ƹ𝑗 − 𝑘

2 Ƹ𝑖 + 2 Ƹ𝑗 − 𝑘 b − a = 3 Ƹ𝑖 − 𝑘⟹+ Ƹ𝑖 − 2 Ƹ𝑗b − a =

Vector non – parametric equation : Ԧ𝑟 − 𝑎 . 𝑏 − 𝑎 × 𝑐 = 0

𝑏 − 𝑎 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

3 0 −1
1 1 −1

= Ƹ𝑖 0 + 1 − Ƹ𝑗 −3 + 1 + 𝑘 (3 + 0)

𝑏 − 𝑎 × 𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 292
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Ԧ𝑟 − − Ƹ𝑖 + 2 Ƹ𝑗 . Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 0

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 3

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 3

𝑥 + 2𝑦 + 3𝑧 − 3 = 0

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 − − Ƹ𝑖 + 2 Ƹ𝑗 . Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 = 0

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 − −1 + 4 = 0

Ԧ𝑟. Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘 − 3 = 0

𝑥 + 2𝑦 + 3𝑧 = 3

𝟏. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟐, 𝟑, 𝟔 𝒂𝒏𝒅

𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟐
=

𝒚 + 𝟏

𝟑
=

𝒛 − 𝟑

𝟏
𝒂𝒏𝒅

𝒙 + 𝟑

𝟐
=

𝒚 − 𝟑

−𝟓
=

𝒛 + 𝟏

−𝟑

Vector non – parametric equation : Ԧ𝑟 − 𝑎 . 𝑏 × 𝑐 = 0

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 , 𝑏 = 2 Ƹ𝑖 + 3 Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 Ԧ𝑐 = 2 Ƹ𝑖 − 5 Ƹ𝑗 − 3𝑘

𝑏 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 3 1
2 −5 −3

= Ƹ𝑖 −9 + 5 − Ƹ𝑗 −6 − 2 + 𝑘 (−10 − 6)

𝑏 × 𝑐 = −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘

Ԧ𝑟 − 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 . −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 = 0

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 − 2 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 . −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 = 0

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 − −8 + 24 − 96 = 0

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 = −80

Ԧ𝑟. −4 Ƹ𝑖 + 8 Ƹ𝑗 − 16𝑘 + 80 = 0

÷ −4
Ԧ𝑟. Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 = 20

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 = 20

𝑥 − 2𝑦 + 4𝑧 = 20

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 − 2𝑦 + 4𝑧 − 20 = 0
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𝟐. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟐, 𝟏 , 𝟗, 𝟑, 𝟔
𝒂𝒏𝒅 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟐𝒙 + 𝟔𝒚 + 𝟔𝒛 = 𝟗

Vector equation : Ԧ𝑟 = 𝑎 + 𝑠 𝑏 − 𝑎 + 𝑡 𝑐

Here Ԧ𝑎 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 ,𝑏 = 9 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 𝑎𝑛𝑑 Ԧ𝑐 = 2 Ƹ𝑖 + 6 Ƹ𝑗 + 6𝑘

Ԧ𝑟 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 + 𝑠 7 Ƹ𝑖 + Ƹ𝑗 + 5𝑘 + 𝑡 2 Ƹ𝑖 + 6 Ƹ𝑗 + 6𝑘

Cartesian equation : 

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1

𝑐1 𝑐2 𝑐3

= 0 ⟹

b − a = 7 Ƹ𝑖 + Ƹ𝑗 + 5𝑘⟹9 Ƹ𝑖 + 3 Ƹ𝑗 + 6𝑘 − 2 Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘b − a =

𝑥1, 𝑦1, z1 = 2, 2, 1 ; 𝑥2, 𝑦2, 𝑧2 = 9, 3, 6 ; 𝑐1, 𝑐2, 𝑐3 = 2, 6, 6

𝑥 − 2 − 𝑦 − 2 + 𝑧 − 1 = 06 − 30 (42 − 42 − 2

𝑥 − 2 𝑦− 2 z − 1

7 1 5

2 6 6
= 0

+ − +

𝑥 − 2 + 𝑧 − 1− 𝑦 − 2 = 0(−24) 32 40

10)

−24𝑥 − 32𝑦 + 40𝑧+ 64 = 0+ 48 − 40
−24𝑥 − 32𝑦 + 40𝑧

3𝑥 + 4𝑦 − 5𝑧 − 9 = 0

+ 72 = 0
÷ −8

∴ 𝑇ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚 𝑜𝑓 𝑣𝑒𝑐𝑡𝑜𝑟 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 Ԧ𝑟. 3 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘 = 9

𝟑. 𝑭𝒊𝒏𝒅 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔
𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟐, 𝟏 , 𝟏, −𝟐, 𝟑 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍
𝒕𝒐 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝟐, 𝟏, −𝟑 𝒂𝒏𝒅
−𝟏, 𝟓, −𝟖 .

Vector equation : Ԧ𝑟 = 𝑎 + 𝑠 𝑏 − 𝑎 + 𝑡 𝑐

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 , 𝑏 = Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘

𝑇ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 2, 1, −3 𝑎𝑛𝑑 −1, 5, −8 𝑖𝑠

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

𝑥 − 2

−1 − 2
=

𝑦 − 1

5 − 1
=

𝑧 + 3

−8 + 3

𝑥1 𝑦1 𝑧1 𝑥2 𝑦2 𝑧2

𝑥 − 2

−3
=

𝑦 − 1

4
=

𝑧 + 3

−5

b − a = − Ƹ𝑖 − 4 Ƹ𝑗 + 2𝑘⟹Ƹ𝑖 − 2 Ƹ𝑗 + 3𝑘 − 2 Ƹ𝑖 − 2 Ƹ𝑗 − 𝑘b − a =

⟹

Ԧ𝑐 = −3 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘

Ԧ𝑟 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 + 𝑠 − Ƹ𝑖 − 4 Ƹ𝑗 + 2𝑘 + 𝑡 −3 Ƹ𝑖 + 4 Ƹ𝑗 − 5𝑘
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Cartesian equation : 

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑥2 − 𝑥1 𝑦2 − 𝑦1 𝑧2 − 𝑧1

𝑐1 𝑐2 𝑐3

= 0 ⟹

𝑥1, 𝑦1, z1 = 2, 2, 1 ; 𝑥2, 𝑦2, 𝑧2 = 1, −2, 3 ; 𝑐1, 𝑐2, 𝑐3 = −3, 4, −5

𝑥 − 2 − 𝑦 − 2 + 𝑧 − 1 = 020 − 8 (5 − −4 − 12

𝑥 − 2 𝑦− 2 z − 1

−1 − 4 2

−3 4 − 5
= 0

+ − +

𝑥 − 2 + 𝑧 − 1− 𝑦 − 2 = 0(12) 11 −16

+ 6)

12𝑥 − 11𝑦 − 16𝑧+ 22 = 0− 24 + 16

12𝑥 − 11𝑦 − 16𝑧 + 14 = 0

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆
𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, −𝟐, 𝟒 𝒂𝒏𝒅 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆

𝒙 + 𝟐𝒚 − 𝟑𝒛 = 𝟏𝟏 𝒂𝒏𝒅 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
𝒙 + 𝟕

𝟑
=

𝒚 + 𝟑

−𝟏
=

𝒛

𝟏

Non – parametric Vector equation : 𝑟 − 𝑎 . 𝑏 × 𝑐 = 0

𝐻𝑒𝑟𝑒 Ԧ𝑎 = Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 , 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 − 3𝑘 𝑎𝑛𝑑 Ԧ𝑐 = 3 Ƹ𝑖 − Ƹ𝑗 + 𝑘

𝑏 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 2 −3
3 −1 1

= Ƹ𝑖 2 − 3 − Ƹ𝑗 1 + 9 + 𝑘 (−1 − 6)

𝑏 × 𝑐 = − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘

Ԧ𝑟 − Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 . − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 − Ƹ𝑖 − 2 Ƹ𝑗 + 4𝑘 . − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 − −1 + 20 − 28 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 + 9 = 0

Ԧ𝑟. − Ƹ𝑖 − 10 Ƹ𝑗 − 7𝑘 = −9
× −

Ԧ𝑟. Ƹ𝑖 + 10 Ƹ𝑗 + 7𝑘 = 9

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧 𝑘 . Ƹ𝑖 + 10 Ƹ𝑗 + 7𝑘 = 9

𝑥 + 10𝑦 + 7𝑧 − 9 = 0

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 + 10𝑦 + 7𝑧 = 9

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆

𝒓 = Ƹ𝒊 − Ƹ𝒋 + 𝟑𝒌 + 𝒕 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝟒𝒌 𝒂𝒏𝒅 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒕𝒐 𝒑𝒍𝒂𝒏𝒆

𝒓. Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌 = 𝟖.
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Vector equation : Ԧ𝑟 = 𝑎 + 𝑠𝑏 + 𝑡 𝑐

𝐻𝑒𝑟𝑒 Ԧ𝑎 = Ƹ𝑖 − Ƹ𝑗 + 3𝑘 , 𝑏 = 2 Ƹ𝑖 − Ƹ𝑗 + 4𝑘 𝑎𝑛𝑑 Ԧ𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

Ԧ𝑟 = Ƹ𝑖 − Ƹ𝑗 + 3𝑘 + 𝑠 2 Ƹ𝑖 − Ƹ𝑗 + 4𝑘 + 𝑡 Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘

Cartesian equation : 

𝑥1, y1, z1 = 1, −1, 3 ; 𝑏1, 𝑏2, 𝑏3 = 2, −1, 4 ; 𝑐1, 𝑐2, 𝑐3 = 1, 2 , 1

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑏1 𝑏2 𝑏3

𝑐1 𝑐2 𝑐3

= 0 ⟹

𝑥 − 1 − 𝑦 + 1 + 𝑧 − 3 = 0−1 − 8 2 − 4 4 + 1

𝑥 − 1 𝑦−+ 1 z − 3

2 − 1 4

1 2 1
= 0

+ − +
−

𝑥 − 1 + 𝑧 − 3− 𝑦 + 1 = 0(−9) −2 5

−9𝑥 + 2𝑦 + 5𝑧+ 2 = 0+ 9 − 15

−9𝑥 + 2𝑦 + 5𝑧 − 4 = 0

9𝑥 − 2𝑦 − 5𝑧 + 4 = 0

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒗𝒆𝒄𝒕𝒐𝒓, 𝒏𝒐𝒏 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒗𝒆𝒄𝒕𝒐𝒓 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔
𝟑, 𝟔, −𝟐 , −𝟏, −𝟐, 𝟔 , 𝒂𝒏𝒅 𝟔, −𝟒, −𝟐

Vector equation: 

𝑎𝑛𝑑 Ԧ𝑐 = 6 Ƹ𝑖 − 4 Ƹ𝑗 − 2𝑘

Ԧ𝑟 = a + s b − a + t c − a

− 3 Ƹ𝑖 − 6 Ƹ𝑗 + 2𝑘

b − a = −4 Ƹ𝑖 − 8 Ƹ𝑗 + 8𝑘

6 Ƹ𝑖 − 4 Ƹ𝑗 − 2𝑘

c − a = 3 Ƹ𝑖 − 10 Ƹ𝑗

Ԧ𝑟 = 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘 + s −4 Ƹ𝑖 − 8 Ƹ𝑗 + 8𝑘 + t 3 Ƹ𝑖 − 10 Ƹ𝑗

Ԧ𝑎 = 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘, 𝑏 = − Ƹ𝑖 − 2 Ƹ𝑗 + 6𝑘

b − a = − Ƹ𝑖 − 2 Ƹ𝑗 + 6𝑘

c − a = − 3 Ƹ𝑖 − 6 Ƹ𝑗 + 2𝑘

Non – parametric Vector equation: Ԧ𝑟 − a . b − a × c − a = 0

𝑏 − 𝑎 × c − a =
Ƹ𝑖 Ƹ𝑗 𝑘

−4 −8 8
3 −10 0

= Ƹ𝑖 0 + 80 − Ƹ𝑗 0 − 24 + 𝑘 (40 + 24)

𝑏 − 𝑎 × c − a = 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘

Ԧ𝑟 − 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘 . 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 = 0

Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 − 3 Ƹ𝑖 + 6 Ƹ𝑗 − 2𝑘 . 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 = 0

Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 − 240 + 144 − 128 = 0

Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 − 256 = 0 Ԧ𝑟. 80 Ƹ𝑖 + 24 Ƹ𝑗 + 64𝑘 = 256⟹

÷ 8 296
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𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 10 Ƹ𝑖 + 3 Ƹ𝑗 + 8𝑘 = 32

Ԧ𝑟. 10 Ƹ𝑖 + 3 Ƹ𝑗 + 8𝑘 = 32

10𝑥 + 3𝑦 + 8𝑧 = 32

𝟕. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒏𝒐 − 𝒑𝒂𝒓𝒂𝒎𝒆𝒕𝒓𝒊𝒄 𝒇𝒐𝒓𝒎 𝒐𝒇 𝒗𝒆𝒄𝒕𝒐𝒓 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏, 𝒂𝒏𝒅 𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏
𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆

𝒓 = 𝟔 Ƹ𝒊 − Ƹ𝒋 + 𝒌 + 𝒔 − Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝒌 + 𝒕 −𝟓 Ƹ𝒊 − 𝟒 Ƹ𝒋 − 𝟓𝒌 .

Non – parametric Vector equation : 𝑟 − 𝑎 . 𝑏 × 𝑐 = 0

𝐻𝑒𝑟𝑒 Ԧ𝑎 = 6 Ƹ𝑖 − Ƹ𝑗 + 𝑘 , 𝑏 = − Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 Ԧ𝑐 = −5 Ƹ𝑖 − 4 Ƹ𝑗 − 5𝑘

𝑏 × 𝑐 =
Ƹ𝑖 Ƹ𝑗 𝑘

−1 2 1
−5 −4 −5

= Ƹ𝑖 −10 + 4 − Ƹ𝑗 5 + 5 + 𝑘 (4 + 10)

𝑏 × 𝑐 = −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘

Ԧ𝑟 − 6 Ƹ𝑖 − Ƹ𝑗 + 𝑘 . −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 = 0

Ԧ𝑟. −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 − 6 Ƹ𝑖 − Ƹ𝑗 + 𝑘 . −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 = 0

Ԧ𝑟. −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 − −36 + 10 + 14 = 0

Ԧ𝑟. −6 Ƹ𝑖 − 10 Ƹ𝑗 + 14𝑘 + 12 = 0

÷ −2

Ԧ𝑟. 3 Ƹ𝑖 + 5 Ƹ𝑗 − 7𝑘 − 6 = 0

𝑥Ԧ𝑖 + 𝑦Ԧ𝑗 + 𝑧𝑘 . 3 Ƹ𝑖 + 5 Ƹ𝑗 − 7𝑘 − 6 = 0

3𝑥 + 5𝑦 − 7𝑧 − 6 = 0

𝐶𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 𝐿𝑒𝑡 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

297



BLUE STARS 𝑯𝑹. 𝑺𝑬𝑪 𝑺𝑪𝑯𝑶𝑶𝑳

ARUMPARTHAPURAM , PUDUCHERRY

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

298

𝐄𝐱𝐜𝐞𝐫𝐜𝐢𝐬𝐞 𝟔. 𝟖

𝐿𝑒𝑡 𝑥1, 𝑦1, 𝑧1 = 3, 4, −3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟓: 𝑽𝒆𝒓𝒊𝒇𝒚 𝒘𝒉𝒆𝒕𝒉𝒆𝒓 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆
𝒙 − 𝟑

−𝟒
=

𝒚 − 𝟒

−𝟕
=

𝒛 + 𝟑

𝟏𝟐
𝒍𝒊𝒆𝒔 𝒊𝒏

𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟓𝒙 − 𝒚 + 𝒛 = 𝟖.

𝑎, 𝑏, 𝑐 = −4, −7, 12 𝐴, 𝐵, 𝐶 = 5, −1, 1

Condition for a line to lie in a plane 𝑎𝐴 + 𝑏𝐵 + 𝑐𝐶 = 0

𝑎𝐴 + 𝑏𝐵 + 𝑐𝐶 = −4 5 + −7 −1 + 12 1

= −20 + 7 + 12 = −1 ≠ 0

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑙𝑖𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒.

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘,

𝟑. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟏
=

𝒚 − 𝟐

𝟐
=

𝒛 − 𝟑

𝒎𝟐
𝒂𝒏𝒅

𝒙 − 𝟑

𝟏
=

𝒚 − 𝟐

𝒎𝟐
=

𝒛 − 𝟏

𝟐
𝒂𝒓𝒆 𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒓𝒆𝒂𝒍 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒎.

𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑚2 𝑘, Ԧ𝑐 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘, Ԧ𝑑 = Ƹ𝑖 + 𝑚2 Ƹ𝑗 + 2𝑘

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜 − 𝑝𝑙𝑎𝑛𝑎𝑟

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑐 − Ԧ𝑎 = Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 − Ƹ𝑖 + 2 Ƹ𝑗 + 3𝑘

= Ƹ𝑖 + 2 Ƹ𝑗 + 𝑘 − Ƹ𝑖 − 2 Ƹ𝑗 − 3𝑘

Ԧ𝑐 − Ԧ𝑎 = −2𝑘

𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

1 2 𝑚2

1 𝑚2 2

= Ƹ𝑖 4 − 𝑚4 − Ƹ𝑗 2 − 𝑚2 + 𝑘 (𝑚2 − 2)

−2𝑘 . Ƹ𝑖 4 − 𝑚4 − Ƹ𝑗 2 − 𝑚2 + 𝑘 (𝑚2 − 2) = 0

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

−2 𝑚2 − 2 = 0

𝑚2 = 2 𝑚 = ± 2

⟹ 𝑚2 − 2 = 0

⟹

𝐿𝑒𝑡 Ԧ𝑎 = Ƹ𝑖 − Ƹ𝑗,

𝟒. 𝑰𝒇 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆𝒔
𝒙 − 𝟏

𝟐
=

𝒚 + 𝟏

𝝀
=

𝒛

𝟐
𝒂𝒏𝒅

𝒙 + 𝟏

𝟓
=

𝒚 + 𝟏

𝟐
=

𝒛

𝝀
𝒂𝒓𝒆

𝒄𝒐𝒑𝒍𝒂𝒏𝒂𝒓, 𝒇𝒊𝒏𝒅 𝝀 𝒂𝒏𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒄𝒐𝒏𝒕𝒂𝒊𝒏𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒕𝒘𝒐
𝒍𝒊𝒏𝒆𝒔.

𝑏 = 2 Ƹ𝑖 + 𝜆 Ƹ𝑗 + 2𝑘, Ԧ𝑐 = − Ƹ𝑖 − Ƹ𝑗, Ԧ𝑑 = 5 Ƹ𝑖 + 2 Ƹ𝑗 + 𝜆 𝑘

𝑇ℎ𝑒 𝑡𝑤𝑜 𝑔𝑖𝑣𝑒𝑛 𝑙𝑖𝑛𝑒𝑠 𝑎𝑟𝑒 𝑐𝑜 − 𝑝𝑙𝑎𝑛𝑎𝑟

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

Ԧ𝑐 − Ԧ𝑎 = − Ƹ𝑖 − Ƹ𝑗 − Ƹ𝑖 − Ƹ𝑗 = − Ƹ𝑖 − Ƹ𝑗 − Ƹ𝑖 + Ƹ𝑗

Ԧ𝑐 − Ԧ𝑎 = −2 Ƹ𝑖
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𝑏 × Ԧ𝑑 =
Ƹ𝑖 Ƹ𝑗 𝑘

2 𝜆 2
5 2 𝜆

= Ƹ𝑖 𝜆2 − 4 − Ƹ𝑗 2𝜆 − 10 + 𝑘 (4 − 5𝜆)

−2 Ƹ𝑖 . Ƹ𝑖 𝜆2 − 4 − Ƹ𝑗 2𝜆 − 10 + 𝑘 (4 − 5𝜆) = 0

Ԧ𝑐 − Ԧ𝑎 . 𝑏 × Ԧ𝑑 = 0

−2 𝜆2 − 4 = 0 𝜆2 − 4 = 0

𝜆2 = 4 𝜆 = ± 4

𝜆 = ±2

Cartesian equation : 

𝑥1, 𝑦1, z1 = 1, −1, 0 ;

⟹

⟹

𝑏1, 𝑏2, 𝑏3 = 2, 2, 2 ; 𝑑1, 𝑑2, 𝑑3 = 5, 2, 2

𝑥 − 𝑥1 𝑦 − 𝑦1 𝑧 − 𝑧1

𝑏1 𝑏2 𝑏3

𝑑1 𝑑2 𝑑3

= 0 ⟹

𝑥 − 1 − 𝑦 + 1 + 𝑧4 − 4 (4 − 4 − 10
= 0

𝑥 −1 𝑦 + 1 z

2 2 2

5 2 2

= 0

+ − +

𝑥 − 1 + 𝑧− 𝑦 + 1 = 0(0) −6 −6

10)

6 𝑦 + 1 − 6𝑧 = 0 ⟹ 6 𝑦 + 1 − 𝑧 = 0

𝑦 − 𝑧 + 1 = 0 𝑓𝑜𝑟 𝜆 = 2

𝑦 + 𝑧 + 1 = 0 𝑓𝑜𝑟 𝜆 = −2
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𝐄𝐱𝐜𝐞𝐫𝐜𝐢𝐬𝐞 𝟔. 𝟗
𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟕: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒄𝒖𝒕𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔

𝒓. 𝟐 Ƹ𝒊 + 𝟐 Ƹ𝒋 + 𝟐𝒌 = 𝟏𝟏 𝒂𝒏𝒅 𝟒𝒙 − 𝟐𝒚 + 𝟐𝒛 = 𝟏𝟓.

Ԧ𝑟. 2 Ƹ𝑖 + 2 Ƹ𝑗 + 2𝑘 = 11 𝑎𝑛𝑑 4𝑥 − 2𝑦 + 2𝑧 = 15

𝑛1 = 2 Ƹ𝑖 + 2 Ƹ𝑗 + 2𝑘 𝑎𝑛𝑑 𝑛2 = 4 Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘

𝑐𝑜𝑠 𝜃 =
𝑛1. 𝑛2

𝑛1 𝑛2

𝑐𝑜𝑠 𝜃 =
2 Ƹ𝑖 + 2 Ƹ𝑗 + 2𝑘 . 4 Ƹ𝑖 − 2 Ƹ𝑗 + 2𝑘

22 + 22 + 22 42 + −2 2 + 22

𝑐𝑜𝑠 𝜃 =
8 − 4 + 4

4 + 4 + 4 16 + 4 + 4
𝑐𝑜𝑠 𝜃 =

8

12 24
⟹

𝑐𝑜𝑠 𝜃 =
8

2 3 × 2 6
⟹ 𝑐𝑜𝑠 𝜃 =

2

18
𝑐𝑜𝑠 𝜃 =

2

3 2
⟹

⟹𝑐𝑜𝑠 𝜃 =
2 × 2

3 2
⟹ 𝑐𝑜𝑠 𝜃 =

2

3
𝜃 = cos−1

2

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟖: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆

𝒓 = 𝟐 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝒌 + 𝒕 Ƹ𝒊 − Ƹ𝒋 + 𝒌 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟐𝒙 − 𝒚 + 𝒛 = 𝟓.

𝐿𝑒𝑡 𝑏 = Ƹ𝑖 − Ƹ𝑗 + 𝑘 𝑎𝑛𝑑 𝑛 = 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘

𝐴𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 𝑠𝑖𝑛 𝜃 =
𝑏. 𝑛

𝑏 𝑛

𝑠𝑖𝑛 𝜃 =
Ƹ𝑖 − Ƹ𝑗 + 𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 + 𝑘

12 + −1 2 + 12 22 + −1 2 + 12

𝑠𝑖𝑛 𝜃 =
2 + 1 + 1

1 + 1 + 1 4 + 1 + 1

𝑠𝑖𝑛 𝜃 =
4

3 6
⟹ 𝑠𝑖𝑛 𝜃 =

4

18
⟹ 𝑠𝑖𝑛 𝜃 =

4

2 × 3 × 3

𝑠𝑖𝑛 𝜃 =
4

3 2
⟹ 𝑠𝑖𝑛 𝜃 =

4 2

3 2 × 2
⟹ 𝑠𝑖𝑛 𝜃 =

4 2

3 × 2

𝑠𝑖𝑛 𝜃 =
2 2

3
⟹ 𝜃 = 𝑠𝑖𝑛−1

2 2

3

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟒𝟗: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟐, 𝟓, −𝟑 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏
𝒓. 𝟔 Ƹ𝒊 − 𝟑 Ƹ𝒋 + 𝟐𝒌 = 𝟓
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𝑎 = 6, 𝑏 = −3, 𝑐 = 2, 𝑑 = −5

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 =
𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑

𝑎2 + 𝑏2 + 𝑐2

Ԧ𝑟. 6 Ƹ𝑖 − 3 Ƹ𝑗 + 2𝑘 = 5 𝑤ℎ𝑒𝑟𝑒 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 6 Ƹ𝑖 − 3 Ƹ𝑗 + 2𝑘 = 5 ⟹ 6𝑥 − 3𝑦 + 2𝑧 = 5

6𝑥 − 3𝑦 + 2𝑧 − 5 = 0

𝑥1, 𝑦1, 𝑧1 = 2, 5, −3

=
6 2 + −3 5 + 2 −3 − 5

62 + −3 2 + 22

=
12 − 15 − 6 − 5

36 + 9 + 4

=
12 − 26

49
=

−14

7
= 2 𝑢𝑛𝑖𝑡𝑠

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟎: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒐𝒇 𝒂 𝒑𝒐𝒊𝒏𝒕 𝟓, −𝟓, −𝟏𝟎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕
𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒑𝒂𝒔𝒔𝒊𝒏𝒈 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨 𝟒, 𝟏, 𝟐
𝒂𝒏𝒅 𝑩 𝟕, 𝟓, 𝟒 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒙 − 𝒚 + 𝒛 = 𝟓.

𝑇ℎ𝑒 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑗𝑜𝑖𝑛𝑖𝑛𝑔 𝐴 𝑎𝑛𝑑 𝐵 𝑖𝑠

𝑪𝒂𝒓𝒕𝒆𝒔𝒊𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏:

𝐻𝑒𝑟𝑒 𝑥1, 𝑦1 , 𝑧1 = 4, 1, 2 𝑎𝑛𝑑 𝑥2, 𝑦2 , 𝑧2 = 7, 5, 4 .

𝑥 − 𝑥1

𝑥2 − 𝑥1
=

𝑦 − 𝑦1

𝑦2 − 𝑦1
=

𝑧 − 𝑧1

𝑧2 − 𝑧1

𝑥 − 4

3
=

𝑦 − 1

4
=

𝑧 − 2

2
= 𝑡

⟹
𝑥 − 4

3
=

𝑦 − 1

4
=

𝑧 − 2

2

⟹
𝑥 − 4

3
= 𝑡,

𝑦 − 1

4
= 𝑡,

𝑧 − 2

2
= 𝑡

3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2𝑥 = 3𝑡 + 4, 𝑦 = 4𝑡 + 1, 𝑧 = 2𝑡 + 2 ⟹

∴ 𝐴𝑛 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚
3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒

3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2 𝑖𝑛 𝑥 − 𝑦 + 𝑧 = 5

3𝑡 + 4 − 4𝑡 + 1 + 2𝑡 + 2 = 5

3𝑡 + 4 − 4𝑡 − 1 + 2𝑡 + 2 = 5

𝑡 + 5 − 5 = 0 ⟹ 𝑡 = 0
𝑠𝑢𝑏 𝑡 = 0 𝑖𝑛 3𝑡 + 4, 4𝑡 + 1, 2𝑡 + 2 ⟹ 3 × 0 + 4, 4 × 0 + 1, 2 × 0 + 2

∴ 𝑇ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 4, 1, 2 .

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑝𝑜𝑖𝑛𝑡𝑠 4, 1, 2 𝑎𝑛𝑑 5, −5, −10 𝑖𝑠
𝑦1𝑥1 𝑧1 𝑦2𝑥2 𝑧2

= 𝑥2 − 𝑥1
2 + 𝑦2 − 𝑦1

2 + 𝑧2 − 𝑧1
2

301
= 5 − 4 2 + −5 − 1 2 + −10 − 2 2
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𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

B
L
U

E
 
S

T
A

R
S

𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

= 1 2 + −6 2 + −12 2 = 1 + 36 + 144

= 181 𝑢𝑛𝑖𝑡𝑠

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟏: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒑𝒍𝒂𝒏𝒆𝒔
𝒙 + 𝟐𝒚 − 𝟐𝒛 + 𝟏 = 𝟎 𝒂𝒏𝒅 𝟐𝒙 + 𝟒𝒚 − 𝟒𝒛 + 𝟓 = 𝟎.

𝑇ℎ𝑒 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑝𝑙𝑎𝑛𝑒𝑠

𝑑1 = 1 , 𝑑2 =
5

2

𝑥 + 2𝑦 − 2𝑧 + 1 = 0 𝑎𝑛𝑑

𝑎 = 1 , 𝑏 = 2, 𝑐 = −2,

÷ 2
2𝑥 + 4𝑦 − 4𝑧 + 5 = 0

𝑥 + 2𝑦 − 2𝑧 +
5

2
= 0

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
𝑑1 − 𝑑2

𝑎2 + 𝑏2 + 𝑐2
=

1 −
5
2

12 + 22 + −2 2

=

2 − 5
2

1 + 4 + 4
=

3
2

9
=

3
2
3

=
3

2
×

1

3

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
1

2

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 𝟔. 𝟓𝟐: 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔

𝒓. 𝟐 Ƹ𝒊 − Ƹ𝒋 − 𝟐𝒌 = 𝟔 𝒂𝒏𝒅 𝒓. 𝟔 Ƹ𝒊 − 𝟑 Ƹ𝒋 − 𝟔𝒌 = 𝟐𝟕.

Ԧ𝑟. 2 Ƹ𝑖 − Ƹ𝑗 − 2𝑘 = 6

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 2 Ƹ𝑖 − Ƹ𝑗 − 2𝑘 = 6

𝑤ℎ𝑒𝑟𝑒 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

⟹ 2𝑥 − 𝑦 − 2𝑧 = 6

Ԧ𝑟. 6 Ƹ𝑖 − 3 Ƹ𝑗 − 6𝑘 = 27 𝑤ℎ𝑒𝑟𝑒 Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘

𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗 + 𝑧𝑘 . 6 Ƹ𝑖 − 3 Ƹ𝑗 − 6𝑘 = 27⟹ 6𝑥 − 3𝑦 − 6𝑧 = 27

÷ 32𝑥 − 𝑦 − 2𝑧 = 9
The Cartesian equation of the planes are 2𝑥 − 𝑦 − 2𝑧 = 3
𝑎𝑛𝑑 2𝑥 − 𝑦 − 2𝑧 = 9

𝑑1 = 6 , 𝑑2 = 9𝑎 = 2 , 𝑏 = −1, 𝑐 = −2,

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 =
𝑑1 − 𝑑2

𝑎2 + 𝑏2 + 𝑐2
=

6 − 9

22 + −1 2 + −2 2

=
−3

4 + 1 + 4
=

−3

9
=

−3

3
= 1

𝟑. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆 𝒓 = 𝟐 Ƹ𝒊 − Ƹ𝒋 + 𝒌 + 𝒕 Ƹ𝒊 + 𝟐 Ƹ𝒋 − 𝟐𝒌 𝒂𝒏𝒅

𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒓. 𝟔 Ƹ𝒊 + 𝟑 Ƹ𝒋 + 𝟐𝒌 = 𝟖.

𝐿𝑒𝑡 𝑏 = Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 𝑎𝑛𝑑 𝑛 = 6 Ƹ𝑖 + 3 Ƹ𝑗 + 2𝑘

𝐴𝑛𝑔𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑙𝑖𝑛𝑒 𝑎𝑛𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠
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S
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𝑯
𝑹

.𝑺
𝑬

𝑪
𝑺

𝑪
𝑯

𝑶
𝑶

𝑳

𝑠𝑖𝑛 𝜃 =
Ƹ𝑖 + 2 Ƹ𝑗 − 2𝑘 . 6 Ƹ𝑖 + 3 Ƹ𝑗 + 2𝑘

12 + 22 + −2 2 62 + 32 + 22

𝑠𝑖𝑛 𝜃 =
6 + 6 − 4

1 + 4 + 4 36 + 9 + 4
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𝑠𝑖𝑛 𝜃 =
𝑏. 𝑛

𝑏 𝑛

𝑠𝑖𝑛 𝜃 =
8

9 49
𝑠𝑖𝑛 𝜃 =

8

3 × 7
⟹ 𝑠𝑖𝑛 𝜃 =

8

21

𝜃 = 𝑠𝑖𝑛−1
8

21

⟹

𝟒. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒂𝒏𝒈𝒍𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆𝒔 𝒓. Ƹ𝒊 + Ƹ𝒋 − 𝟐𝒌 = 𝟑 𝒂𝒏𝒅

𝟐𝒙 − 𝟐𝒚 + 𝒛 = 𝟐.

Ԧ𝑟. Ƹ𝑖 + Ƹ𝑗 − 2𝑘 = 3 𝑎𝑛𝑑 2𝑥 − 2𝑦 + 𝑧 = 2

𝑛1 = Ƹ𝑖 + Ƹ𝑗 − 2𝑘 𝑎𝑛𝑑 𝑛2 = 2 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

cos 𝜃 =
𝑛1. 𝑛2

𝑛1 𝑛2

cos 𝜃 =
Ƹ𝑖 + Ƹ𝑗 − 2𝑘 . 2 Ƹ𝑖 − 2 Ƹ𝑗 + 𝑘

12 + 12 + −2 2 22 + −2 2 + 12

cos 𝜃 =
2 − 2 − 2

1 + 1 + 4 4 + 4 + 1

cos 𝜃 =
2

3 6
cos 𝜃 =

−2

6 9
⟹ 𝜃 = 𝑐𝑜𝑠−1

2

3 6
⟹

𝟓. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒘𝒉𝒊𝒄𝒉 𝒑𝒂𝒔𝒔𝒆𝒔 𝒕𝒉𝒓𝒐𝒖𝒈𝒉 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕
𝟑, 𝟒, −𝟏 𝒂𝒏𝒅 𝒊𝒔 𝒑𝒂𝒓𝒂𝒍𝒍𝒆𝒍 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝟐𝒙 − 𝟑𝒚 + 𝟓𝒛 + 𝟕 = 𝟎. 𝑨𝒍𝒔𝒐, 𝒇𝒊𝒏𝒅

𝒕𝒉𝒆 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒕𝒘𝒐𝒑𝒍𝒂𝒏𝒆𝒔.

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 2𝑥 − 3𝑦 + 5𝑧 + 7 = 0

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 2𝑥 − 3𝑦 + 5𝑧 + 𝑘 = 0

𝑆𝑖𝑛𝑐𝑒 𝑡ℎ𝑖𝑠 𝑝𝑙𝑎𝑛𝑒 𝑝𝑎𝑠𝑠𝑒𝑠 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 3, 4, −1 .

2 3 − 3 4 + 5 −1 + 𝑘 = 0

−11 + 𝑘 = 0 ⟹ 𝑘 = 11

⟹ 6 − 12 − 5 + 𝑘 = 0

𝑘 = 11 𝑖𝑛 2𝑥 − 3𝑦 + 5𝑧 + 𝑘 = 0

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑙𝑎𝑛𝑒 𝑖𝑠 2𝑥 − 3𝑦 + 5𝑧 + 11 = 0
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𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑎𝑟𝑒 2𝑥 − 3𝑦 + 5𝑧 + 7 = 0 𝑎𝑛𝑑 2𝑥 − 3𝑦 + 5𝑧 + 11 = 0

𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑝𝑙𝑎𝑛𝑒𝑠 𝑑 =
𝑑1 − 𝑑2

𝑎2 + 𝑏2 + 𝑐2

𝑑1 = 7 , 𝑑2 = 11𝑎 = 2 , 𝑏 = −3, 𝑐 = 5,

𝑑 =
7 − 11

22 + −3 2 + 52
=

−4

4 + 9 + 25
=

−4

38

𝑑 =
4

38
𝑢𝑛𝑖𝑡𝑠

𝟔. 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒆𝒏𝒈𝒕𝒉 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒑𝒆𝒏𝒅𝒊𝒄𝒖𝒍𝒂𝒓 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝟏, −𝟐, 𝟑 𝒕𝒐
𝒕𝒉𝒆 𝒑𝒍𝒂𝒏𝒆 𝒙 − 𝒚 + 𝒛 = 𝟓.

𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 𝑥1, 𝑦1, 𝑧1 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 − 𝑑 = 0

𝑖𝑠
𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 − 𝑑

𝑎2 + 𝑏2 + 𝑐2

∴ 𝐿𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑝𝑒𝑟𝑝𝑒𝑛𝑑𝑖𝑐𝑢𝑙𝑎𝑟 𝑓𝑟𝑜𝑚 1, −2, 3 𝑡𝑜 𝑡ℎ𝑒 𝑝𝑙𝑎𝑛𝑒 𝑥 − 𝑦 + 𝑧 − 5 = 0 𝑖𝑠

𝑑 = −5𝑎 = 1 , 𝑏 = −1, 𝑐 = 1,

𝑥1, 𝑦1 , 𝑧1

=
1 1 − 1 −2 + 1 3 − 5

12 + −1 2 + 12

=
1 1 − 1 −2 + 1 3 − 5

12 + −1 2 + 12

=
1 + 2 + 3 − 5

1 + 1 + 1
=

1

3
=

1

3
𝑢𝑛𝑖𝑡𝑠


